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Determine whether lim a,, exists when the sequence {a,} is defined as follows. Find the limit if it

exists. e (n+2) -
an = W3+ 5] an = @+ 30 an = (2n)Y/"
Solution: Since
m+2) = n+2)-n+1)-n-...-2-1
= (n+2)(n+1)-n!
so the first sequence simplifies to
(n+2)! (n+2)(n+1)

T B2 (34 6n)?

Now expand the numerator and denominator:

. (n+2)(n+1) n?+3n+2
" (3+5n)2 25n24+30m+9’

and pull out the highest power of n:

n? 1+3+%
n? 25430 4+ 8-

anp =

The limit is now easy to spot:

1+3+% 1
lim a, = lim — 2 "% — —

5771: This can be handled with L’Hospital’s Rule, since it is of the form :
In(2 4 3en) o0
lim 5771 = lim —(Sn)’ = lim —5
n—oo In(2 + 3en Y sares In(2 + 3en I oo 1 n'
n(Z+ 30 o (a2 + 36) (k) 3

We just need to continue manipulating this fraction:

o @43 10 15t 10

n—00 en n—oo 3" 3en  n—oo 3en

(2n)Y/7: Since there is an n in the exponent, we first want to rewrite it in the form esomething,

an = (2n)Y" = (elr’z")l/n =en.
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Now:

. In2n
lim e »
n—oo

n
To figure out what lim is we can use L’Hospital’s Rule again:

n—oo n

So we get
lim a, =’ =1.
n—oo

Alternatively, if we take lim n'/™ =1 as a known fact then we can just write (2n)Y/™ as 21/m . pl/7,
n—o0

from which it follows by the rules of limits that

lim (2n)Y/" = (lim 21/") (lim nl/”> —1.1=1.

n—oo n—oo n—oo

Determine whether the following series converge. Sum the series that do converge.

[e.e] o0 [e.e]

3" 44" -n" 2 1
Z - Z<1+( 2) > Z 2n+ 2
= o n n?(n+1)

n=1 n=1

Solution: The first series can be written as a sum of two geometric series:

S (R 5) -2 () ()

n=1 n=1

The only tricky part is that these series start at n = 1, not n = 0. Once you notice this, you get

Z<_> +Z<> 1—/5/5 1%?/5'

n=1

e} 1 n
Z <1 + (=1 >: This series diverges because it’s terms do not tend to 0 (the book calls this the

n2
—1)" —1)"
lim (1—1—( 2)>:1—|—lim( 2) =1.

n—00 n n—oo N

n=1
Test for Divergence):

e}

2n+1 . . . . 1 . C e
Z ———— This series converges by limit comparison to Z —. Finding the sum is is trickier,
— n?(n +1)2 — n3

and requires partial fractions. We can express the summand as

2n+1 1 1

n2(n+12 n2 (n+1)?2

e e}
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Now we can plug this back into the series to get

f: n+1 f: 11
“— n*(n+1)? B «n?  (n+1)%

This is a telescoping series, and it’s probably easiest to see the answer if we first break it up into two

series
Sy !
o2 12
—n? (n+1)
Now notice that

oo

Zi _ Lt 11
1202232 T
3 P S S
“(n+1)2 2203242

So all the terms except 1 cancel each other out, leaving

f: 2n+1
n?n+1)2

n=1

[o¢] o
1 1
Solution: For which values of p does g — converge? For which values of p does E —- converge?
n

n=1 n=1

o
1
Solution: E — converges if p > 1. This is precisely the p-Test, which can be proved by comparing
n

n=1

o0 1 00

the series Z — to the indefinite integral / x P dx.
npP 1

n=1
=~ 1
Z —- converges when |p| > 1. This can we shown in a variety of ways. First, you could use the
n=1

Root Test, which would say that the series converges if

1

pTL

lim ¢
n—oo

e

from which it follows that the series converges when |p| > 1, and then you just have to check the
endpoints: p =1 and p = —1 (the series diverges at both of them).

Or you could use the Ratio Test, which produce the same inequality, |1/p| < 1.

But the easiest way is to notice that this series is geometric with ratio 1/p:
o o0 n
2= 105)
n=1 p n=1 p

so from what we know about geometric series, it converges if |1/p| < 1, i.e., if [p| > 1.
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Determine whether each of the following series is absolutely convergent, conditionally convergent, or

divergent.
> n3 . sinn <3
> O
—nvinn — nl/3 n2

Solution: There are a lot of series here, so only sketches will be given.

00
n3

E 3—n: Convergent. The Ratio Test could be used, and then you would want to show that
n=0
(n+1)3 3
n . 1 1
lim 3? = lim w-—‘<l,
n—00 gln n—00 n 3

which it most certainly is.

Z s, : Absolutely convergent, by comparison to Z (which converges by the p-Test).
n?

n=1 n= 1

(9]
>
4
n
n=1

1: Divergent. You could show this using the Integral Test because

0o 3
/ 4x—dac:oo,
1 Tt 41

but to make this rigorous you would also need to verify that is decreasing.

SC3
x4 4+1

A much easier way is to use limit comparison with g —.

n=1

o

n

E vn : Convergent. Use limit comparison with E , which converges by the p-Test. In fact,
. nt+1 / 7/2

n= n=

since n? 4+ 1 > n?,
Vn <\/ﬁ 1
nt+1~ nt 7/’

o o
1
eI

SO

and we don’t even need to use limit comparison.
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e e}

1
Z : Divergent by the Integral Test because

ynVvinn
> 1
/ dx
2 zvVinz

is divergent. (To evaluate this integral let u =Inzx.)

=4
173

n=1
not absolutely convergent because

NE

: Conditionally convergent. The series converges by the Alternating Series Test, but it is

2 L =2

diverges by the p-Test.

o
_1)»
w: Divergent. The limit of the summands does not tend to 0, so the series automatically
vn?Z+1
n=0 ns+
diverges:
1" 1
li w:limizlimz-izl.
n24+1 n—oo \/n? + 1 n—oo n 1+1

n—oo

00 2
n!
E () : Because this series has a factorial (the !), we use the Ratio Test:

= (2n)!
n+1))2
a1 E;(n+)1)))! L (n+1)"M> @)t (n+1)? 1
li = lim |——3~—| = lim = lim =—.
n—oo | ap n—oo Eg!))' n—oo n! (2n+2)!| n-oo|(2n+2)2n+1)| 4

o) N
We wish to approximate the sum S of the series Z a, with the partial sum sy = Z an. How large

n=1 n=1
should N be to ensure that sy approximates S with an error less that 10~ for each of the following
series?
Z n2 Z n2
n=1 n=1

Solution: For the first series, we have to compare the remainder to an integral. Since we want

N o)
1 1
to find an N so that g — s with 10~ of E —, so we want to find an N so that
n

n2
n=1 n=1
[e.e]
1
> s107h
n

n=N+1
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Then using the Integral Test we get

> L[ la-l
n=N+1 27y 2 N’
so we want !
& <107

and thus N > 10% will work.

The second series is alternating, so it’s easier to analyze. The difference between the partial sum
N

—1)" 0 —1)"

E ( 2) and the infinite sum g ( 2) is at most the absolute value of N + 15¢ term of the series,
n n

n=0 =

m. So we want

= <104
(N+1)2 — ’

and solving this gives NV > 99.

Find the radius of convergence of the following power series and determine the convergence behavior
at the endpoints of the interval of convergence. Show your reasoning.

3.,.n 51

OOTLI’ o) o)
2 Sow o Lo

Solution: For the first power series you can use either the Root Test or the Ratio Test. The

Root Test shows that the series converges if

n3zn

n

lim
n—oo

- i 2] =[5 <1,

n—oo

so the radius of convergence is 3.

If you use the Ratio Test, you’ll see that the series converges if

n+1 an+l
N - JNG (R 8V = 3|<1
N—00 ”gi" [y n3 31 13 ’

the same conclusion.

Now we need to check the endpoints, z = 3 and £ = —3. When you plug in x = 3 you get

oo
>
n=1
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which diverges because the summands are not tending to 0 (n® heads off to oo). Similarly, when you

plug in x = —3 you get
[e.e]
Z(_l)nn37
n=1

and this diverges for the same reason.

Therefore the interval of convergence is —3 < z < 3 or (-3, 3).

o0

5n n .

E 1—:54: Like the last problem, you can use either the Root Test or the Ratio Test to find the radius
n

n=1

of convergence. If you use the Root Test, you’ll need to have

TL;L"I’L

nl/4

= lim ¢ L
n—00 nl/4

lim ¢
n—oo

52| = lim (n_1/4”> 52| = |5z| < 1.

—1/4 —1/4
(To see that lim n~ /%" = 1, you might want to write it as lim (n””) = <lim nl/"> .

n—oo n—oo n—oo

We've run across this limit a few times already; lim n'/™ = 1.)
n—oo

Thus the radius of convergence is 1/5, and now we need to check the endpoints.

Plugging in = 1/5 gives us the series

which diverges by the p-Test.
Plugging in x = —1/5 gives

which converges by the Alternating Series Test.

Therefore the interval of convergence is —% <z< %, or [-1/5,1/5).

2

n

E mw": Since this series involves a factorial, we should use the Ratio Test. It says that the
n !

n=1

series will converge if

(""‘1)2 n+1

NN TS D I O (U D N G L) L Y
n—oo | Qp n—oo —(3n"j1)! xn n—oo n2 (371 + 4)'
, (3n+1)! 1 . (n+1)?
N h = d 1 ——=1 d
ow notice that (3n + 4)] GBnt DBn+3)(3n +2) an nggo 2 , SO We nee
. an+1 . T
1 =1 <1
nioo | ay | nieo ‘ (3n +4)(3n +3)(3n + 2) ‘

Since this limit is 0 for any z, the series will always converge, so it’s radius of convergence is co and
the interval of convergence is —oco < & < 00 or (—00,00).
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E By manipulating series that you already know, find Maclaurin series for each of the following

functions. | )
1 1
- sin 9z In(1 +27)
1+ 23 x
e —e * o3 B 1 2
2 14z

Solution: First, here are some Maclaurin series that you should know:

1 [e.e]
11—z - Zx"
n=0

sinx = Z(—l)"m

cosr = Z(—l)"(gn)'

You should also either remember the Maclaurin series for In(1 + z) or remember how to derive it by

1 o
writing In(1 + z) as the integral of 52 which has Maclaurin series Z(—l)w":
n=0
In(l+z)= / 2 dx = /Z(—l)"w" dx = Z(—l)"/x" dx = Z(—l)"n+ T
n=0 n=0 n=0
Moving on to the functions in the problem...
. 1 . .
: We put this in the form —————— and then use the Maclaurin series for :
1423 1 — something 11—z
1 — 1 — i(_lﬁ)n — i(_l)nlﬁn
I4+a3  1—(-a?) '
n=0 n=0
xsin 2z: First get the series for sin 2x:
e (21.)2n+1 > . 22n+1w2n+1

sin 2x = Z(—l)"

n=0

— = )t
(2n+1)! n:O( ) (2n+1)!
Now multiply the x in:

o o o
22n+1x2n+1 22n+1x2n+1 22n+1x2n+2
in 2z = ) | = )= ()"
o s “(Z( Vet D a(=1) 2n+1)! HZ::O( S a1
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In(1 + 22
M: First get the series for In(1 4 z2) u

sing the series for In(1 + z) that we derived above:
x
o 2\n+1 x 2n+2
x?) x
In(1 + 2?) = -1 nl = —1)" .
n(l+a) =) (-1) nt 1 D ]
n=0 n=0
Now divide by z:
& 2n+2
(—1)" p2nte
In(1 + z?) _ =0 B Z o n+1 _ i(_l)”xzm_l_
T T n+1
n=0
et _ %
— We already have the series for e”, and the series for e™* is

Putting this together:

erero3 T +§: o

n—O
Now you want to collect coefficients of z™:
[ee] xn
x n
i Y20 VRIS SRS OE
n= O n=0

To simplify this further, notice that 1 — (—1)" is 0 if n is even and 2 if n is odd. So we can rewrite
the series to only sum over odd integers:

e}

2m—+1
T
el —e = E 22—
|
= (2m +1)!
Finally we divide by 2:
2m+1

_Z (2m + 1)!

Note that this is the series for sinz, except Wlthout the (—1)". This function is hyperbolic sine,
written sinh x.

: We just have to plug 3z? into the series for e?:

| |
0 n. 0 n.

5 ) g

2
1
— <1 n > : The easiest way to find this series is to recognize that
x

(LY
1+2/) de\l1+z/’
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1 [e.e]
Now since we know that = Z(—l)"w", we have that
1+x e
1 2 d e 9] o] d o]
. _ 1" | = 1) (™) = —1)" n—ll
() = (e ) - S e = S

Find the first few terms of the Maclaurin series for the following functions.

cos T . 9 9
sin” x + cos“ x

(In(1 + ))* T

Solution: For all of these, you could use Taylor’s Theorem:

© r(n)(g
) =3 D gy

n!
n=0

(with a = 0, since the problem asked for Maclaurin series), but that’s almost never the most efficient
method by hand. Instead you should try to express the functions as products of functions that you
know the series of.

(In(1 + x))* We know the series for In(1 + ), so this is

(In(1+2))? = (i(—l)" " )2 = <ac — 11'2 + lwg —.. .>2.
n+1 2 3

n=0

Now just square the thing to get

11
(In(1+z)? =22 —2%+ =2t — . .
12
1
fosac : This is cos x times 1 , and we know the series for both:
—x -z
cos & (OO a2 ad
- (i) ()
1—=z ~ (2n)! ~
1, 1 4 2 3 4
= 1—§x +ﬁw — ... (1+x+w +z° 4+ —|—)

1 1
= 1+x+§x2+§x4+...

sin? x + cos? z: There is certainly a quick way to find the Maclaurin series for this function, but let’s
pretend we don’t see it. Then we have

2
o 2n+1 2
) n xr 1 3 1 5 2 1 4
Sin .Z'—(E (—1) m) = <.Z'—6.Z' +m1’ —> =X —gl' +,

n=0
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and

2 > 22" i 1, Iy ? 9, 14
cos” T = Z(—l)"@n)' :<1—§3: + 5,7 —|—> =1l-uz +§3: —...
n=0 ’

So when we add these together:

1 1
sin?z + cos® z = <:L'2—§ZL'4—|-...>—|-<1—:L'2—|-—:L'4—...> =1.

Use the Maclaurin series for e to obtain a power series for the function

T 1 _ t2
f(:n):/o L te dt.

Solution: We will work from the inside out. The Maclaurin series for e! (which you should

know) is

n=0
so to get the series for et we substitute #2 into this series:
0 (t2)n & t2n

=y >
© = n! nl’

Now we want the series for 1 — et*. First pull off the constant term for et”:

2 0 t2n oo t2n
=) Tr=lt ) or

n!

n=1

2 < it%z) it%z
l—e =1—-|(1+ — | =- —.

Now we need to divide by t:

o 42n
1 ! R T
t t — nl t — n!
Now we are finally ready to integrate, which we do term-by-term:
o 42n—1 X 421 42n
/_; . dt:_;/ o == G

Finally we evaluate the integral to get

T _ t2 o0 2n
[ e 3

n=1
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. _ 2
Find lim (sinz — z)

—. Solution: This is not a good problem to try L’Hospital’s Rule on.
=0 (cosbx — 1)

Instead you want to do this with power series. Recall that

i~ p2n+1
. _ e T
sin x 7;)( ) G )
0 p2n
cosx = (="
;::0 (2n)!

So by picking off the x term in the series for sinx we get

' 0o . x2n+1 00 . x2n+1 00 " x2n+1
sine —x = (Z(—l) m) —r= <x+2(—1) m) —r= Z(—l) (2n + 1)1

n=0

n=1 n=1
Similarly
0 52nw2n & 52nx2n 0 52nw2n
oxr — 1= -1nH" —-1=11 -1)'—1-1= -1" .
sz 1= (ST ) 1= (1 S Ty ) =S

Now we substitute these series into the fraction and square and cube as required:

0 g2+l 2
(D" o=
I (sinz — x)? Z (2n +1)!
im ———— =
2—0 (cos bz — 1) z—0 ( o X 52nx2n>3

3
z—0 5272 544 5646
(_ o T A T e T

m3 2 m3 m5
1. (5)+2(5) () -
mlir%) 5252 3 52452 54 4 2 522 2 544
(_ 2!>+3(_ 2!><4l>+3(_ 2!) (4!)"'"'

We’ve actually done more work than necessary here, because only the leading terms of the numerator
and denominator matter. Therefore our limit is

9, 4
lim s ) 36 8

20 [ 5202\5 iLmO 1562525 36.15625 —0.000014222. ..
(_ 21 > 8
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Solution: Find the Maclaurin series for arctan x and use this to write m as the sum of an infinite

series.
Solution: Since arctan x is the integral of 1 5 we have
x
1 > AL = n 2n = n $2n+1
arctan z = / 2 dx = /HZ::O (—2?)" do = nz:%(—l) /w dx = 7;(—1) il

Now remember that arctan(1) = %, S0

o0
(=" _ =
arctan(1l) = Z il 4

n=0

and thus

= (—1)" 1 1 1 1
=4 41—+ =— ...
m Z2n+1 5t5 7709

n=0

This is known as the Gregory series. The only problem with this series is that it converges extremely
slowly; you need to add up 300 terms of the series to approximate 7w to within two decimal places.
To get a series that converges more quickly, you can use the fact that

m = 16 arctan 1 — 4 arctan L ,
5 239

oo (_1)11 1 2n+1 o0 (_1)n 1 2n+1
— 16 2 _y _— .
T nZ::O m—+1\5 ;} o+ 1 \ 239

This is known as Machin’s formula.

SO




