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Abstract. This article studies disjointifiable lattice-ordered groups (abbr.
d`-groups): the lattice-ordered groups G for which the frame C(G) of all convex
`-subgroups is a normal frame; that is, for which A ∨B = G in C(G) implies the
existence of C,D ∈ C(G) such that C∩D = 0 and A∨D = C∨B = G. It is shown
that when a Hahn group V (Λ,R) is a d`-group then it is strongly disjointifiable
(abbr. sd`), in the sense that A ∨B = G in C(G) implies that there is a cardinal
summand P of G, such that P ⊆ A and P⊥ ⊆ B. Every finite valued `-group is
an sd`-group.

As should be expected, since these concepts are intrinsically frame-theoretic,
their study at the level of frames should be fruitful. Indeed, for a frame embedding
h : A −→ B whose adjoint satisfies the codensity condition that a ∨ b = 1 (in B)
implies that h∗(a) ∨ h∗(b) = 1 (in A), we have that A is normal if and only if B
is. Suitably interpreted for majorizing `-subgroups H of G, this yields that H is
a d`-group (resp. sd`-group) precisely when G has the property.

1 Introduction.

The study of disjointifiable lattice-ordered groups has very recent beginnings, and is
an uncommon subject, since when the group has a strong order unit it is automatically
disjointifiable, thus closing off the subject.

Without a strong unit, the question of when a lattice-ordered group (henceforth,
as usual, abbreviated `-group) G is disjointifiable, meaning that its frame of convex `-
subgroups C(G) is a normal frame, is a reasonably tricky one. This investigation is one
of several independent studies of the concept. This introductory section is designed to
provide the appropriate frame-theoretic backdrop for our work. Striving for efficiency,
we collect this background information in the following brief commentary.

Definition & Remarks 1.1. Throughout, L is a complete lattice. The top and bot-
tom are denoted 1 and 0, respectively. For x ∈ L, ↑ x (resp. ↓ x) stands for the set of
elements ≥ x (resp. ≤ x). Let us also point out to the reader that, throughout, we use
the phrase “y exceeds x” in a poset to indicate that y ≥ x.
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1. c ∈ L is compact if c ≤ ∨i∈I xi implies that c ≤ ∨i∈F xi, for a suitable finite
subset F of I. L is algebraic if each x ∈ L is a supremum of compact elements.
k(L) stands for the set of compact elements of L. If 1 is compact it is said that
L is compact.

2. L is said to have the finite intersection property (always abbreviated FIP ) if for
any pair a, b ∈ k(L) it follows that a∧b ∈ k(L). Observe that k(L) is always closed
under taking finite suprema. L is coherent if it is compact and has the FIP.

3. L is a frame if the following distributive law holds for each S ⊆ L:

a ∧
(∨

S
)

=
∨{

a ∧ s : s ∈ S
}
.

It is well known that an algebraic lattice is a frame whenever it is distributive.

4. p ∈ L is prime if p < 1 and x ∧ y ≤ p implies that x ≤ p or y ≤ p. Spec(L) shall
denote the set of prime elements of L.

5. Let L be a frame; a⊥ denotes the supremum of all x in L for which a ∧ x = 0.
Call p ∈ L a polar if it is of the form p = y⊥, for some y ∈ L. It is well known
that the set PL of all polars forms a complete boolean algebra, in which infima
agree with those in L.

6. The frame L is said to be normal if 1 = x∨y implies that there exist disjoint u and
v (which may be taken u ≤ x and v ≤ y, respectively), such that u∨y = 1 = x∨v.
If L is normal then, for each pair such that 1 = x ∨ y, u may be chosen to be a
polar, with v = u⊥.

We are also interested in the following stronger condition: 1 = x∨y implies that
there exists a polar p in L, such that p ≤ x and p⊥ ≤ y, and 1 = p∨ p⊥, which is
to say that p is complemented. This condition has been studied by Banaschewski,
where it is called weak zero-dimensionality. We shall adhere to this terminology.

7. Next, for an algebraic frame L, we highlight a property which is closely related
to normality. L has disjointification if for each compact c ∈ L, the frame ↓ c
is normal. Banaschewski, in [Ba97] and elsewhere, calls this property coherent
normality. In [ST93] the authors call it relative normality. It is shown in [Mo54]
that L, algebraic with the FIP, has disjointification if and only if Spec(L) forms
a root system, that is, for each prime p, (↑ p) ∩ Spec(L) is a chain.

8. L is completely distributive if for each pair of index sets I and J , and elements
xi,j ∈ L, we have ∧

i∈I

∨
j∈J

xi,j =
∨
f∈JI

∧
i∈I

xi,f(i).

This concludes the catalogue of preliminaries.
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Next, we record the following comment concerning frame homomorphisms.

Remark 1.2. Suppose that h : A −→ B is a morphism of complete join-semilattices.
Define h∗ : B −→ A by the following equivalence (which defines it unambiguously):

x ≤ h∗(y) ⇐⇒ h(x) ≤ y.

The knowledgeable reader will quickly realize that, viewing A and B as categories, h∗
is none other than the right adjoint of h ([HS79, 27.1]). As a consequence of the adjoint
relationship, we have the following properties; the reader may also easily verify them
(independent of adjoint considerations):

1. x ≤ h∗(h(x)), for each x ∈ A, and h(h∗(y)) ≤ y, for each y ∈ B.

2. h∗ preserves arbitrary infima.

In what follows we shall use this setup when h is one-to-one; that is to say, when it
is a frame embedding, or – dispensing with h altogether – when we wish to study the
passage of the normality of a frame from a frame B to a subframe A and back.

We shall find it useful to assume that the embedding h satisfies the retractive
property h∗ · h = 1A, as well as the codensity feature that

x ∨ y = 1 =⇒ h∗(x) ∨ h∗(y) = 1.

(As the adjoint generally fails to preserve even the finite suprema, the preceding im-
plication is, at least, a modest imposition.)

On account of the subsequent applications to `-groups, we refer to such a frame
embedding h as a capping of B by A, and we shall also say that A caps B.

Last in this frame-theoretic introduction, we record the following simple lemma, for
later use.

Lemma 1.3. Suppose that h : A −→ B is a frame embedding and a capping of B by
A. Then A is normal (resp. weakly zero-dimensional) if and only if B is normal (resp.
weakly zero-dimensional).

Proof. We carry out the argument for normality; it will be evident from the proof
how to adapt for weak zero-dimensionality.

Suppose, first, that B is normal and that x ∨ y = 1 in A. Then h(x) ∨ h(y) = 1 in
B, so that there exist disjoint u and v in B such that h(x)∨v = u∨h(y) = 1. Applying
the adjoint h∗, we have, since A caps B, that

x ∨ h∗(v) = h∗(1) = h∗(h(1)) = 1 = h∗(u) ∨ y,

while h∗(u) ∧ h∗(v) = h∗(0) = h∗(h(0)) = 0. Thus, A too is normal.
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Conversely, suppose that A is normal, and p ∨ q = 1 in B. As A caps B, we have
that h∗(p)∨h∗(q) = 1. Then, owing to the normality of A, there exist disjoint c, d ∈ A
such that c ∨ h∗(q) = h∗(p) ∨ d = 1. Now apply h; one obtains

1 = h(c) ∨ h(h∗(q)) ≤ h(c) ∨ q,

whence h(c)∨ q = 1, and, likewise, p∨ h(d) = 1, while h(c) and h(d) are disjoint. This
shows that B is normal.

2 Finite Valued Frames.

The aim in this section is to prove that every completely distributive algebraic frame
with the disjointification is weakly zero-dimensional. It is assumed throughout that L
stands for an algebraic frame.

In [C65] Conrad characterized the `-groups G for which C(G) is completely distribu-
tive. This is usually referred to as Conrad’s Theorem on finite valued `-groups. This
theorem was generalized, first in [M72], and later in [ST93], to lattice-theoretic settings.
Very recently, Conrad’s Theorem has been reconsidered, in [M06], in frame-theoretic
terms. We shall follow this development.

In fact, we state the version of Conrad’s Theorem proved in [M06] within the
Zermelo-Fraenkel Axioms (ZF). We supply explanations for the undefined terms in
the following commentary, as indicated in the theorem.

Theorem 2.1. For an algebraic frame L with the disjointification, the following are
equivalent:

1. Val(L) generates L, and each value of L is special. (See 2.2.2.)

2. Val(L) freely generates L. (See 2.2.4.)

3. L is completely distributive.

4. The dual frame law holds L; that is, for each a ∈ L and subset S of L,

a ∨
(∧

S
)

=
∧{

a ∨ s : s ∈ S
}
.

5. Each a ∈ k(L) can be decomposed, uniquely, as a finite supremum of pairwise
disjoint finitely join-irreducible elements. (See 2.2.3.)

Definition & Remarks 2.2. As in Theorem 2.1, L stands for an algebraic frame L
with the disjointification.

1. If v ∈ L is maximal with respect to not exceeding some c ∈ k(L), then we say
that v is a value of c. It is well known that values are prime.
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2. If c has exactly one value v, then we say c and v are special, and also that c is
special at v.

3. One of the consequences of Theorem 2.1 – already remarked in [M06] – is that a
compact element c is special if and only if it is finitely join irreducible : c ≤ x∨ y
implies that c ≤ x or c ≤ y.

4. We denote the set of all values of L by Val(L). We say that Val(L) generates L
if each x ∈ L is a meet of values. If for any two up-sets S1 and S2 of values,∧

S1 =
∧

S2 =⇒ S1 = S2,

we say that Val(L) freely generates L. (If P is any poset and S ⊆ P , we say that
S is an up-set if y ≥ x ∈ S implies that y ∈ S. A down-set is defined dually.)

Finally, we call L finite valued if it satisfies the conditions of Theorem 2.1.

The following corollary greatly facilitates matters. We underscore what should be
obvious to the knowledgeable frame-theorist: that, while Theorem 2.1 builds in the
spatial property of the frames in question, the Axiom of Choice is not used in its proof.
The claims of the corollary, likewise, while requiring the application of Zorn’s Lemma in
most developments, here are obtained from the preceding theorem; that is, Choice-free.

For each special compact element a, let va denote its value, and s(L) stand for the
set of (nonzero) special compact elements of L

All the assertions in this corollary are routine, and they are left to the reader.

Corollary 2.3. Suppose L is a finite valued frame with disjointification. Then we
have the following.

(a) The map a 7→ va is an order isomorphism from s(L) onto Val(L).

(b) If a, b ∈ s(L), then either they are comparable or disjoint.

(c) s(L) is a root system.

We are now ready for the theorem promised at the beginning of this section.

Theorem 2.4. Suppose that L has disjointification and is finite valued. Then it is also
weakly zero-dimensional. More precisely, if 1 = x ∨ y, then there exist complemented
elements p and q such that

(a) p, q⊥ ≤ y and q, p⊥ ≤ x, and

(b) p and q are least for (a); that is, if p1 and q1 are complemented elements such
that p1, q

⊥
1 ≤ y and q1, p

⊥
1 ≤ x, then p ≤ p1 and q ≤ q1.
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Proof. First, as L is finite valued, each element a 6= 0 in L is a supremum of special
elements. It also clearly suffices to consider decompositions 1 = x∨y in which x, y < 1.

Consider a pair of special compact elements a and b, such that a 6≤ x and b 6≤ y.
Then x ≤ va and y ≤ vb, so that va∨vb = 1 and the values va and vb are incomparable.
By Corollary 2.3, this implies that a∧ b = 0. Note, in particular, that this implies that
for any s ∈ s(L), either s ≤ x or s ≤ y.

Now, let p = ∨{ a ∈ s(L) : a 6≤ x } and q = ∨{ a ∈ s(L) : a 6≤ y }. We verify that
p is complemented and that it and p⊥ witness the weak zero-dimensionality of L for x
and y. An identical argument will apply to q. Note for the record that p ∧ q = 0, by
the results of the preceding paragraph.

For suppose that p ∨ p⊥ < 1, and let s be a special compact element such that
s 6≤ p ∨ p⊥. Then s ∧ p > 0, whence we have a ∈ s(L) with a 6≤ x such that s ∧ a > 0.
According to Corollary 2.3 this means that s and a are comparable, forcing s ≤ p,
which is a contradiction. Thus p is complemented.

Next, it is clear that p ≤ y, and if p⊥ 6≤ x, then we have a nonzero special compact
element b such that b ∧ p = 0, yet b 6≤ x; but the latter condition forces b ≤ p,
which is absurd. Therefore, p⊥ ≤ x, and this completes the proof that L is weakly
zero-dimensional.

Condition (b) of the theorem remains; suppose that p1 and q1 are complemented
elements satisfying the premise of (b). Observe that if a ∈ s(L) and a 6≤ x then, since
p1 ∨ x = 1, we have that a ≤ p1, whence p ≤ p1, and similarly, q ≤ q1.

Here is an immediate consequence of Lemma 1.3 and the preceding theorem.

Corollary 2.5. Let h : A −→ B be a capping frame embedding, with A algebraic and
finite valued with disjointification. Then B is weakly zero-dimensional.

We conclude this section with a result which settles a question posed indirectly in
[M06]: why the FIP does not play a role in Theorem 2.1.

Proposition 2.6. Suppose L is a finite valued frame with disjointification. Then the
FIP is also satisfied.

Proof. In view of Theorem 2.1 and the distributive law, it suffices to show that the
meet of two special compact elements is compact. This is immediate from Corollary
2.3(b).

3 Capping `-Subgroups.

In this section we set up the appropriate `-group-theoretical setting, where we shall
consider applications of Lemma 1.3. Let us begin by recalling some basic features of
the frame C(G) of all convex `-subgroups of the `-group G. Our standard references
for `-groups are [BKW77] and [D95].
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Definition & Remarks 3.1. Throughout this commentary, G denotes an arbitrary
`-group. We write every `-group additively. G+ stands for the cone of positive elements
of G, and for each g ∈ G, one writes g+ = g ∨ 0, g− = (−g) ∨ 0, and |g| = g ∨ (−g);
these are the positive part, the negative part, and the absolute value of g, respectively.
Also observe that |g| = g+ ∨ g− = g+ + g−; (see [D95, §4].)

Recall that A ⊆ G is an `-subgroup of G if it is at once a subgroup and a sublattice
of G. Note that A is an `-subgroup of G if and only if g ∈ A implies that g+ ∈ A.
A subgroup A of G is convex if 0 ≤ x ≤ a ∈ A implies that x ∈ A. Note that the
subgroup A of G is a convex `-subgroup if and only if |x| ≤ |a| and a ∈ A together
imply that x ∈ A ([D95, Proposition 7.1]).
C(G) denotes the set of all convex `-subgroups of G. C(G) is a complete sublattice

of the lattice of subgroups of G ([D95, Theorem 7.5]), and a frame, due to Birkhoff’s
Theorem ([D95, Proposition 7.10]). We shall depart from the standard custom by
denoting the convex `-subgroup generated by S ⊆ G by 〈S〉c, and when necessary to
avoid confusion, use 〈S〉Gc to stipulate that it is in G that the subgroup is generated.
Observe that if S is already a subgroup, then

〈S〉c = { g ∈ G : |g| ≤ |s|, for suitable s ∈ S }.

In the case of S = {x}, a singleton set, we write 〈x〉c for 〈{x}〉c.
Call a subgroup S of G majorizing if G = 〈S〉c.
Observe that C(G) is an algebraic frame in which A is compact if and only if it is

principally generated, i.e., when A = 〈x〉c, for some x ∈ A ([D95, Proposition 7.16]).
C(G) is a frame with the FIP ([D95, Proposition 7.15]) and disjointification ([D95,
Corollary 9.3]).

Finally, some notational observations: the boolean algebra of polars of C(G) is
denoted P(G), and we shall keep to the convention in the literature on `-groups by
writing x⊥ for 〈x〉⊥c , for each x ∈ G.

Next, we discuss how a majorizing `-subgroup H allows us to view C(H) as a
subframe of C(G).

Definition & Remarks 3.2. Let H stand throughout this commentary for a fixed
`-subgroup of the `-group G. We denote the map C 7→ 〈C〉Gc , from C(H) to C(G) by
γ. Let us observe the following properties of γ; the proofs are all straightforward.

1. γ preserves arbitrary suprema; this is a consequence of the Riesz Interpolation
Property of `-groups ([D95, Theorem 3.11]): in any `-group, a ≤ b1 + · · ·+bn, for
positive elements, implies that there exist positive a1, . . . , an, such that ai ≤ bi
(1 ≤ i ≤ n) and a = a1 + · · ·+ an.

2. γ preserves finite intersection.

3. γ∗ is the trace map A 7→ A ∩H, and γ∗ · γ = 1C(H).
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4. γ(0) = 0, and γ(H) = G precisely when H majorizes G

Putting together the above four properties we have that γ is a frame embedding, as
long as H majorizes G. γ is a capping of C(G) by C(H) if and only if

(3.2.1) G = A ∨B (in C(G)) =⇒ H = (A ∩H) ∨ (B ∩H) (in C(H)).

When this is the case, we shall say that H is a capping of G, or that H caps G.

Before applying the results of the preliminaries on frames, let us make the connec-
tion between finite valued frames and `-groups.

Remark 3.3. Let G denote an `-group. We describe the setting of Conrad’s original
work in [C65].

We say that G is finite valued if C(G) is finite valued. If 0 6= g ∈ G, then we also
call g special when 〈g〉c is special in C(G). The reader will note that V ∈ C(G) is a
value of 〈g〉c precisely when V is maximal with respect to excluding g. As noted in 2.2,
all values in C(G) are prime. We shall abbreviate Val(C(G)) ≡ Val(G).

Note that each V ∈ Val(G) is covered in C(G) by

V ∗ ≡
⋂{

C ∈ C(G) : V ⊂ C
}
,

which properly contains V and is obviously the least such.
For use in §4, let us also recall the convention that when V ∈ C(G) is maximal with

respect to excluding g ∈ G, that V is said to be a value of g.

We now formally record the consequences of Lemma 1.3 and the results of §2.

Proposition 3.4. Let H be a capping `-subgroup of G. Then C(G) is a normal (resp.
weakly zero-dimensional) frame if and only if C(H) is normal (resp. weakly zero-
dimensional). In particular, if G has a finite valued cap then C(G) is weakly zero-
dimensional.

For the context of `-groups, we establish the following terminology.

Definition 3.5. An `-group G is said to be disjointifiable (resp. strongly disjointifi-
able) if C(G) is normal (resp. strongly disjointifiable). The reader should not fear, as
we will, for the most part, use the abbreviated designations d`-group and sd`-group for
“disjointifiable” and “strongly disjointifiable” `-groups, respectively.

To end this section, we refer the reader to Example 5.8, which is not a d`-group,
and which also points out how crucial the role is of the majorizing feature in a capping
`-subgroup. This example appears in [MZ06], with a different purpose in mind.
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4 Semidirect Factors which Lie Above.

In this section we apply the foregoing, by identifying semidirect factors of an `-group
which also cap the parent group. In the following we shall couch the proceedings in
terms of semidirect products, and so we begin with a preamble on that subject.

Definition & Remarks 4.1. Throughout this commentary G denotes an `-group,
and we have `-subgroups A and H of G, such that A is also normal and convex, and

1. A ∩H = {0} and G = A+H, while

2. the projection π(a+ x) = x (with a ∈ A and x ∈ H) is an `-homomorphism.

When we use the phrase below, “G is a semidirect product of subgroups A and H”, we
shall always assume the aforementioned properties. The order of mention too is fixed:
A will always be the normal factor in C(G), and H the not-necessarily-normal (and
typically far from convex) factor.

With regard to the arithmetic in a semidirect product of A and H, note that each
g ∈ G can be expressed uniquely as g = a + h, with a ∈ A and h ∈ H, and, for each
a ∈ A and h ∈ H, there is a unique b ∈ A, such that (a+ h)+ = b+ h+.

We will identify a class of semidirect products G of A and H, such that H caps G.
For this we need to review the principle of an “element lying above” another; this is
a technical concept, first introduced in [BCD86] by Ball, Conrad, and Darnel. These
ideas are closely related to the split subgroups of [M90]. The reader is referred to these
two papers, and also to [D95, §20], for additional background on this subject.

The reader might well begin to wonder, reading on, whether much of the discussion
might not be carried out at the level of algebraic frames. This is indeed the case, except
that frame-theoretically, the normality of subgroups is difficult to track. As the reader
who is knowledgeable about `-groups is aware, a value V is not necessarily normal in
the group, and not even normal in its cover V ∗. Since this issue rears its head in the
upcoming discussion on “lying above”, we are left with the choice of taking the matter
into account, or else limiting the conversation to abelian `-groups. We have chosen the
first course, even though most of the applications we have in mind occur in abelian
groups.

For the record, if each value V of G is normal in its cover V ∗, it is said that G is
normal valued.

Definition & Remarks 4.2. Let G denote an `-group throughout this commentary.
Recall at the outset that it is customary, for positive a, b ∈ G, to write a � b when
na < b, for each n ∈ N; we then say that a is infinitesimal to b.

We say that a ∈ G lies above b ∈ G – and then also that b lies below a – if
|a| ∧ |b| � |a|. From [BCD86, Proposition 1.1], a lies above b precisely when there is
no prime P in C(G) and no integer n such that

P < P + |a| < P + n|b|.
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Using this, it is easy to show that if every value of a contains b, then a lies above b,
and the converse holds if G is normal valued.

If A and B are subgroups of G, one says that A lies above B (or that B lies below
A) if each element of A lies above B. One then has the following.

Proposition 4.3. ([BCD86, Proposition 1.4]) The following are equivalent for sub-
groups A and B of G.

(a) A lies above B.

(b) a+ ∧ (b− a)+ = 0, for each a ∈ A and b ∈ B.

If G is normal valued then the above are equivalent to

B ⊆ bl(A) ≡
⋂{

V ∈ Val(G) : V is a value of some a ∈ A
}
.

Remark 4.4. For obvious reasons we shall refer to bl(A), as defined above, as the
subgroup below A. Notice that, for any subgroup A of G, bl(A) ∈ C(G). It should be
clear that

1. A ∩ bl(A) = {0}, and

2. if A is normal in G, then so is bl(A).

Indeed, one may similarly define this kind of construct in any algebraic frame L;
for any subset A ⊆ k(L), put

bl(A) = ∧{ v ∈ Val(L) : v is a value of some a ∈ A }.

A study of this construct in frames will be taken up elsewhere.

Returning to semidirect products, we record the following result. It is essentially
[D95, Proposition 20.12]; however, there is more here than might first meet the eye:
we therefore sketch the proof of condition 4.1.2 below.

Lemma 4.5. Suppose that H is an `-subgroup of G, such that G is the subgroup
generated by bl(H) and H, and bl(H) is normal in G. Then G is a semidirect product
of bl(H) and H.

Proof. (Sketch.) The identity crucial to understanding why the projection
a + h 7→ h is an `-homomorphism is the following; see [D95, Proposition 20.10] or
[BCD86, Lemma 3.1]. For each h ∈ H and x ∈ bl(H),

(4.5.1) (x+ h)+ = h+ + (x+ ∧ h+)− (x− ∧ h+) + (πh(x))+,
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where πh : 〈x〉c −→ h⊥ denotes the projection on 〈x〉c ∩ h⊥ which is given by the
decomposition

〈x〉c = (〈x〉c ∩ 〈h〉c)⊕ (〈x〉c ∩ h⊥),

which is a consequence of [BCD86, Proposition 1.1]. Finally, it should be clear that
equation (4.5.1) shows that the projection a+h 7→ h is an `-homomorphism: the point
to make in this regard is that in (4.5.1) the terms in (x+ ∧h+)− (x− ∧h+) + (πh(x))+

all lie in bl(H).

We are now able to reconnect with caps and d`-groups.

Theorem 4.6. Suppose that G is an `-group and H is an `-subgroup such that bl(H)
is a normal subgroup of G and G = bl(H) + H. As long as H majorizes G, then H
caps G, and so H is a d`-group (resp. an sd`-group) if and only if G is a d`-group
(resp. an sd`-group).

Proof. In view of Proposition 3.4 and the assumption that H majorizes G, all that
needs to be established is condition 3.2.1. To that end, suppose that G = A ∨B, with
A,B ∈ C(G), and consider h =

∑n
i=1 ai + bi ∈ H, with each ai ∈ A and each bi ∈ B.

Write each ai = xi + yi and bi = ui + vi, with xi, ui ∈ bl(H) and yi, vi ∈ H, for
each i = 1, . . . , n. Then

h = c+
( n∑
i=1

(yi + vi)
)
,

for suitable c ∈ bl(H). From this we conclude that c = 0. Thus, h =
∑n
i=1 (yi + vi),

which is an expression in the group H. It is enough to verify that each yi ∈ A, while
each vi ∈ B. The argument for the yi will plainly apply, mutatis mutandis, to the vi.

Suppose that some yi /∈ A; then there is a value V of yi, containing A. Now, the
reader will observe that ai = xi + yi ∈ A ⊆ V , and since xi ∈ V , because it lies in
bl(H), and yi ∈ H, we have that yi = −xi + ai ∈ V , which is absurd. Thus, yi ∈ A,
and the proof is complete.

5 Hahn Groups.

The question posed in this section is: When is a Hahn group a d`-group? We don’t
know the complete answer, but we are able to apply Theorem 4.6 to arrive at a rea-
sonable necessary condition on the underlying root system for such a group to be a
d`-group (Theorem 5.5), and this is used to show that whenever a Hahn group is a
d`-group, then it is, in fact, an sd`-group (Theorem 5.7). Let us first recall what a
Hahn group is. In the sequel, whenever we speak of a real group, we mean a subgroup
of the additive real numbers with the usual ordering. We shall (for convenience) always
assume that real groups contain the number 1; no generality is lost in the sequel on
this account.
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Definition & Remarks 5.1. Let Λ denote a fixed partially ordered set, and {Rλ :
λ ∈ Λ } be a set of real groups. Now, V = V (Λ,Rλ) stands for the subgroup of the
direct product

∏
λ∈ΛRλ consisting of all functions f for which

coz(f) ≡ {λ ∈ Λ : f(λ) 6= 0 }

satisfies the ascending chain condition. A partial ordering is defined on V by: f > 0
if f(µ) > 0 for each maximal element µ ∈ coz(f). It is well known that V is thereby
lattice-ordered if and only Λ is a root system ([D95, Theorem 51.3]). The fundamental
Conrad-Harvey-Holland Theorem – see [D95, Corollary 51.9] – shows that every abelian
`-group may be embedded in V (Λ,Rλ), for a suitable root system Λ and real groups
Rλ.

It will be useful to establish some additional terminology regarding the underlying
root system of a Hahn group.

Definition & Remarks 5.2. Suppose that Λ is a root system. The elements λ, µ ∈ Λ
are linked if they have a common upper bound. Linkage defines an equivalence relation,
the equivalence classes of which are called components of Λ. We shall say that Λ is
connected if it has only one component.

We say that a component ∆ of Λ is lexed if there is a δ ∈ ∆ which is comparable to
every element in ∆. If δ witnesses this property for ∆, we call δ a lexing for ∆. We let
l(∆) denote the set of all lexings for ∆; note that l(∆) = ∅ if ∆ is not lexed. Observe
that the union, Λ̂, of all the l(∆) is a root system in which all the components are
chains; if each component of Λ is lexed, then we shall refer to Λ̂ as the lexed capping
of Λ.

Suppose that every component of Λ is lexed, and let Λ̂ be its lexed capping. Suppose
that {Rλ : λ ∈ Λ } is a set of real groups. Then V (Λ̂, Rλ) is canonically `-isomorphic
to the `-subgroup KΛ of V = V (Λ, Rλ) defined by

KΛ ≡ { f ∈ V : f(λ) = 0, λ /∈ Λ̂ }.

Thus, KΛ can be seen as the `-subgroup of all functions which vanish at all the non-
lexings of Λ. The task in the proof of Theorem 5.7 below is to show that KΛ is a cap
of V .

The root systems depicted in the proof of Theorem 5.5 and in Example 5.8 are
connected, and neither is lexed.

In advance of Theorem 5.5, we revert, briefly, to the setting of frames for a lemma.
The proof is straightforward and is left to the reader.

Lemma 5.3. Let L be a frame and a ∈ L be complemented. Then L is normal (resp.
weakly zero-dimensional) if and only if ↑ a and ↑ a⊥ both are normal (resp. weakly
zero-dimensional).
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Lemma 5.3 has the following consequence for Hahn groups.

Corollary 5.4. Let Λ be a root system, and suppose that Λ = Λ1∪Λ2 is a partition of
Λ into two unions of its components. Then V (Λ, Rλ) is a d`-group (resp. an sd`-group)
if and only if both V (Λ1, Rλ) are V (Λ2, Rλ) d`-groups (resp. sd`-groups).

Proof. Identify V1 = V (Λ1, Rλ) with the convex `-subgroup of V = V (Λ, Rλ) of
all functions that vanish of Λ2 and V2 = V (Λ2, Rλ) with the convex `-subgroup of all
functions that vanish on Λ1. Then observe that V ⊥1 = V2 and that V = V1 + V2, and
apply the lemma.

Theorem 5.5. Suppose that V (Λ, Rλ) is a d`-group. Then every component of Λ is
lexed.

Proof. Thanks to Corollary 5.4 we may assume that Λ is connected. Now assume
that Λ is not lexed. Then it has a cofinal subset ∆ consisting of two transfinite sequences
{γα : α < β } and {δα : α < β }, with

(i) {γα : α < β } is a chain such that α < α′ < β implies that γα < γα′ ;

(ii) {δα : α < β } is an antichain;

(iii) γα, δα < γα+1, for each α < β.

Here is a sketch of ∆.

(5.5.1)

γα+2

GGGGGGGGG

γα+1

zzzzzzzzz

wwwwwwwww

GGGGGGGGG δα+1

γα δα

We exhibit a pair of convex `-subgroups of V that witnesses the fact that V is not
disjointifiable. Let eα denote the characteristc function of the singleton {γα}, and

A = 〈 { eα : α < β } 〉c, and B = { f ∈ V : f(λ) = 0, for each λ ≥ γα, α < β }.
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Before proceeding any further, note that if λ ∈ Λ exceeds some γα then, for each
α < α′ < β, we have either λ ≤ γα′ or else the reverse inequality. By the definition
of the ordering on V , it also follows that B is a convex `-subgroup of V . We note,
moreover, that both A and B are proper subgroups.

We claim, first, that V = A + B. For suppose that 0 ≤ f ∈ V . If f ∈ B there is
nothing to prove, so we assume that f /∈ B. Then there is a γ ∈ coz(f), maximal in
coz(f), exceeding some γα. Moreover, this γ is uniquely determined, by the comment
following the definitions of A and B. Now let

g(µ) =
{
f(µ) if µ ≤ γ

0 otherwise.

Note that g ∈ V , and since ∆ is cofinal, it is also easily seen that g ∈ A. On the other
hand, f − g ∈ B, proving the claim.

Next, suppose, by way of contradiction, suppose that there exist C,D ∈ C(V ), such
that C ∩ D = {0}, and C ⊆ A, D ⊆ B, with A + D = V = C + B. Then, in the
same spirit as the argument in the second paragraph of the proof of Theorem 2.4, for
each α < β, we have that either eα ∈ C or eα ∈ B – because eα is special. Since the
second option is clearly impossible, we conclude that each eα ∈ C, and thus, A = C,
which means that V = A ⊕ D and A⊥ = D. However, due to the cofinality of ∆ in
Λ, A⊥ = {0}, whence V = A, which is absurd. Therefore no such convex `-subgroups
exist, and we have shown that V is not disjointifiable, as promised.

To use Theorems 4.6 and 5.5 in the proof of the next theorem, we need the following
lemma. Recall that an `-group G is strongly projectable if G = P ∨ P⊥, for each polar
P of G; that is, if, in the frame C(G), every polar is complemented.

Lemma 5.6. If G is strongly projectable and a d`-group, then it is also an sd`-group.

Proof. If G = A ∨B, with A,B ∈ C(G), then there is a polar P such that P ⊆ A
and P⊥ ⊆ B, and G = A ∨ P⊥ = P ∨B. As G is also P ∨ P⊥, we conclude that G is
an sd`-group, as claimed.

Theorem 5.7. For each root system Λ, whenever V (Λ, Rλ) is a d`-group, then it is
also an sd`-group.

Proof. Let V = V (Λ, Rλ), and suppose it is disjointifiable. Then, by Theorem 5.5,
Λ has lexed components. So V (Λ̂, Rλ) ∼= KΛ (5.2) is a product of totally ordered groups
– since the underlying root system Λ̂ is a disjoint union of chains – and, therefore, KΛ

is strongly projectable.
On the other hand, the reader will easily verify that

1. bl(KΛ) = { f ∈ V : f |Λ̂ ≡ 0 };

2. KΛ majorizes V ;
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3. V is the semidirect product of bl(KΛ) and KΛ.

Applying Theorem 4.6, we conclude that KΛ is a d`-group, and therefore, by Lemma
5.6, an sd`-group. Using Theorem 4.6 in the reverse direction, we finally conclude that
V is strongly disjointifiable.

Example 5.8. Consider the Hahn group V = V (Λ,R) over the root system Λ de-
scribed below.

•

λ3

}}}}}}}

AAAAAAAA •

λ2

~~~~~~~~

AAAAAAAA
µ2

λ1 µ1

G ⊆ V is defined to be the group consisting of all functions f such that f(λn) is
eventually zero and f(µn) is eventually constant. (Note that a sequence (rn)n<ω of
real numbers is eventually r provided there is a natural number k, such that, for all
n ≥ k, we have that rn = r; such sequences are said to be eventually constant.)

There are two points to be made:

1. G is not a d`-group. This is witnessed by the following pair of convex `-
subgroups: let A consist of all f ∈ G such that f(µn) too is eventually zero, and
B consist of all f ∈ G such that f(λn) is identically zero. Clearly, G = A + B.
The details involved in checking that A and B do indeed witness what is claimed
are similar to those of the proof of Theorem 5.5, and are left to the reader.

2. Let H be a the `-subgroup of all f ∈ G for which f(µn) is identically zero. Then
H does not majorize G.

However, if G = C + D, with C,D ∈ C(G), then as argued for finite valued
frames, each h ∈ H lies either in C or D, since H consists of special elements
of G. Indeed, let hn be the function in H such that hn(λm) = δnm. If H 6⊆ D,
there is a least m such that hm /∈ D, and then it follows that hn /∈ D, for each
n ≥ m. This implies that hn ∈ C for each n ∈ N, whence H ⊆ C.
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Thus, H is trivially (H ∩ C) + (H ∩D), proving that 3.2.1 holds, without the
majorizing feature. Yet H is totally ordered, and therefore an sd`-group, whereas
G is not even d`.

6 Special Valued `-Groups.

What really makes Theorem 5.5 work? We answer that, presently, by generalizing said
theorem. The proper context is that of special valued `-groups, which we now recall.

Definition & Remarks 6.1. Throughout these remarks it is assumed that G denotes
an `-group. Recall that Val(G) stands for the set of values of G; denote by SpVal(G)
the subset of all special values – that is, the set of special elements of Val(G). Part of
the thrust of Theorem 2.1 is that G is finite valued precisely when Val(G) = SpVal(G).

Now we say that G is special valued if each 0 ≤ g ∈ G can be expressed as g =
∨i∈I si, with each si ≥ 0 special, and si ∧ sj = 0, for each i 6= j. It is well known
that G is special valued if and only if SpVal(G) is a plenary subset of values; that is,⋂

SpVal(G) = {0} and SpVal(G) is up-closed in Val(G): W ⊆ V and W ∈ SpVal(G),
with V ∈ Val(G), imply that V ∈ SpVal(G) ([D95, Theorem 45.6]).

When G is special valued, and g ∈ G is expressed as g = ∨i∈I si, with each si ≥ 0
special, and si ∧ sj = 0, for each i 6= j, then this expression is unique. Each si is
referred to as a special component.

It is shown in [D95, Proposition 51.4] that every Hahn group is special valued.

Whereas the following lemma could have been established much earlier, we feel that
it more properly belongs here, in part because stating it involves the lex-kernel of an
`-group, a notion which we now recall. The reader should refer to [D95, §27].

Remarks 6.2. Let G denote an `-group. There is a convex `-subgroup, denoted
lex(G), which is the least C ∈ C(G) which is comparable to every convex `-subgroup.
lex(G) is called the lex-kernel of G. The lex-kernel can be characterized in several ways:

1. lex(G) is the supremum in C(G) of all the minimal primes of C(G). ([D95, Propo-
sition 27.2])

2. lex(G) is the supremum in C(G) of all the proper polars. ([D95, Proposition 27.9])

3. lex(G) is the subgroup of G generated by all nonunits of G. ([D95, Proposition
27.12]) (0 < x ∈ G is a nonunit if there exists a 0 < y ∈ G such that x ∧ y = 0.)

Observe as well that if s ∈ G \ lex(G), then s is special.

Lemma 6.3. Suppose that lex(G) is a proper subgroup of G. Then G is an sd`-group.
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Proof. Suppose that G = A ∨ B in C(G), and note, as in the proof of Theorem
2.4, that if s ∈ G is special then s ∈ A or s ∈ B. So suppose that some special
0 < s /∈ lex(G) fails to be in A; then if t ≥ s, it follows that t too is special and t /∈ A,
whence ↑ s ⊆ B. Since the convex hull of ↑ s is G, we have that G = B. Thus the
trivial polar pair G and {0} witness the strong disjointification of B and A.

We are able to generalize Theorem 5.5 as follows, in two stages.

Proposition 6.4. Suppose that G is special valued, and assume that SpVal(G) is
connected. Then G is disjointifiable if and only if SpVal(G) is lexed. If this is the case
then G is also strongly disjointifiable.

Proof. For the sufficiency, note that if Λ = SpVal(G) is lexed, and Λ̂ is the lexed
capping of Λ, then lex(G) is the intersection of all the values V ∈ Λ̂, and is a proper
subgroup of G. By Lemma 6.3 G is an sd`-group.

Now the necessity of the condition: suppose, by way of contradiction, that Λ is not
lexed. We abuse the notation by indexing the special values by Λ; i.e., SpVal(G) =
{Vλ : λ ∈ Λ }. Then, as in the proof of Theorem 5.5 it has a cofinal subset ∆ as
depicted in (5.5.1). We continue to mimic the proof of Theorem 5.5: let

A = 〈 { eα : α < β } 〉c, and B =
⋂{

Vλ : for each λ ≥ γα, α < β
}
,

where, for each α < β, eα > 0 is a special element having its value at Vγα . Once more,
these convex `-subgroups witness that G is not a d`-group. For, on the one hand,
G = A+B: if 0 < g /∈ B, then g has a special value Vλ, for some λ ≥ γα (for suitable
α < β), and then, by [D95, Proposition 45.2], there is a special 0 < s ∈ G with value
Vλ, such that s∧ (g− s) = 0. The reader will note that s ∈ A, while g− s ∈ B, proving
that G = A+B.

Using the cofinality of ∆ in Λ, and all the while imitating the proof of Theorem 5.5,
the reader will easily be able to verify that no disjointification of A and B is possible.
We leave this as an exercise.

Next, what if SpVal(G) has more than one component? In order to generalize
Theorem 5.5 fully, it is helpful to assume that G is laterally complete, as well as special
valued. Recall that an `-group is laterally complete if every set of pairwise disjoint
elements has a supremum.

The next proposition completes our generalization of Theorem 5.5. One has to
add an additional hypothesis to the assumption that G is special valued, as any finite
valued `-group is an sd`-group, for any root system Val(G)! Example 6.6 shows that
the converse of Proposition 6.5 is false, with a measure of lateral completeness; however,
it is unknown whether the converse of Theorem 5.5 itself is even true. (More on that
in 6.8.) And without “enough” lateral completeness the proof of Proposition 6.5 is
compromised (Example 6.7).
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Proposition 6.5. Suppose that G is special valued and laterally complete, and also a
d`-group. Then every component of SpVal(G) is lexed.

Proof. Suppos there is a component T ⊆ SpVal(G) which is not lexed. We use
Lemma 5.3: let P be the set of elements g ∈ G for which every special component s
in the expression of |g| as a disjoint supremum of special components has its value in
T . The polar P⊥ is the set of elements x for which every special component in the
expression of |x| as a disjoint supremum of special components has its value off T . The
lateral completeness of G implies that G = P + P⊥; i.e., that P is complemented in
C(G), and by Lemma 5.3, P is disjointifiable. But now P is a special valued `-group
with SpVal(G) order isomorphic to T , all of which contradicts Proposition 6.4.

Example 6.6. Consider the root system ∆ below:

γ1 γ2 γn

· · · · · ·

δ1 δ2 δn

G is the `-subgroup of V = V (∆,R) consisting of all f ∈ V such that f(γn) is
eventually zero. Note that G is special valued, and the root system of special values is
a copy of ∆, and therefore every one of its components is lexed.

We argue that G is not disjointifiable. To that end, let A be the convex `-subgroup
of all functions from f ∈ G for which f(δn) is also eventually zero, and B = { f ∈ G :
f(γn) ≡ 0 }. It is clear that G = A+B. Notice that B is laterally complete.

If C,D ∈ C(G) are disjoint subgroups such that C ⊆ A and D ⊆ B, and C + B =
G = A+D, then we may as well assume C and D are polars, and C⊥ = D. However,
it is also easy to see that no nontrivial polar of G is archimedean, whence D = {0},
since B is archimedean. This means that C = G, a contradiction.

Example 6.7. Consider the root system Γ consisting of a copy of the root system Λ
of Example 5.8 plus a third antichain { ν1, ν2, . . . }, such that each νi is incomparable
to each λj and each µj .

G is the `-subgroup of V (Γ,R) consisting of all the functions f such that f(λn) is
eventually zero and, restricted to the well-ordered set

{µ1, ν1, µ2, ν2, . . . }

is eventually constant. Then G is special valued, and Γ itself is a copy of SpVal(G);
its components are the singletons {νi} and Λ. But, unlike in the proof of Proposition
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6.5, if e denotes the function which is 0 at each λi and 1 elsewhere, then e does not
split into a disjoint supremum of v, vanishing on Λ, and w, vanishing on the remaining
components of Γ, because the supremum of the characteristic functions of the {νi} does
not exist in G.

We conclude with a remark on a problem yet to be solved.

Remark 6.8. As already admitted, we do not know whether the converse of Theorem
5.5 is true. We do not even know it for the “simplest” (infinite) root system, the
antichain of natural numbers; that is, whether the `-group G = R

N of all real valued
sequences (with pointwise ordering) is a d`-group.

We have some partial results, regarding which pairs of convex `-subgroups of G for
which G = A + B, can be disjointified. It can be shown that if G = A + B, with
A,B ∈ C(G), and A is majorized, in the sense that there exists a sequence u such that
for each f ∈ A, f < nu, for a suitable n ∈ N, then B is a polar. Moreover, B is of the
form

{ g ∈ G : g|F = 0, for some finite F ⊆ N }.

In this case the pair B⊥ and B strongly disjointifies A and B.
A more detailed discussion of this example will be taken up elsewhere.
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