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W containg ¢ 1§ T contminsg a

SubSeluence. n +he same celative
order oS ¢

A permutation class, €, jg a dounset
in €Nis eorder. Tts basis consisks
0¥ +he minimal permutat ong not in C:

C=Av(B) ={m: ¢peb, pgm3,



Examples
Av(2N) = §), 12, 12y, ..},

Cor\$3sis c} oll ?u«uéaév'on;
contained
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Enumeration: L

l
| = X
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Examples

Av (32, 2143, 2142) = all .
Cof\t&‘(\gé " PQ.(M\IéaéIOy]S

Envmeration: 1, 2,5, 12,23, . ..
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Ge.ne,raéir\\’ ;vnc{;ior\i | =%~ Xz
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EXAM p(es

Av (231, 312, 321) = all permvéat jons
Contained A

Enumeration: |\, 2, 3, 5, g, 13

Fibonacet numbers

, ¢ 0 ]

Generating Function: |
|=x - x*
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Examples

Av (23, 312, 4321) = al( pecmutations
Contained N

65 § satisdies

£z x + xts p3) F
'

y 4 ﬂ
Y2 Toxexr K

Envmeration: |, T, 4, ¥, 13,24, 49, ..

Asymptetics: ~ (/.33928...)“



E xamples
Av (13\)3 built reeursivel

® y by
—
Av(231)
-
Av(23l)

Ge.n'.ratinj Luaction § satisfies
A
9 : \ + Xg

%g = | = Ni=-4x
X%

Enumeration: 1,2, S, 1Y, 42, 132, ...
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Ecrdégs- Seekeres (/935)3 Eve,ry
Permutation o} \.anth at least

(n-1)" 4! conkaing 12:om or
ﬂ.'"l\.

In P\vticu\ﬁﬁ o permutation
class s finite \'fand only
§ s batis  contorng beth
ON INCreasing and o dcheasi/\\]
Permutat jon.



History

Kavth (1969) skudied S\mp(& Sorf"/j
machines:

Av(23)) = permutations that
coan be gorted b)/
o Stack.

A

Av(31)) = permutotions heat
can be sorted l>7'
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Hanley~Wil§ Conjecture (1990s):
Evu7 Pfoper permutation cluss

(i.e., not <or\hin'\v\J ever H\\'V\J)
has at most G.Kreno.o\b'o]jrowt"l.

® Had been conJed.ured Yhat for

Il = k, AV(P) was O((K")u).
Disproved by Béaa (1997):
Av(1342) is o(8")

o Proved by Marcvs and Tardes (2ooY).

o No jood bounds ore knos.m)
MT shows Av(p) is

O( (,526'('7:))").



G(oo..ﬂ“ﬁ rotes

Dedine the gqrowth rate
Ly b Al o;C

qr () = gim Vs

n~

when +his (imit ex ists,

Ex: jr(Av(}l)) = 4
¢ (Av (32),243,3142)) = 2
qr (Av(23),32,321) = ¥
gr (Av(2)) =1

QQuestions:
() Does ¢his limit aluays exisé?

@ wWhat values can ocevr?



Grovth retes

The jrouth rate bg

(o]

'S e gria), or )},
(Erwmuation is - Z_jr(C\Kjf(b)n.t.)

The Srm.:U\ rote oj»

(1=

§3 Jr(c\ ¢Jr(b).
W n-xX
(ENVMU‘NUW\ 1S av Z(&) 3\’(@ artb) )



Ver SMa la¢ses
To hove jr(C) <V, C must not

conton

‘...‘.

Huczynsko\-\/ (1006}? Thie 'W\PUCS

Fee sema tinite 3“.A‘



Very 3sma la¢Ses

To have JV(C)< P, C mvst also
Net Contain

A L B e

Huczynsku-\/ (2000): This implieg

o

C ¢
Which ‘mplies that ¢ hes
Pelyaomi epumeration

L‘;or L«"g e \'\«) :

(This is essentially another Droe
For o sPeciO-Q. ca5e oj'.m) ¥ f



VQ"i smoell classes

Kaiser -Klazar (2003): I} qr (©) < 2
then i () sotisties

= x-X"= ... = xX=0
Lor seme K. (95 4he k=2 case)

'AH Such cL«sse,s hav ¢ ro{o‘m\mp
Je—“itatirv Conctions, ond ...

K(a%ar (200 ) There are on\~/
Covntably Mun\/ class e with
ar (<) < 2,



What the vecy SMall clugses (sok Lke

Both have jg |-y.-x7"%
3(‘0\»61 cate = 1.93928.



SL 3»&\1 Lmrge.r classes

Classes wWi\th jr(¢)< 3 cannet ¢ontain

ete.

Uesses  with 3 (< [+¥ 2261803

Canrnot coméain
-,

Classes with ar(c)< 4V <2414z

Cannot contain

L eke.




Stighi\: lar qer classe

Con sezue.nces:

(D There are oM Countabl Many
clagses o th 9r (Q) <k but
unuun.tab\y Many with Jr(c)>k.

@ If j"(Q <k then it sotisfies
one of the hllwin ny:

K el
o [-2x*+x T =0

» 2-x =0
0 A-X-X x4 X ot =0

¢S
0 \*7.7!" Lo *X -21x
ke d Zxkd‘t-b Kedo 3

K4 Y -0

° \&Kx"‘ =0

® '-—XK’ZK "’K ”O



Gro wth rateg

‘;irs( acecumy lntioc\ ?oid:
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2.06544,

Smvallest
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What Ques bezond k ?
-‘rht. d‘gf\cvl.ty " JQ‘:J b@joﬁd K
'S whinte antichaing, such ag

| @

e |

\——O
0

e @
. \:/ "amr.ho(s"
&
1
The closs oF permytations containgd

n « ?itmv'bt\'w\ 05 this Kran
has Drouth fate K.

This 18 th ‘there are UAchQ«b\y
maay closses with r(c\s\&}
let A= 4+hi$ Qr\f"c"\ai/\/ C:= all
Permutotions properly contained inA,

and considem C U A S AcA.



Conj‘ecture_ (Bollobas et al Zoo'})-.
Every jrouth rote 1S o.\.jebra'\c,
ond Hhe st of 3rmtk rokes doeS
not conkain an occumvlakion

pont  fSrom above.

Albert ond Liaton (2z00%): The set

of rowth rateS cContains an
uncevntable perfect <et,

C,on\')ed:ure (Albert and Lin'\‘.on):
The set of jrow‘th rates containg



The som ConStevetion

¢ T v = —

¢« T S Sum \I\JQQOMPOSABQ G
it cannek be written og

the Sum _S twe Shorter
per mukations.

o { iy sum closed i?
TTec

\

gomT eC



The sum const ruction

Let
; - jg ;or C cmd

j s JQ ;ar sSum .MC‘Q(OM?OSQH“ in C

Then ¥ Cis sum cLoseJJ

- | = |+ q+ q% +...
?-‘_3(—133 )

For example, the sum indecomy.s@tfa of




The sum condtructien

We have = ..‘J <o if 9q(rl =]
‘For Sem@ * \nside s radiuvs
converqence, then r S the

fradivs o} ConVU’J?-nci O§ ;

Plan: Construct o varidzy o;'
svm cloged closses o dfgeriv
jrou‘th. Tategs,



An atzmu\{uz Ar\a\is\s YVob\Ut\
et (an) and (bn) be bouﬂded
Sezvenc% } pesitive 'vd;e\jers
S&'{:\S 1\'})

o For s»me k aad N,

s bn Sor !\(K
Qn’bVL)’N Sor na, K
¢ The elwf.ioﬂs

th*u = ﬂ'\d
Z b X" = |

hwg (,.'u{ccns, Tes '-c(.NQL], as'
v Q'\A ‘t Sﬁt\sry'kj

‘ ¢crct

N+
Then, Sor e.vu\' res ¢t there s
a stlvlan Cf\ QA Se ﬂo«t

Z_cs=






Qu&Sf\\or\S

@ What 15 qr (Av(1324)) ?
Albert etY ol (2006) show <hat
it 15 ot least 9.YE

@ Do all classes with Jr(C)( K
Have ratio no.o oeno.rd.ir\\] fvncficw?

@Uho.t Harpmg between kand AT

- What s the measure °5 these
3routh rates !

= Conjecture: the set o qrowth
rates here S nowhere &nse.

@ where S €he f'\fS( accomulation
yo'mt 9rom obove { Conj';ckv e
~ 2.3052Y4.



