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ABSTRACT: [Preliminary version. | In the usual
Halmos topology on the group of transformations (Z-actions),
we show that a joinings version of the Weak-Closure Theo-
rem holds for the “generic T” (that is, for a residual set of T').
Specifically, the closure of the set of off-diagonal self-joinings
of T' is the full simplex of self-joinings. This also holds for
infinite-dimensional self-joinings.

An ingredient in the proof is showing that if 7' has “flat
stacks”, then the off-diagonal self-joinings are dense in the
set of ergodic self-joinings. A second ingredient is a combi-
natorial lemma, fancifully called the “Chameleon lemma”,
involving words and blockings.

§A  Introduction

In the past two decades it has become evident that
properties of the self-joinings (henceforth just called
“joinings”) of a transformation provide important
tools-of-classification of such maps. My purpose here,
Strong Joining-Closure, theorem 4, is to show that a
certain “joinings extension” of the Weak-Closure The-
orem holds generically.

Section A and §B transmogrify the problem to
a discrete combinatorial statement, the Chameleon
Lemma of §C, which is dispatched in §D. Here is a
bird’s eye view.
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A measure will mean “Lebesgue probability mea-
sure”. We will work on a non-atomic measure
space (X, X, ) with a (measure-preserving) map 7:XO
which is invertible* . Let 2=Q(u) denote the group,
under composition, of such transformations. We have
subgroups © D C(T') D Z(T). Here C(T'), the com-
mutant of T', comprises those transformations S such
that ST = TS, and Z(T) means the set {T°}.cz of

powers of T,

Idiosyncrasies. FExpressions “d =: s” and “s =

d” each mean that d is the definition of symboal s.

2

For real numbers, let “b exceeds ¢” mean b > c,

whereas the weaker & > ¢ condition is “b domi-

Y

)
nates ¢”. Say that b is é-close to ¢, written b =~ c,

*It turns out that the maps which commute with a rank-1
must necessarily be invertible, [6]. For this reason, there will
be no loss of generality in considering only invertible transfor-

mations.
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if |b — ¢| < §. For vectors b and ¢ over a common
. . . 5
index set, say b is d-close to ¢ if each b; ~ ¢;. For

equal length words B and C, let B é C mean that
J(B, C) < 4. (“Word” and “d-distance” are defined be-
low.)

An interval of integers [a .. b) means [a, b) N Z, with
analogous notation for open/closed intervals. Use N
for [0..00) and use [0 ..00] for NU {co}. For GG a set,
let #G mean its cardinality; #Stooges = 3.

Employ notation G*K to mean the K-fold cartesian
power of a set, partition, field (c-algebra), or transfor-
mation. Let Id be the identity transformation.

I will first state three theorems, defining later the
terms rank-1, flat stacks, and the set J(u) of joinings.
Also postponed are the definitions of the standard
topologies on € and J(u). Agree to CI(-) for the clo-
sure operator on each of these two spaces.

1: Weak-Closure Theorem ([6, P.365]). Suppose thatT

is rank-1. Then

VIE C(T) c Clz(T)),

where Cl() is the closure operator on €. O
An analog of the sets C(7") and Z(T') are the sets

4$m(T) and g52(T) of 2-fold “graph” and “diagonal”

joinings of T'. In the language of joinings, then, (V1)

can be written as

01’ Sra(ry < Cl(gP(T)).

The graph joinings are a special case of ergodic join-
ings, suggesting a question raised in [6] a decade and
a half ago.

2: Question. IfT is rank-1, must

SE(T) C CI(3R>(T))? 0

While still unresolved, the conclusion is known for
the “flat stacks” maps, a subset of RANK-1. Indeed
for flat stacks it holds for oco-order.

3: EJCI Theorem (Ergodic Joining-Closure).
that T has flat stacks. Then

2: JES(T) C CI(IDR(T)).

Suppose

Le, each ergodic co-order self-joining is a limit of di-
agonal joinings. O

A2

Ergodic joinings comprise the extreme points of the
simplex of all joinings. By beefing up JE'8(T) to the
full simplex, the theorem below strengthens (©2), but
at a cost. The price paid is to conclude this, alas, no
longer for all flat-stack maps, but only for a residual
set of such T.

4: SJCI Theorem (Strong Joining-Closure).
T has the inclusion

The generic

©3: Joo(T) C CI(IDR(T)) .

Fach oo-order self-joining 1 (not necessarily ergodic) is
a limit of diagonal joinings. O

For a dimension © € [2..00], if T" satisfies

02" Hgg(T) C CI(3B2(T)), respectively,
03'; In(T) C CI(IR*(T)),

then say that T is ©-ergodic-dense, respectively,
D-simplex-dense.

Words & Blockings

Over a (finite) alphabet P, an L-word H is a sequence
H = hohy---hi---hr_q

of letters h; € P. Use H(i) = h; for the i** letter in
a word. Notation H[3..6) = hshshs indicates a sub-
string. The length Len(H), above, is L. An expression

such as H L§n5 indicates that Len(H) < 5.

For H a letter or word, let H®® be the word formed
by concatenating R copies of H, e.g, [zb]®? is zbzbzb.
Also, in characterizing flat-stacks and in the words ar-
guments of §C, §D, the symbol “R” will always denote
a positive integer. It is called a repetitzon number.

Let “H & e” denote H shifted (i.e, rotated) by e
positions. Define this by example for an L-word H:

H®3 = hshqhs...hr—ohr—1hohihs.

Evidently H @ [e+L] equals H & e.
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Joint-words. Given L-words B and C, let HEH

denote the joint-word over alphabet P*? consisting
of letter-pairs. As a 3-dimensional example, if H is
abcde12345 then

H abcde12345
H@ 18| = 45abcdel23
Ha 1 bcdel2345a

over the alphabet P*3. A D-tuple € of integers
(€0, €1,...,en_1) will be called a shzft. A word H

and shift € determine a sheft-word,

H® eq
- H
5 We = | NEE
Hdep_1

Length Convention. For words we use symbols
H,A B,C,D. A script version, H, A, B,C,D, auto-
matically denotes the length of the corresponding
word. Use L as a general length.

To avoid trivialities, all word-lengths are positive.
(Some definitions fail for the empty word.)

The d-bar metric. The d-distance between two
L-words is d(B, C) = %, where G is the set of in-
dices 7 with b; # ¢;.

Blockings. Consider a set G C N. Given a length
L € N, let “the density of G in [0..L)” mean

Denp(G) = #(GN1[0..L))/L.

Write Den(G) for the lower density of G in N; it is
liminf o Deng,(G). Define upper density Den(G)
If Den(G) equals Den((F) then use
Den(G) to denote the common density.

A blocking Y = ([(;..7;))_, of an interval [0.. L)
is a list of intervals with £;,r; € N and ¢; < r; < 41
and (JI[¢; ..r;) C [0.. L). Usually both L and I are oo;
define the general case now for use in §C'. This T is an
e-blocking of [0 .. L) if the lower density of ! [¢; .. ;)
dominates 1—¢. An e-blocking is also called a [1—¢]-

analogously.

cover.

A3

Consider an H-word H and a name (an infinite
string) z = [0 ..00). A blocking Y = ([¢; .. £;4))2,
is a “H-blocking ” of z if

*2 [l . 4;+H) = H

for each ¢. Naturally, if Den(|JY) > 1 — ¢ then T is
called an “e-H-blocking . Lastly, retaining the den-
sity condition but weakening (*) to

2[l; . 4;4+H) ~ H
yields a “d-e-H-blocking ” of z.

Rank-1 and Flat Stacks

Given a Rohlin stack = with H{ many levels, let P=P=
be the partition of X into the levels of = and the stack
complement X \ =; so P has H+1 atoms. A map T
is rank-1 if: For each partition () and ¢ > 0 there
exists a T-stack = whose partition e-refines (), i.e

6: r ?s Q

A function f on a measurable set G is “0.9-
constant” if f is constant on some subset GG’ with

p(G)/(G) 2 0.9.

Each point z € Base(Z) has a first-return time,
f(z), to Base(E). Say that T has (asymptotically)
flat stacks if: For all ), all small ¢ and large repe-
tition integer R, there exists = such that (6) and

7: f() is 251 -constant on Base(Z).

Let FS C € denote the set of flat-stack maps. It
is well known that FS is Q-residual and it will also
follow from the argument in §C and §D.

The stack-
shaving argument of [7, Lemma 1.4] produces, for

Criteria for rank-1 and flat stacks.

rank-1 and mutatis mutandis for flat stacks, the fol-
lowing cut & stack and d versions of the two proper-
ties.

For a process T P, a Rohlin stack = is P-pure
if each of its H levels lies entirely within some P-
atom; consequently, it determines an H-word H over
the alphabet P. Each z € X inherits an H-blocking
where, letting ¢; be the i visit-time of T-orbit(z)
to Base(Z), the i" block is [¢; .. £;+F).
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Cut & Stack criteria.
tion P and a refining sequence of P-pure stacks

T has a generating parti-

= CEZ C...CE,C--CX

with heights H,, ,/* oo and u(Z,) 1. Let H,, denote
the T,P-word of =,. If T has FS then the stacks can
be chosen so that, for f, the first-return map,

8: () is %5‘?;1 -constant on Base(Z,,),

for integers R, ' co. Evidently 77 converges in Q
to Id. A map T with such a sequence is said to be
rgid.

Transformation T is rank-1 IFF
for every partition P: Ve dH such that for a.e P-name
z € X:

Two d-criteria.

6': There is a d--H-blocking of z[0 .. c0).

Further, T has flat stacks if: Ve and R there exists H
so that a.e z has a d-e-H-blocking with
R-1
!, y J— _
7' Den{zGN‘m—fH_l} > ot
Along the name z, in other words, most d-e-copies
of H are immediately followed by another d-e-copy.
The d-FS condition is perhaps best understood by
example, which rotations provide.

9: Rotation FS Theorem (Katok [4]). On the unit
circle 7, each irrational rotation R has flat-stacks. ¢

Proof. Take two distinct points ¢1,q; € Z and let P
be the (generating) partition having the two intervals
[¢1,92) and [g2,q1), along the circle, as atoms. For
a point z in the circle and a length L, let L-word(z)
mean the P-word of the R-L-orbit of z.

Fix an € > 0 and large repetition . Pick an open
interval [ := (29 — 26, z0+24) in Z, short enough that
for each positive integer L and each point ¢ € {q1,¢2}:
The R™'-L-orbit of q hits I fewer than £ - L times.

2
Consequently

VL and Vz € I: The L-word(z) is d-e-close
to H,

A4

Figure 10: Each irrational rotation has flat stacks.
With clockwise direction being positive, we
have a tiny interval I (shaded) and centered
subinterval J half its length (thickly shaded).
Exponent L is taken so that R rotates by
less than d/%. Consequently the RF-R-orbit
of each point z in J lies entirely in 7.

where H = L-word(z).

Inside 7, consider interval J = (29 — 6, 20 + §). By
compactness of Z there is a number, say 9, so that
intervals J, R (.J),..., R¥(J) cover Z. We can have
taken L so large that % < €. Since R is frozen, we
can have chosen L so that R” is close to Id; so close,
that each of the points R'(z), R*(z),..., R*(z) is
in I, whenever z started in J.

The upshot is that each point ¥ € Z hands us a
blocking

[a1 . bl), [CLQ . bg), [03 . bg), ..., with bj =a; + RL,
where a;y; is the smallest time dominating b; for
which R%+1(y) is in J. Automatically (7') holds,
since each word yla; .. b;) comprises R consecutive d-
e-copies of H. ¢
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Joinings

In order to define finite-fold and infinite-fold joinings'
Below, the
index j ranges over j € [0..D). (The dimension D is

at once, fix a dimension ® € [2. o).

Fraktur D, the joining index j is Fraktur j.)
With an ergodic T in mind, we define these six sets
3°7(n) C ()

11: U U
go=(r) c (1) < JFE(T) c I(T)

of ®-fold joinings.
on © when necessary, e.g write Hgg(T). When the

Rematerialize the dependence

transformation is understood I may omit it, e.g writ-
ing g6 in place of J¢2(T).

Let Xo C X be a countable algebra of sets which
generates field X. A set C c X® is a cylinder set
if it can be written as a product

—

C = H By, with each Bj € Xy,

j€[0.. D)

and Bj = X for all but finitely many j. There are but
countably many cylinder sets.

A “D-fold joining of p” is a measure 1 on
(X>®,X®) which projects to y in each coordinate
of [0..D). A joining is determined by its values on
cylinder sets. Use J(u) for the collection of all ©-
fold joinings. Since the average of two joinings, e.g
i1+ 2v, is itself a joining, this set J(u) is seen to be
a simplex.

Graph and Diagonal Joinings

One D-joining of special importance is the diagonal
joining Ag, defined by

AD(Hj Bj) = N(ﬂj Bj)'
Warping Agp by transformations will give rise to a
graph joining.
Suppose that S is a tuple (Sj)je[o..D) of maps
Sj € Q. There is a corresponding graph joining 75

Hntroductions to joinings can be found in in papers by
Rudolph and del Junco, [11] [1], by Goodson [2], in papers by
Lemanczyk, Parreau, and Thouvenot [10] [13] and two papers
of mine, [7] [8].

A5

specified on cylinder sets by

(I 5) = w057 3)-

Use g% (u) for the set of all graph joinings. As we
only consider invertible maps, institute the conven-
tion that graph joinings v° are always written with
So equal to Id. (Replace each Sj by S;Sgt.) With this
convention, there is a bijection between such ®-tuples
S and g% (u).

A special case merits attention —when §C0mprises
various powers of a map T, i.e,

S = (T)igo.my» Wwith each ¢ € Z

and eg = 0. Let A denote the resulting 'yg joining,
i.e

(LB = n( 7).

Each such A? is called a ©-fold diagonal joining
of T'. (The diagonal joining is when € is the all-zero tu-
ple.) Unimaginatively, use g°2(7T’) for the ensemble
of diagonal joinings. When needed, the dependence
on T will be signaled by writing Ae}.

Self-joinings of a transformation

A joining n € J(p) is a (self-)jorning of T if it is
T-invariant, i.e

U(Hj T_I(Bj)) = U(Hj Bj)

for each cylinder set. Let J(7') be this set of joinings;
it is a subsimplex of J(u). Analogously, J°(T) is the
set of T-invariant graph joinings. Evidently a graph
joining v is T-invariant iff each S; commutes with 7",
Ergodic joinings. Henceforth assume that 7T is er-
godic. A joining £ is an ergodic joining of T if the
system

TXD: ()(XD’XXD7 5) )

is ergodic. Abbreviate this system as (7°®: ¢).
Evidently Ag is ergodic, because the ergodic sys-

tem (T': p) is isomorphic to (T*®: Ap) via the map-

ping z — (z,z,...). More generally, the mapping

z +— (So(z),S1(z), So(z),...)
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is an isomorphism from (7: u) to (T7®: 'yg), reveal-
ing that v° is an ergodic joining.
The upshot is that diagram (11) is verified.

Topologies on Q(p) and J(u)

Say that a net (R)),c, of transformations R, € Q
converges to S if, measuring symmetric difference,

n(BL(B) & S7(B)) —0

for each set B € Xy (equivalently, for each B € X).
This defines the coarse topology on £2; it is sim-
ply the strong operator topology, with each map S
interpreted as a unitary operator on the Hilbert
space L2(u).

Our measure p is Lebesgue, so 2 is a Polish space
in that it is homeomorphic to a complete separable
metric space (e.g [3, pp.62] or [9, lemma 6]), and is non-
void. In particular, the Baire Category Theorem ob-
tains: Fach residual subset of €2 is dense. A subset
Q' C Qis residual if @\ Q' is meager. In a topolog-
ical space, a subset M is meager if M C J7* C,, for
some countable family of closed, interiorless sets C),.
Standard topology on J(u). Say that a net of
joinings vy converges to n if

 (C) - n(C), for each cylinder C.

A subbasis for this topology is the countable collec-
tion of sets

12: UG, q,6) = {nea(u) ‘ n(C) — g <€},

where C is a cylinder, and ¢ and ¢ are rational num-
bers in the unit interval.

Endowed with this topology, J(1) is a Polish space.
It is also compact, and hence it is a Choquet simplex.

Remark. It is routine to check that the joinings
topology, when restricted to J$ (1), equals the coarse
topology carried across from € to §$7(u) via the bi-
jection S — v Thus (V1') indeed is a restate-
ment of (V1) in the guise of joinings.

For an irrational rotation R on the circle Z, one
can check that C1(g2%(R)) is simply the set of v %)

B6

as S ranges over the rotations on Z. Thus R is not
2-simplex-dense (e.g, this closure does not contain an av-
erage of two diagonal joinings) and so the conclusion
of SJCI can not be strengthened to all of FS. O

Finite-order suffices. An co-order joining is de-
termined by its finite-order marginal measures. Hence
EJCI is equivalent to showing, for each finite D, that
every rank-1 7T is D-ergodic-dense. Similarly, SJCI is
equivalent to taking a finite ® and showing that resid-
ually many T are D-simplex-dense; then intersecting

over the countably many €2-residual sets.

Henceforth the order ® is finite, i.e
in [2..00), and is implicit in the notation.

For example, we will just write ergodic-dense for D-
ergodic-dense, and write g5 for Hgg(T).

¢B  Tools

Our inroad to studying ergodic joinings will be to
study the “typical points” of an arbitrary ergodic pro-
cess (9,Q:Y,£). When applied, this S,Q process will
be T P*® with Y being X *®.

Frequencies. Over an alphabet (), suppose that
words B and C have lengths B < €. With I denoting
the interval [0 .. C—B], define

#lieT|Cli.ivB) =B}

Freq(Bin C) = 71

A point y € Y is generic if
Freq(B in y[0..00)) = lim Fl‘eq<B in y[0 .. G))
C—oo

exists and equals £(B), for each word B. Here £(B) is
the &-mass of the S)Q-cylinder set that B determines.

Let’s now examine a stronger notion of genericity.
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Typical points. A word C is e-good for £ if

Freq(Bin C) &~ &(B),

Len
for each word B < 1/¢. An e-bad C, consequently,

admits a word B Lgl % whose frequency in C differs by
more than ¢ from &(B).

A man-IL-blocking, given a length L, is a blocking
([¢; .. 7:))52, where each length r; — £; dominates L.
A point y € Y is typical (for ¢) if, for all € and 4,
there exists a large enough L so that the following
statement obtains.

Whenever ([¢;..1;))?2, is a min-L-blocking
with each y[(; ..r;) an e-bad word, then its
upper density is é-dominated, i.e

m(uj; [t . n)) <8,

13: Typicality Lemma.An ergodic process (S,Q: Y,§),
after removing an invariant nullset from Y, has every

point y € Y typical. Proof. In End-Notes. ¢

Establishing the EJCI Theorem

In the sequel T,P is a flat-stack process as in para-
graph (8). Shrink each ®,, if necessary, so that rep-
etition numbers ®,, oo still witness FSness, and
now also bound stack-mass in that

14: W(EL) > 1— 5.

Remove a nullset from X so that now for each z € X
and each n, the H,-blocking ([(; .. £;4+3,))2, of = has
a density

Den({ 7 [l li43,) = n(En).

Below, once a stage n has been chosen, then auto-
matically =, H, H, R will represent =,,, H,,, H,,, ®,, as
in (8). Also, S is T"® and @ is P*®.

Shift-words.
any three points zg, 21,22 € X and, fixing a large n,
Most H-blocks [£..r) on zq are
amiable in being entirely covered by (parts of) two

Taking ®=3 as an example, consider

their n-blockings.

B7
1? r
X . H >
a
X]_ .—H‘ }é H >
| &
%o ..H ye H >

Figure 15: An amiable H-block zq[¢ .. 7) is entirely
covered by H-blocks on x; and on z5. As
drawn here, e; > e3 > eg = 0. Let HF de-
note the resulting P*3-word.

consecutive H-blocks on z{, and by two consecutive
on zg, as Iig.15 shows. Temporarily, let r; denote
the unique position in [£..7) so that [r;—3{ .. rj) is an
H-block on zj. Let e; := r — rj be the corresponding
shift-length; thus e is zero.

Let  := x¢. Over our alphabet Q@ = P>*® we have

two (-names

y = (Q?j)je[ong) and 2f = (Tej(af))je[ong).

When restricted to our amiable block, they give equal
(Q-words,

ylt..r) = 2°[t.r) = HE.

This, since each 2; has no gap between its H-
blocks that touch [£..r). The common Q-word, H¢,
can be thought of as three P-words written one atop
another. It is the joint-word

HoO0
H@el )
H® ey

HY =

which was called a shift-word in (5).
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Shift-words mostly cover y. The above shift € has
each e; € [0.. ). Say that such an €'is H-bounded.

How much of y[0 .. c0) is covered by shift-words H,
for varying H-bounded shifts €7 Letting ¢ denote
(X N E), it is straightforward that at least density

p(E) = [0 -1]- [0+ 5]

is so covered. Rematerializing the stage n and using
(14) shows that at least density

16: - %

of y[0..c0) is covered by H,-shift-words.

Mild uniformity for FS. Arguably, the “reason”
that an irrational rotation R has flat stacks (9) is due
to the set Z(R) of powers being an equicontinuous
family. A general FS map T has the following milder
uniformity property.

17: FS Uniformity Lemma. For all € and all large n:

Shift-word Hf is e-good for the A° diagonal
joining,

for each H,-bounded shift €. O

Proof. Take an z € X; it is generic for (T, P: u). For
each shift €, then, the point

ef = (T%(x), T (2),..., T (z))
is generic for the (S,Q: A?) process.
Take a stage n large enough that

€ 4
<Z and .(H:>€—2

Bl =

(Recall that % means R, etc.) For our H-bounded €,

at least density 1 — % of the Q-name z° is covered by
R Len
copies of H?. For each Q-word B < 1, consequently,

e

Freq(B in z°[0 ..c0)) differs from  Freq(B in H?)

by at most %—}— l,Hﬁ This is less than 24—5 + 5,80 HE is

e-good for (S,Q: AY). I

We now combine the preceding tools.

B8

Proof of EJCI Theorem. Fix an ergodic £ € Hgg(T).
It suffices to fix a positive € and produce a shift €

and @-word which

. is e-good for & and

Goal: is e-good for A° as well .

For specificity, take ® = 3. Choose a point y =
(zo, z1, z2) which is (S, Q: &)-typical.

An e-good word HY.  Take n so that H{=3, is large
enough for the Typicality Lemma in that at most den-
sity % of y can be covered by min-H-blocks which
are e-bad for £. Also take =R, big so that, cour-
tesy (16), at least % of y is covered by H-shift-words.
Hence there exists an H-bounded shift € such that:

-

H® is e-good for &.

Chasing one’s tail? ls this Q-word H? also e-good
for the A% joining? A natural avenue would be to
again appeal to the Typicality Lemma; but there is
no reason for the current J{, to be sufficiently large
when applied to the (S,Q: A°) process. And were
we to enlarge H,, (by increasing n) to be large enough,
then this likely would alter €. Happily, the argument
can be rendered non-circulart via FSness.

Using mild uniformity. Since € was known in ad-
vance, we could have initially taken n big enough
for (17) and 3, big enough for £. Since the result-
ing €is H,-bounded automatically, our H? is e-good

for (S,Q: A). ¢

Reduction of SJCI to 2-mixtures

A probability vector is a tuple (by,...,bpsr) of non-
negative reals which sum to 1.

A 2-mazture is a joining of the form
18: a4+ bAT| with (a,b) a probability vector,

where b is rational and p'and ¢ are each D-shifts. Let
Two(T) denote the set of such mixtures.

i1t is this potential circularity which obstructs one approach
to question (2) of whether every rank-1 is ergodic-dense.
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19: Reduction Lemma. Suppose T has flat stacks. If

19': CI(gP=(T)) > Two(T)
then T is simplex-dense. O
Proof. For shifts p, ¢, 7 and a probability vector

(a,b,c), we can write the 3-mixture

note

alNF 4+ bAT 4 AT [1—clv+ e

by defining the 2-mixture

a

N A
1-c¢

1-c

vV =

Courtesy (19') we can first pick a diagonal A% near
to v, then choose a diagonal near to

[1— A%+ A,
Sending “near”\0, so to speak, says that
Cl(Two(T)) > THREE(T) .

Thus CI(gP") owns all the 3-fold mixtures. Iterating
the reduction shows that CI(JP?) contains all mix-
tures of finitely many diagonal joinings.

Because T has flat stacks, the EJCI Theorem
assures that JP2 is dense in JE'8.
C1(gP®) contains each finite-fold mixture of ergodic
self-joinings of T. As C1(gP?) is closed, it must there-
fore equal all of J(7'). ¢

Consequently,

Remark. The set of diagonals A® with & non-negative
is dense in gP2(T), since T is rigid. We thus redefine
Two(T) to only comprise rational 2-mixtures with
non-negative shifts (each ¢; > 0), and the Reduction
Lemma will persist. Consequently:

(AH shifts, €, 5, p, ..., are non-negative )

for the remainder of the paper. O

9

5C

Strong Joining-Closure is

Q-residual

To exhibit a residual set of ©-simplex-dense maps 7T,
it suffices to fix shifts p and ¢ as well as positive ra-
tionals ¢ + b = 1, then show:

There is a residual set of T for which the
mixture aAg + bA%: is in C1(°2(T)).

After all, there are but countably many triples

20:

(p,4,b), so residually many 7" must fill the hypoth-
esis of the foregoing Reduction Lemma. Since FS is
itself residual, the conclusion of simplex-density will
hold residually.

There is no loss of generality in assuming, as done
in the sequel, that b = %
Prolegomenon. Given a partition P on (X, pu),
each D-joining 5 engenders a vector with [#P]® many
components, namely, the vector

21: Q —[0,1]: 9 — 7n(q)
as q ranges over the atoms q € @ := P*®_ If joinings
n and v have e-close vectors then we say that n and
v are e-P-close, i.e

Vg e P*®: |n(q) —v(q)] < e.
Because of the strict “<”, the set

There exists a shift §such that A;}
is e- P-close to %A? + %AqT ?

Open? = {T

is an Q-open set of maps. So Openf is residual zf
we can establish that Open! is dense in Q.

Intersecting all the Open! over a countable dense
family of partitions PP and countably many £ \, 0, will
produce the residual set desired by (20). The upshot
is that we can freeze the following data.

n the sequel, we have fixed: Shifts p’ and §, an

e € (0,1) and partition P on X, as well as a non-
empty open set U C Q. Also, Q denotes P*®,
the cartesian-power partition.

Our goal now is to construct a 7 in U and a shift §
for which:

90bis: Diagona]—joi?ing A% is e-P-close to

mixture %A}% + %A%

We will produce T and § by computing frequencies.



C STRONG JOINING-CLOSURE IS Q2-RESIDUAL

Frequencies estimate a diagonal joining. Here
is a device to approximate the n-vector of (21) when 7
is some diagonal A% Imagine, for T, that we have
a P-pure Rohlin stack = of some height H, and let
H be its P-word. Suppose that H > m = max(é),
where

max {e; |j € [0..D)}.

max(€) =

Each position ¢ € [0..7{—m) determines a Q-letter
whose D many P-letters are

«:  H(iteo), H(i+e1), H(itez), ..., H(i+en_1).

For a letter q € (2 we can compute the frequency of
i € [0..H—m) such that Q-letter () equals q. This
frequency will be 2e-close to A%.(q) if
= <
H

Indeed, 2e-closeness holds if we average over all

(X NE)<e and €.

of [0..H), by conceptually wrapping H into a cir-
cle and computing the frequency of q in the shift-
word H?, defined in (5).
Let F(H?) denote the mapping
21" Q —> [0,1]: q — Freq(q in H?),
where we regard each letter q as a ()-word of length 1.
How can we use the foregoing discussion to re-
state (20bis)? Our task now is to find a 7" € U and
P-pure Rohlin stack =, with u(Z) > 1 — ¢, whose T-
word H fulfills the following for some shift s

Vector F(H?) is e-close to the average
EF(H?) + ZR(HT) |

Furthermore, each of max(§), max(p) and

max(q) is less than e - Len(H).

20ter:

We now argue the SJCI Theorem, making use of the
Chameleon Lemma (following the argument) which is a
combinatorial frequency result. Handed words A and
H, say that H is an e-A-word, or is e-A-blocked, if
interval [0 .. 5() admits an e-A-blocking

T = ([t G+HA)L,

where each substring H[/;..¢;4+A) equals A and
Den(|JY) dominates 1—¢.

C10

Conditional proof of SJCI Theorem

Since the family of ergodic maps is £2-dense, we can

pick an ergodic S € U. As U is open, we can shrink
the given € so that every perturbation of S to a nearby
map 7, by altering S on (at most) mass €, necessarily
has T € U.

Let =" be an S-Rohlin-stack with

22:  p(X\NE') < and p(Base(Z")) <

DN | ™
DN | ™

Columnate ="

into P-pure columns. Remove a lit-
tle mass from Z"” by thinning the columns so that,
now, the column-widths are commensurate with each
other. This can be done preserving (22).

Further subdivide the columns so that they now
have a common width. Stack these columns, one atop
the next, to form =’

be the P-word of Z'.

, a P-pure stack. Finally, let A

A cut& stack recipe. Pick a positive number § <
p(X N E).

below, provides a shift § and é-A-word H satisfying

The Frequency Mixture Corollary (24),

this statement about letter-frequencies:

-

F(H7) + ZF(HT).

~Jjot

Since H is [1 —é]-covered by A-copies, we can (using no
more than mass § of X \E’ as spacer) use H as a template
to cut & stack =’ into a stack = of height H, producing
a (new) map 7.

In going from S to T we made alterations on the
top level of stack = and the stack complement. This,
courtesy (22), has at most ¢ mass; our 7 is indeed
in U. Furthermore, p(Z) > p(2") > 1 —«.

Since § < e, inequality (24.1) assures that triple
T,Z,H fulfills (20ter), thus establishing the Strong
Joining-Closure Theorem. ¢

Word Combinatorics

The Chameleon Lemma below produces a “chameleon
word” D which adapts its letter-frequencies to differ-
ent shifts €, and does so changing neither its length D
nor its shift 3. It is this independence which permits
its corollary concerning mixtures of frequencies.
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23: Chameleon Lemma. Given a word A and §>0,
there is a length D and shift § satisfying the follow-
ing: For each %fbounded shift €, there exists a §-A-
word D=Dg such that the shift-words D¥ and A have
nearby frequency vectors:

.

F(D?) is é-close to F(A)

Furthermore, D has length D. O
Proof.  The Blocked-Chameleon Lemma (29), an
enhanced version, will be argued in §D. ¢

24: Frequency Mixture Corollary. Consider a word A
and positive 6. Then there exists a shift § and a 6-A-

word H for which

24.1:  max(8), max(p), max(q) < &-Len(H);

1.2 F(H) & (W) + 2F(H).

Proof. Shrink ¢ so that max(p), max(q) < %, ie. each
of pand §is a %—bounded shift.

Replace the input word A by a long concatenation
APR to gratis vield

ke max(p), max(¢) < &-Len(A).

Replacing the output H by an H®® preserves letter-
frequencies in all shift-words H®. Thus (24.2) is unaf-
fected, so inequality (24.1) comes for free.

The Chameleon Lemma provides a shift § and
length D, as well as two D-words

B = Dﬁ and C = fo
for which

F(B¥) & F(A”) and F(C%) & F(AT).
Choose a big repetition R and define H to be the
length of this long concatenation

5R copies 2R copies

—N————
H := BBBBB---BCC---C

of words. Since R could have been taken large enough
to swamp the BC and CB transitions in H (viewed as
a circular word) we gratis obtain that

-

- F(HY) 2 SF(A”) + ZF(A7).

~Jjut
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Coverage by word A. Inequality () implies that

26

F(A?) ~ F(HP),

since H is [1 — §]-covered by A. Observing the same
for ¢ thus evinces

" o 5 " o
SR(AT) + ZF(AT) R ZF(H7) 4+ ZR(HT).

Together with (x%), this delivers (24.2) but with ¢
replaced by 34. ¢

§D  Reformulating the Chameleon
Lemma

Strengthening the Chameleon Lemma to be cognizant
of blockings will be central in our proof of it. Intu-
itively, the “Nested Gym” recipe (28), below, builds
the word D demanded by this strengthening, the
Blocked-Chameleon Lemma (29). For clarity of the
idea —at the expense of formality— the argument pro-
ceeds via a “mini-calculus of blockings” in the form
of four almost-tautologies (the Joint-word, Gym-shift,
Same-shift, and Composition propositions) whose proofs
I sketch or leave to the Reader. After justifying
Blocked-Chameleon for D=2, I illustrate how to ar-
gue it by induction on dimension D, by detailing the
D=3 = D=4 implication.

Blockings revisited. Consider two words A
and D. Suppose that we produce Y, a blocking
([¢; .. :+A))_, of the interval [0..D), so that those
T-blocks with

cover at least density 1—4 of [0..D). Write this rela-

tion as

D % A
)

and note that it implies F(D) 2 F(A), closeness in
frequency.

Below, propositions will usually take a blocking T
of a P-word by another P-word, then apply T to joint-
words; that is, words over some alphabet P*N.
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25: Joint-word Prop'n.  Consider words Dq,...,Dy
each of length D, and words Ay, ..., AN of length A.
Suppose that T is a blocking of [0..D) by A-blocks.

Further imagine that
Wi Dy A

€j

Letting § denote 1 + €9 + -+ -+ en, then,

Dy | A
[RPUSY :
5

Dy Ay

In particular, the joint-words have é-close letter-fre-
quencies. O

Swimming Pools

Fix a particular P-letter to be used as “spacer”; use O
to denote this letter.

Given an A-word A and repetition R, each integer e
determines a “swimming pool”: The word

S, = [Pl APR e

where € € [0..A) denotes the residue of e mod A.
We think of concatenation A®® as “floating” in the
pool, with its location specified by integer e. A pool’s
length is

Lap®(A) = [14+R] - Len(A).

There are only A many pools, since S.; 4 = S..

A gymnasium often has several swimming pools, so
lets use “Gym” to name the following concatenation
of pools,

Gym™(A,e) = S05.52.S3¢ - - “S[A-1]e -

Its length is A - Lap® (A) 22 [1+R].A2.
Defining a word D := Gym®(A,e) gives a natural
blocking of D by A-copies. Call such a blocking “da”,

using the names of the words to make a name for the

list of blocks [¢; .. £;+A).

26: Gym-shift Prop’'n. Freeze an R > % and natural
number e. Given C, a word, define

s = Lap (C),
D = Gym%(C,e), a long word;

a natural number;

D12

and let dc denote the resulting C-blocking of D. Then

D ”dc C
Das| 28 |Chell
Equivalently, D®s j% Ce. O

Commentary. For varying shift-lengths e, the Prop’n
allows us to mimic the frequency of letter-pairs in

HC H using a shift s = [14+R]C and length D =
Caoe

[1+R]C? which are independent of e. O

Sketch of Proof. For specificity, suppose that length C

is 100; so word u D
D®s

]| equals
SO Se 526 536 e 5986 5996
Se 528 536 S4e e 5996 SO

Fixing an n and m:=n+1, consider a joint-pool

ug”e ]| . In the upper word S,,., all but density ¢ is

covered by consecutive C-blocks. Each C-block sees,
in u g:eu , the joint-word u E e
the leftmost or rightmost C-block. Since R > %, this
lost block costs us at most density 8. So 2§ bounds

H —well, except for

the total expense. ¢

There is an analogous proposition when the shifts
of D and C are equal. Below, from a C®®-blocking, we
examine how the induced C-blocking interacts with

shift-words D and C%.

27: Same-Shift Prop'n. Fix an ® > 1/4. Suppose that
D is a word which is [1 — §]-covered by copies of C5%,
Let dc denote the resulting C-blocking of D. Then

- d -
D? 5_) C? 7
368

for each shift § with max(5) < ¢ - R - Len(C). In
particular, this applies when max(5) < Len(C). O
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Nested Gym Construction

Given § and word A, pick a large repetition ® and let
Bo := A. Each shift
€ = (607 €1,€2,-- -, eD—l)

will give us a list of words:

B; = Gym®(Bj_1,¢;) and

28: s = Lap'(Bj_y), forji=1,2,...,D-1.
Then define D := Bgy_;.
Let § be the shift (0,sy,...,89_1). Our goal is

to show that D satisfies a “blocking” strengthening
of (23), the Chameleon Lemma.

Below, word D adapts to €, but neither its length D
nor its shift §, change. Quantities D and § depend
solely on the three integers ©, A and R.

29: Blocked-Chameleon Lemma. Given dimen-
sion D, length A, positive § and D-shift €, then the
following holds for all large ®:  For A an arbitrary
A-word, define §and D as in the foregoing (28). Then

DY %, A7,
5
Here, da is the canonical blocking of D by A-copies,
arising from the (28) construction. O

Induction on ©. The D=2 case of Blocked
Chameleon follows from Gym-shift. The idea of the
general case will be clear by showing one step of
Let us establish the ®=4 case from
D=3, giving explicit names to all the words from (28).

the induction.

There will be no true loss of generality in assuming
that the given shift is

(eo,e€1,€2,€3) = (0,17,29,38).

(The ordering among 17,29, 38 is irrelevant.)
Construction (28) gives

B = Gym%(A, 17), p = LaLp%(A)7
28 C == Gym®™(B,29), ¢ = Lap‘(B);
D := Gym*(C,38), r = Lap"(C).

Each pair of words from D, C, B, A produces a canoni-
cal blocking; use ca for the blocking of C by A-copies,

D13

etc.. These blockings form a nested family: Blocking
da is the “composition” dcoca in the sense of putting
a copy of blocking ca at the location of each block
in dc.

30: Composition Prop'n. Consider three lengths D >
C > A and three blockings. Let da := dc o ca, where

dc: A blocking of [0..D) by length-C blocks;
ca: A blocking of interval [0 ..C) by A-blocks.

Suppose we have words D, C, A with lengths D, C, A.
For e and § positive, these next two relations

D dSh) c da
o imply that D .-~ A. O
C-S A e+d

Proof of Blocked-Chameleon for =4

Take R large enough that blocking da from (28') is a
d-blocking. So all siz of the blockings ca, db, ..., are
d-blockings. Enlarge R enough that

i R>1 and max(17,29,38) < oR.

Further suppose ® big enough that

C A
Cap P Ad17| ,
Chyqg AP 29

courtesy of Blocked-Chameleon for D=3.
Since p,q < Len(C), we may apply Same-Shift to

obtain
D J C
Dap o Cap
D&y Cdyq

Composing this with the preceding display, the Com-
position Prop’n gives

D LA
31: D@p-% A 17
D& q Ad 29

Recall that D equals Gym®(C,38). So Gym-shift
applies, because 38 < R, to assure that

Dar -9 Casg.
26
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The paragraph above (i) chose R big enough that
C --c§—> A. So Same-Shift grants us

Ca38 o5 Ad 38,
38
courtesy the (i) inequality. Now Composition yields
da
32: D@r--{)? AdD38.

Lastly, applying Joint-Words to (31) and (32) gives

D A
D®p d; Ad17
Ddg| 95 | Ad29
Ddr Ad 38
as required. ¢

SE  End-Notes

My friend and advisor Don Ornstein showed me the
following particularly concise and elegant proof of the
Typicality Lemma.

Proof of (13). We need but establish this for a spec-
ified § ;== ¢ > 0, since we could then painlessly inter-
_ 111
sect countably many full-mass sets ase = 5,3,7.- ..
The Pointwise FErgodic

Theorem provides a
length Lg large enough that
EYNG)<$,

where G comprises all points z € Y such that:

For all integers £ < -Lg and r > Lg: The
33:  words z[f..0) and z[0..r) are each [¢/2]-
good for the S) process.

Enlarging Lg so that % is negligible, we now have:

If word CL§H Lo is [e/2]-good, likewise word C’; then
their concatenation CC’ is automatically e-good.

Take L := 3Lg. Then for each length m > L, re-
mark that

34: m_ <3
) m—2L0 = '

E14

The Idea.
with asymptotic frequency &(G). On such a point y,
consider an L-block y[f..r) which is e-bad. Cour-
tesy (33), the point z :== S*(y) must be in Y \ G, for
each value of index 7 in [{+Lg..r—Lyg).

So if ([¢;..7;))52, is an e-bad L-blocking of y, then
necessarily

Ergodicity guarantees that a.e y hits GG

Den ({7 [litLo-ri=Lo)) < €Y NG),
from the ergodic theorem. By (34), then,
Den({J7 [linr) < 3-€(YNG) <. ¢

Flat stacks. In the early 1980s, I started using the
term (asymptotically) flat stacks for the notion defined
in §A. However the concept goes back earlier at least
to Katok and Stepin [5] (and perhaps also to Akcoglu
and Chacén (7)).

Weak closure. The orginal proof [6] of the Weak-

Closure thm, (1), used an involved coding argument.
Valery Ryzhikov found, in [12], a shorter “joinings”
argument.
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