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1 Introduction

The discovery of rotavirus ([4]) as the major etiologic agent of diarrhea in
infants and young children has had a dramatic impact on public health policy
programs geared towards the reductions of diarrhea morbidity and mortality
over the last three decades. 95% of children worldwide have experienced a
rotavirus infection with most infections in the 3 to 5 year age-range [24].
The highest rate of infection occurs in infants between 6 and 24 months
of age [18]. Mortality from rotavirus diarrhea is quite low but morbidity is
still high. In the United States rotavirus infections affect approximately 2.7
million children under 5 years of age and result in the hospitalization of
55, 000 children every year [24]. The direct costs on U.S. medical care have
been estimated to be around $274 million [24]. The overall cost associated
with rotavirus infections has been estimated at more than $1 billion per year,
in the United States alone [24]. Over 600, 000 children die annually worldwide
[7].

The primary mode of rotavirus transmission is fecal-oral [15]. Reported
low titers of virus in respiratory tract secretions and other body fluids repre-
sent (less common) secondary transmission routes. Rotavirus can survive for
months at room temperature and it is resistant to chloroform, ether, fluoro-
carbons, CsCl, non-ionic detergents and pH 4-9 [27]. Rotavirus can be passed
from one person to another through a set of contaminated hands with the
virus or by touching a contaminated surface or object. The virus enters the
body through the mouth. Children can spread rotavirus before and after they
develop symptoms [25].

Rotaviruses infect the mature absorptive villous epithelium of the upper
two thirds of the small intestine and replicate in the cells that line the inside
of the upper small intestine [24]. Infectious particles are released into the
intestinal lumen and replicate more in the distal areas of the small intestine
[24]. The replication rate decreases with the ability of the intestine to absorb
salts and water [25]. Once infection occurs, the incubation period for rotavirus
disease is about 2 days [21]. Most primary rotavirus infections are associated
with acute diarrhea and may lead to dehydration and occasionally to death.
Common symptoms involve vomiting and diarrhea for 3-8 days, frequent fever
and abdominal pain. Immunity after infection is incomplete but recurrent
infections tend to be less severe [3].

Many studies about rotavirus immunity have found that maternal anti-
bodies protect younger infants [31]. Adults appear to be able to build up
some level of immunity from recurrent infections [19]. Rotavirus disease is
rare among infants younger than three months old as maternal antibodies
protect them [24]. Newborns may be protected against infection for several
months just from maternal antibodies [3]. Some studies suggest that long-
lasting partial natural immunity may be possible [2]. In fact, some have shown
that children who are infected more than once tend to have less severe symp-
toms in subsequent reinfections [34]. The highest rates of illness occur among
infants and young children age 6 months to 2 years of age albeit adults can
also be infected but their symptoms tend to be generally mild. Seropositive
adults may develop rotaries diarrhea from interactions with their sick chil-
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dren or from traveling in endemic areas [14]. In summary, immunity from
natural infection is not complete or permanent.

This paper is organized as follows: Section 2 introduces an age-structured
model that describes the transmission dynamics of rotaries infections in
the presence of maternal antibodies and vaccination; The basic reproduc-
tive number ℜ0 and the vaccination reproductive number ℜ(.) (when the
individuals are vaccinated at the age-specific vaccination rate φ(a)) are com-
puted and conditions for the local stability of the infection-free steady state
distribution are identified in Section 3; In Section 4 the global stability of
the infection-free steady state distribution and conditions that guarantee the
existence of an endemic steady state distribution are established; Section 5
applies the prior results to the study of optimal vaccination policies; Sec-
tion 6 introduces a convergent discretization of the age-structured model of
Section 2; and, Section 7 collects final thoughts and conclusions.

2 Age-structured model of rotavirus infection with age-dependent
parameters

Mothers with antibodies due to prior infection protect their breast-fed
infants against infections. The infection rate of infants younger than 6 months
of age is much lower than that of those with ages in the 6 to 24 month range
[18]. Early studies of rotavirus immunity has found that incomplete natural
immunity is acquired from prior infections. Here, it is assumed that in general
treated or recovered individuals can become re-infected while infants are
assumed to be totally protected by maternal antibodies while they are being
breast-fed.

The population under consideration is divided into six age-dependent
classes: breast-fed infants, susceptible, latent, infectious, recovered and vac-
cinated. X(a, t), S(t, a), L(t, a), I(t, a), J(t, a) and V (t, a) denote their re-
spective age densities. Λ denotes the birth rate (assumed constant); q the
proportion of infants who breast-feed (gaining temporary immunity against
rotavirus infections); ω(a) the per capita rate of departure from the breast-
feeding class into the susceptible class; and, µ(a) the age-specific per-capita
natural death rate. Contacts between individuals are age-dependent and
assumed to be driven by age-class activity levels and age-densities. The
age-dependent mixing contacts structure is modeled via the mixing density,
p(t, a, a′), which gives the proportion of contact that individuals of age a have
with individuals of age a′ given that they had contacts with somebody at time
t. β(a) is the age-specific probability of becoming infected per contact (with
an infectious individuals); c(a) is the age-specific per-capita contact/activity
rate; and, φ(a) is the per-capita rate at which susceptible individuals are
vaccinated. σ and δ denote the reductions in risk from prior exposure to a
rotavirus or a vaccine (0 ≤ σ ≤ 1, 0 ≤ δ ≤ 1); k is the per-capita rate of
progression from the latent to the infectious class; and, r is the per-capita
treatment rate. The resulting age-structured model can be formulated as the
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following initial boundary value problem:
(

∂

∂t
+

∂

∂a

)

X(t, a) = −ω(a)X(t, a)− µ(a)X(t, a)

(

∂

∂t
+

∂

∂a

)

S(t, a) = ω(a)X(t, a) − β(a)c(a)B(t)S(t, a) − φ(a)S(t, a)

−µ(a)S(t, a)
(

∂

∂t
+

∂

∂a

)

V (t, a) = φ(a)S(t, a) − δβ(a)c(a)B(t)V (t, a) − µ(a)V (t, a)

(

∂

∂t
+

∂

∂a

)

L(t, a) = β(a)c(a)B(t)[S(t, a) + σJ(t, a) + δV (t, a)]

−[k + µ(a)]L(t, a)
(

∂

∂t
+

∂

∂a

)

I(t, a) = kL(t, a) − [r + µ(a)]I(t, a)

(

∂

∂t
+

∂

∂a

)

J(t, a) = rI(t, a) − σβ(a)c(a)B(t)J(t, a) − µ(a)J(t, a)

B(t) =

∫

∞

0

I(t, a′)

n(t, a′)
p(t, a, a′)da′ (1)

where

p(t, a, a′) ≥ 0,

∫

∞

0

p(t, a, a′) = 1,

c(a)n(a, t)p(a, a′, t) = c(a′)n(a′, t)p(a′, a, t),

X(t, 0) = qΛ, S(t, 0) = (1 − q)Λ,

V (t, 0) = L(t, 0) = I(t, 0) = J(t, 0) = 0,

X(0, a) = X0(a), S(0, a) = S0(a), V (0, a) = V0(a),

L(0, a) = L0(a), I(0, a) = I0(a), J(0, a) = J0(a),

n(t, a) = X(t, a) + S(t, a) + V (t, a) + L(t, a) + I(t, a) + J(t, a).

In the above formulation we could have assumed that k and r are functions
of age but do not to keep the notation slightly less cumbersome. We assume
that lim

a→Ã−

w(a) = ∞ and that ω ≡ 0 for a ≥ Ã > 0. The initial age densi-

ties are known and zero beyond a fixed maximal age. From the approach in
[5], we know that the only separable mixing solution is proportional mixing,

that is, p(t, a, a′) ≡ p(t, a′) ≡ c(a′)n(t,a′)
∫

∞

0

c(a)n(t,a)da
. Explicit formulae for the basic

reproductive number ℜ0 and the vaccination-dependent reproductive num-
ber ℜ(·) are derived later. The effectiveness of control policies is typically
determined from their impact on the basic reproductive number, ℜ0. The ef-
fectiveness of vaccine policies on disease dynamics is tested from their impact
on population whose individuals are vaccinated prior to an outbreak. Typi-
cally, ℜ0 < 1 guarantees the local stability of the infection-free distribution
while ℜ0 > 1 implies its instability. ℜ0 > 1 often guarantees the existence of
an endemic non-uniform distribution. Control is considered here in situations
when ℜ0 > 1.
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3 Calculation of ℜ(φ)

The population under consideration can be assumed to be at a demo-
graphic steady states since n(t, a) satisfies the following initial boundary
problem:
(

∂

∂t
+

∂

∂a

)

n(t, a) = −µ(a)n(t, a),

n(t, 0) = Λ,

n(0, a) = n0(a) = X0(a) + S0(a) + V0(a) + L0(a) + I0(a) + J0(a),

which when solved, using the method of characteristic, gives

n(t, a) = n0(a− t)
F(a)

F(a− t)
H(a− t) + ΛF(a)H(t− a),

where

F(a) = exp

(

−

∫ a

0

µ(s)ds

)

,

H(s) = 1, s ≥ 0; H(s) = 0, s < 0.

Hence,

lim
t→∞

n(t, a) = ΛF(a) := n∗(a),

lim
t→∞

p(t, a) =
c(a)F(a)

∫

∞

0
c(b)F(b)db

:= p∞(a).

In the following analysis we assume that the host population has already
reached the stationary age distribution, i.e. n(t, a) = n∗(a). The use of the
re-scaled variables,

x(t, a) = X(t,a)
n(t,a) , s(t, a) = S(t,a)

n(t,a) , v(t, a) = V (t,a)
n(t,a) ,

l(t, a) = L(t,a)
n(t,a) , i(t, a) = I(t,a)

n(t,a) , j(t, a) = J(t,a)
n(t,a) ,

leads to the following equivalent system:
(

∂

∂t
+

∂

∂a

)

x(t, a) = −ω(a)x(t, a),

(

∂

∂t
+

∂

∂a

)

s(t, a) = ω(a)x(t, a) − β(a)c(a)B(t)s(t, a) − φ(a)s(t, a),

(

∂

∂t
+

∂

∂a

)

v(t, a) = φ(a)s(t, a) − δβ(a)c(a)B(t)v(t, a),

(

∂

∂t
+

∂

∂a

)

l(t, a) = β(a)c(a)B(t)[s(t, a) + σj(t, a) + δv(t, a)] − kl(t, a),

(

∂

∂t
+

∂

∂a

)

i(t, a) = kl(t, a) − ri(t, a),
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(

∂

∂t
+

∂

∂a

)

j(t, a) = ri(t, a) − σβ(a)c(a)B(t)j(t, a),

B(t) =

∫

∞

0

i(t, a)p∞(a)da,

p∞(a) =
c(a)F(a)

∫

∞

0
c(b)F(b)db

, (2)

x(t, 0) = q, s(t, 0) = 1 − q,

v(t, 0) = l(t, 0) = i(t, 0) = j(t, 0) = 0,

x(0, a) = x0(a), s(0, a) = s0(a), v(0, a) = v0(a),

l(0, a) = l0(a), i(0, a) = i0(a), j(0, a) = j0(a).

System (2) supports the infection-free non-uniform steady state distribution
given by:

x∗(a) = qΠ(0, a),

s∗(a) = qΦ(0, a)

∫ a

0

[

−
d

dh
Π(0, h)

]

[Φ(0, h)]−1 dh+ (1 − q)Φ(0, a), (3)

v∗(a) =

∫ a

0

φ(h)s∗(h)dh,

l∗(a) = 0, i∗(a) = 0, j∗(a) = 0,

where

Φ(a, b) = e
−

∫

b

a
φ(τ)dτ

, Π(a, b) = e
−

∫

b

a
ω(τ)dτ

. (4)

Also we assume that ω(a)Π(0, a) is bounded for a ≤ Ã from where it follows

that Π(0, a) is absolutely continuous for a ≤ Ã. One can note that Π(0, a) =

e
−

∫

a

0
ω(τ)dτ

for a < Ã and Π(0, a) = 0 otherwise.
The local stability of the infection-free non-uniform steady state distri-

bution (3) is tested using the perturbations:

x(a, t) = x̂(a)eλt + x∗(a), s(a, t) = ŝ(a)eλt + s∗(a),

v(a, t) = v̂(a)eλt + v∗(a), l(a, t) = l̂(a)eλt,

i(a, t) = î(a)eλt, j(a, t) = ĵ(a)eλt, B(t) = B0e
λt

where

B0 =

∫

∞

0

î(a)p∞(a)da. (5)

Linearization and a little algebra leads to the following eigenvalue problem

l̂a(a) + λl̂(a) = β(a)c(a)B0[s
∗(a) + δv∗(a)] − kl̂(a),

îa(a) + λî(a) = kl̂(a) − rî(a),

ĵa(a) + λĵ(a) = rî(a). (6)
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Solving for î(a) gives

î(a) =

∫ a

0

B0
k

r − k
[e(k+λ)(h−a)−e(r+λ)(h−a)]β(h)c(h)[s∗(h)+δv∗(h)]dh, (7)

where s∗(a) and v∗(a) are as given in (3). Combining Eqs. (5) and (7) gives

B0 = B0

∫

∞

0

∫ a

0

k

r − k
p∞(a)[e(k+λ)(h−a) − e(r+λ)(h−a)]β(h)c(h)

[s∗(h) + δv∗(h)]dhda.

Dividing both sides of an equation byB0 (assuming B0 6= 0) and changing the
order of integration result in the corresponding Lotka characteristic equation,

1 =

∫

∞

0

∫

∞

0

k

r − k
p∞(τ + h)[e−(k+λ)τ − e−(r+λ)τ ]β(h)c(h)

[s∗(h) + δv∗(h)]dhdτ

:= G(λ), (8)

where s∗(h)+δv∗(h) = qΦ(0, h)
∫ h

0

[

− d
dτ
Π(0, τ)

]

[Φ(0, τ)]
−1
dτ+(1−q)Φ(0, h)+

δ
∫ h

0
φ(τ)s∗(τ)dτ and Π(a, b) and Φ(a, b) as given in (4).

The control adjusted reproductive number is defined as ℜ(φ, q, ω) ≡ G(0),
where

ℜ(φ, q, ω) =

∫

∞

0

∫

∞

0

k

r − k
p∞(τ+h)[e−kτ−e−rτ ]β(h)c(h)[s∗(h)+δv∗(h)]dhdτ,

with s∗(h)+δv∗(h) = qΦ(0, h)
∫ h

0

[

− d
dτ
Π(0, τ)

]

[Φ(0, τ)]
−1
dτ+(1−q)Φ(0, h)+

δ
∫ h

0 φ(τ)s∗(τ)dτ and Π(a, b) and Φ(a, b) as given in (4).
The basic reproductive number (i.e., φ(a) ≡ 0) ℜ(0, q, ω) = ℜ0(q, ω) is

given by

ℜ0(q, ω) =

∫

∞

0

∫

∞

0

k

r − k
p∞(τ +h)[e−kτ −e−rτ ]β(h)c(h)[1−qΠ(0, h)]dhdτ.

ℜ(φ, q, ω) behaves as expected in special cases, for example,

∂ℜ

∂q
< 0, ℜ0(1, ω) ≤ ℜ0(q, ω), q ∈ [0, 1].

That is, as the proportion of newborns who are breast-fed increases we see
reductions on ℜ0(q, ω). Furthermore ℜ0(q, ω) increases as ω(a) increases. We
now establish the following result:

Theorem 1 The infection-free non-uniform steady state distribution given
by (3) is locally asymptotically stable (l.a.s.) if ℜ(φ, q, ω) < 1 and unstable if
ℜ(φ, q, ω) > 1.
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Proof Eq. (8) has a unique negative real solution λ∗ if and only if G(0) < 1
(i.e. ℜ(φ, q, ω) < 1) and has a unique positive real solution λ∗ if and only if
G(0) > 1 (i.e. ℜ(φ, q, ω) > 1) since G′(λ) < 0 for all λ, limλ→∞G(λ) = 0
and limλ→−∞G(λ) = ∞. λ∗ is a dominant root, that is, if λ = x + iy is a
complex root then x ≤ λ∗. This follows from the observations that

1 = G(λ) = |G(x+ iy)| ≤ G(x),

and that x ≤ λ∗. The fact that the unique real root is dominant guarantees
the local asymptotic stability of the infection-free non-uniform steady state
distribution is locally asymptotically stable if ℜ(φ, q, ω) < 1 and unstable if
ℜ(φ, q, ω) > 1.

4 Endemic non-uniform steady state distribution

The following theorem establishes the conditions for the existence of an
endemic non-uniform steady state distribution.

Theorem 2 There exists an endemic non-uniform steady state distribution
of System (2) when ℜ(φ, q, ω) > 1.

Proof A non-uniform age-distribution is a solution of the following nonlinear
system.

dx∗(a)
da

= −ω(a)x∗(a),

ds∗(a)
da

= ω(a)x∗(a) − β(a)c(a)B∗s∗(a) − φ(a)s∗(a),

dv∗(a)
da

= φ(a)s∗(a) − δβ(a)c(a)B∗v∗(a),

dl∗(a)
da

= β(a)c(a)B∗[s∗(a) + σj∗(a) + δv∗(a)] − kl∗(a),

di∗(a)
da

= kl∗(a) − ri∗(a),

dj∗(a)
da

= ri∗(a) − σβ(a)c(a)B∗j∗(a), (9)

where

B∗ =

∫

∞

0

i∗(a)p∞(a)da, p∞(a) =
c(a)n∗(a)

∫

∞

0
c(u)n∗(u)du

,

x∗(0) = q, s∗(0) = 1 − q, v∗(0) = l∗(0) = i∗(0) = j∗(0) = 0.

Solving for l∗ and i∗ in Eq. (9) gives

l∗(a) = B∗

∫ a

0

e−k(a−h)β(h)c(h)G(h,B∗)dh,

i∗(a) = k

∫ a

0

l∗(h)e−r(a−h)dh,

where
G(h,B∗) = s∗(h,B∗) + σj∗(h,B∗) + δv∗(h,B∗),
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and

x∗(a) = qe
−

∫

a

0

ω(τ)dτ
,

s∗(a) = qe
−

∫

a

0
β(τ)c(τ)B∗+φ(τ)dτ

∫ a

0

ω(h)e

∫

h

0
β(τ)c(τ)B∗+φ(τ)−ω(τ)dτ

dh

+(1 − q)e
−

∫

a

0
β(τ)c(τ)B∗+φ(τ)dτ

,

v∗(a) =

∫ a

0

e
−

∫

a

h
B∗δβ(τ)c(τ)dτ

φ(h)s∗(h)dh,

j∗(a) =

∫ a

0

ri∗(h)e
−

∫

a

h
B∗σβ(τ)c(τ)dτ

dh

≡
1

σ

∫ h

0

g(h, a,B∗)G(a,B∗)da

G(h,B∗) can be expressed as the following Volterra integral equation with
parameter B∗

G(h,B∗) = f(h,B∗) +

∫ h

0

g(h, a,B∗)G(h,B∗)dh,

where f(h,B∗) = s∗(h,B∗) + δv∗(h,B∗) and

g(h, a,B∗) ≡ σB∗β(a)c(a) rk
r−k

∫ h

a
(ek(a−s) − er(a−s))

exp

[

−B∗

∫ h

s

σβ(u)c(u)du

]

ds.

The definitions of g(h, a,B∗) follows from

σj∗(h,B∗) = σB∗rk

∫ h

0

e
−

∫

h

s
B∗σβ(τ)c(τ)dτ

∫ s

0

e−r(s−u)

∫ u

0

e−k(u−a)β(a)c(a)

G(a,B∗)da du ds

= σB∗
rk

r − k

∫ h

0

e
−

∫

h

s
B∗σβ(τ)c(τ)dτ

∫ s

0

[ek(a−s) − er(a−s)]β(a)c(a)

G(a,B∗)da ds

=

∫ h

0

σB∗β(a)c(a)
rk

r − k

∫ h

a

e
−

∫

h

s
B∗σβ(τ)c(τ)dτ

[ek(a−s) − er(a−s)]dsG(a,B∗)da

=

∫ h

0

g(h, a,B∗)G(a,B∗)da.

All known functions are continuous in [0, A] × (0,∞] and f ∈ C([0, A) ×
ℜ+ ∪ {0};ℜ+ ∪ {0}) is continuously differentiable with respect to B∗. Fur-
thermore, for each B∗ ∈ ℜ+ ∪{0}, the function g(·, ·, B∗) is a Volterra kernel
of continuous type on [0, A) (see Ref. [11]). It follows that for each B∗ > 0,
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there is unique solution G(h,B∗) defined on the maximal interval of existence
[0, Amax), and that G(h,B∗) depends continuously on B∗, [11]. Furthermore
since x+s+v+l+j = 1, G(h,B∗) is bounded, which implies that Amax = ∞
[11].

Using l∗(a) and i∗ equations, after changing the order of integration, gives

i∗(a) = B∗

∫ a

0

k

r − k
[ek(τ−a) − er(τ−a)]β(τ)c(τ)G(τ, B∗)dτ.

We substitute this last expression for i∗(a) into the equation for B∗ in Equa-
tion (9), divide by B∗ (B∗ > 0), change variables (ν = a − τ) in order to
arrive at the following equation for H(B∗):

1 =

∫

∞

0

∫

∞

0

k

r − k
[e−kν − e−rν ]β(τ)c(τ)G(τ, B∗)p∞(τ + ν)dνdτ

:= H(B∗). (10)

The case B∗ = 0 corresponds to the solution:

x∗(a) = qe
−

∫

a

0
ω(τ)dτ

,

s∗(a) = qe
−

∫

a

0

φ(τ)dτ

∫ a

0

ω(h)e

∫

h

0

φ(τ)−ω(τ)dτ
dh+ (1 − q)e

−

∫

a

0

φ(τ)dτ
,

v∗(a) =

∫ a

0

φ(h)s∗(h)dh,

l∗(a) = 0, i∗(a) = 0, j∗(a) = 0. (11)

If we define H(0) = ℜ(φ) and assume that H(0) > 1 then i∗(a) < 1 since
x∗(a) + s∗(a) + v∗(a) + l∗(a) + i∗(a) + j∗(a) = 1. Therefore

B∗

∫ a

0

k

r − k
[ek(τ−a) − er(τ−a)]β(τ)c(τ)G(τ, B∗)dτ < 1.

Thus it follows from Eq. (10) that

B∗H(B∗) =

∫

∞

0

p∞(a)B∗

∫ a

0

k

r − k
[ek(τ−a) − er(τ−a)]β(τ)c(τ)G(τ, B∗)dτda

<

∫

∞

0

p∞(a)da = 1. (12)

Hence H(1) < 1 and since by assumption H(0) > 1. The continuity of H(B∗)
implies that H(B∗) must have at least one solution in (0, 1). Thus there
exists an endemic steady state distribution (satisfying Eq. (9)) whenever
ℜ(φ, q, ω) > 1.

Hence, ℜ(φ, q, ω) > 1 provides a sufficient condition for the existence of a non-
trivial non-uniform endemic steady state age-distribution while ℜ(φ, q, ω) <
1 guarantees the local stability of the infection-free non-uniform distribu-
tion. The possibility of the existence of multiple endemic equilibria when
ℜ(φ, q, ω) < 1 cannot be ruled out here (see [16], [20]). However, it can be
shown that in the absence of any type of vaccination, this distribution is
globally stable.
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Theorem 3 The infection-free non-uniform distribution of Eq. (2) is glob-
ally asymptotically stable whenever ℜ0 < 1.

Proof Let J denote the rate at which uninfected individuals of age a are
infected at time t. Since s(t, a) + j(t, a) + v(t, a) ≤ 1, σ ≤ 1 and δ ≤ 1, it
follows that

J (t, a) = β(a)c(a)B(t)[s(t, a) + σj(t, a) + δv(t, a)]

≤ β(a)c(a)B(t)[1 − x(t, a)], (13)

where B(t) is given in Eq. (2). Integrating Eq. (2) along characteristic lines
gives

x(a, t) = qe
−

∫

a

0

ω(τ)dτ
, a < t

l(t, a) =

∫ a

0

e−ksJ (t− s, a− s)ds, a < t

i(t, a) = k

∫ a

0

e−rsl(t− s, a− s)ds, a < t (14)

Replacing l by the integral in Eq. (14) we get that, for a < t,

i(t, a) = k

∫ a

0

e−rs

∫ a−s

0

e−kλJ (t− s− λ, a− s− λ)dλds, a < t

= k

∫ a

0

∫ a−s

0

e−rse−k(a−s−α)J (t− a+ α, α)dαds, (α = a− s− λ)

=
k

r − k

∫ a

0

(e−k(a−α) − e−r(a−α))J (t− a+ α, α)dα. (15)

If we let W (a) = lim supt→∞
J (t, a) then by making use of Eqs. (13), (14)

and (15) we arrive at the following inequality

J (t, a) ≤ β(a)c(a)[1 − qe
−

∫

a

0

ω(τ)dτ
]

∫

∞

0

k

r − k
p∞(a)

∫ a

0

(e−k(a−α) − e−r(a−α))

J (t− a+ α, α)dαda.

Making use of Fatou’s Lemma gives

W (a) ≤ β(a)c(a)[1 − qe
−

∫

a

0

ω(τ)dτ
]

∫

∞

0

k

r − k
p∞(a)

∫ a

0

(e−k(a−α) − e−r(a−α))

W (α)dαda

:= Cβ(a)c(a)[1 − qe
−

∫

a

0
ω(τ)dτ

]. (16)

If we multiply out some parameters and integrate, we get that

C ≤ C

∫

∞

0

∫ a

0

k

r − k
p∞(a)(e−k(a−α)−e−r(a−α))β(α)c(α)[1−qe

−

∫

α

0
ω(τ)dτ

]dαda.

(17)
Changing the order of integration and letting τ = a − α leads to the in-
equality C ≤ Cℜ0. Hence if ℜ0 < 1 then C ≡ 0. That is, W (a) ≡ 0 or
lim supt→∞

J (t, a) ≡ 0. From Eqs. (14) and (15) it follows that

lim
t→∞

l(t, a) = 0, lim
t→∞

i(t, a) = 0.
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5 Optimal vaccination strategies

The goal of the vaccination program is either to reduce disease prevalence
to a predetermined level at a minimal cost or to design a vaccination program
that uses resources as effectively as possible, that is, a program that reduces
prevalence in the most under a fixed budget. Here it is implicitly assumed
that lowering the reproductive number reduces the disease prevalence (see
[10]).

There are a multiple set of strategies that can be used to reduce preva-
lence. Here we follow in “spirit” the approach used by Rorres and Fair [28],
an approach that has been extended and refined to a multitude of settings
(including epidemiology) by Hadeler and Müller [12]. This approach focuses
on the minimization of the functional F (φ, a, ω) = ℜ0(q, ω)−ℜ(φ, q, ω) which
in our case is explicitly given by

F (φ, q, ω) =

∫

∞

0

∫

∞

0

k

r − k
p∞(τ + h)[e−kτ − e−rτ ]β(h)c(h)(1 − δ)

∫ a

0

φ(z)sφ(z)dzdhdτ. (18)

Since the vaccination policy is implemented a priori, that is, on a disease-free
populations, we let sφ(a) denote susceptible age-distribution in a disease-free
population as defined in Eq. (3):

sφ(a, q, ω) = qΦ(0, a)

∫ a

0

[

−
d

dh
Π(0, h)

]

[Φ(0, h)]−1 dh+ (1 − q)Φ(0, a).

We now proceed under the assumption that it is nearly impossible to elimi-
nate an established (endemic) disease from a population, that is, we assume
that ℜ(φ, q, ω) > 1 (but see [12]). Following the approach in ([12], [13]) we
study two problems. In the first, a prevalence reduction goal is set a pri-
ori and the policy (φ(a), q, ω) that minimizes the cost of implementing it
is found. In the second situation, it is assumed that we have a fixed bud-
get (here measured in “dollars” or “euros”) and the policy (φ(a), q, ω) that
minimizes ℜ(φ, q, ω) is determined.

We let C(φ, q, ω) denote the total cost associated with the implementation
of the vaccination strategy (φ, q, ω). It is assumed that C(φ, q, ω) depends on
the vaccination rate in the following way

C(φ, q, ω) =

∫

∞

0

κ(a)φ(a)Sφ(a, q, ω)da, (19)

where

Sφ(a, q, ω) = Λe
−

∫

a

0

µ(s)ds
sφ(a, q, ω) (20)

and κ(a) is the age-specific vaccination cost. We can now reformulate the
optimization problems describe before in precise terms:
(I) Find a vaccination strategy (φ(a), q, ω) that minimizes C(φ, q, ω) con-
strained by ℜ(φ, q, ω) ≤ ℜ∗,
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(II) Find a vaccination strategy (φ(a), q, ω) that minimizes ℜ(φ, q, ω) con-
strained by C(φ, q, ω) ≤ C∗,
where ℜ∗ and C∗ are specified constant values. Problem I and II can be moved
into the realm of linear optimization theory ([12]). In fact, the transformation

ψ(a) := −
d

da

(

sφ(a, q, ω) + qe
−

∫

a

0

ω(τ)dτ

)

= φ(a)sφ(a, q, ω),

works. Hence, if we let

F̄ (ψ, q, ω) = F (φ, q, ω),

C̄(ψ, q, ω) = C(φ, q, ω),

(1 − δ)

∫ a

0

φ(z, q, ω)sφ(z, q, ω)dz =

∫ a

0

(1 − δ)ψ(z, q, ω)dz

and

F̄ (ψ) =

∫

∞

0

∫

∞

0

k

r − k
p∞(τ + h)[e−kτ − e−rτ ]β(h)c(h)(1 − δ)

∫ a

0

ψ(z)dzdhdτ

=

∫

∞

0

[
∫

∞

a

∫

∞

0

k

r − k
p∞(τ + h)[e−kτ − e−rτ ]β(h)c(h)(1 − δ)dhdτ

]

ψ(a)da

then their use on Eqs. (18) and (19) leads to the re-formulation of the opti-
mization problem in term of the following linear functionals:

F̄ (ψ, q, ω) =

∫

∞

0

K(a)ψ(a, q, ω)da,

C̄(ψ, q, ω) =

∫

∞

0

M(a)ψ(a, q, ω)da,

where

K(a) =

∫

∞

a

∫

∞

0

k

r − k
p∞(τ + h)[e−kτ − e−rτ ]β(h)c(h)(1 − δ)dhdτ,

M(a) = Λe
−

∫

a

0

µ(τ)dτ
κ(a),

and Q(a) :=
∫

∞

0 ψ(a)da ≤ 1.

Problem I now reads as follows: minimize C̄(ψ) subject to f(ψ) ≤ 0 and
ψ ≥ 0 where

f(ψ) =

(

f1(ψ)
f2(ψ)

)

=

(

ρ− F̄ (ψ)
Q(ψ) − 1

)

, (21)

f(ψ) ≤ 0 (fi(ψ) ≤ 0 (i = 1, 2)) and ρ = ℜ0 − ℜ∗, and apply the main
Theorem in ([12], [13]).
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Remark 1 The results in ([12],[13]) guarantee that there are two possible
optimal vaccination strategies for Problem (I): (i) one-age strategy, that is,
vaccinate the susceptible population at exactly age Ω or (ii) two-age strategy,
that is, vaccinate a fraction of the susceptible population at age Ω1and a
second fraction of susceptible at age Ω2 where Ω1 and Ω2 are functions of q
and ω.

Explicit information on the nature of Ω1 and Ω2 can be derived. Problem
(II) has similar solution and we refer the interested readers to the work in
([12],[13]).

6 A numerical method: discretization

Professor K.P. Hadeler received his Ph.D. from Professor Lothar Collatz
(1910-1990), a prominent numerical analyst. Hence, it is not surprising to see
that the numerical implementation of theoretical models has also been one
of his interests. Here, we include a convergent numerical scheme that can be
used to simulate our age-structured rotavirus model. In order to show that
the scheme converges, we discretize System (1) using the finite difference
method along the characteristic lines of our hyperbolic system [1], [22]. We
take identical time and age steps and assume that a and t are bounded
(a ∈ [0, A] and t ∈ [0, T ]) and consequently, the computational mesh is
rather simple. We divide the intervals [0, A] and [0, T ] into subintervals of
step length h,

ai = ih (i = 1, . . . ,M), tj = jh (j = 1, . . . , N) (22)

and approximate the derivatives by
(

∂

∂t
+

∂

∂a

)

x(t, a) ≈
[X(tj, ai) −X(tj−1, ai)] + [X(tj−1, ai) −X(tj−1, ai−1)]

h

=
X(tj, ai) −X(tj−1, ai−1)

h
=
Xj

i −Xj−1
i−1

h
. (23)

We linearize the term
β(ai)c(ai)B(tj)S(tj , ai)

using the following approximation

β(ai)c(ai)B(tj−1)S(tj , ai) = βiciBj−1S
j
i .

The discretized system becomes

Xj
i −Xj−1

i−1

h
= −(ωi + µi)X

j
i ,

Sj
i − Sj−1

i−1

h
= ωiX

j
i − βiciBj−1S

j
i − µiS

j
i − φiS

j
i ,

V j
i − V j−1

i−1

h
= φiS

j
i − µiV

j
i − δβiciBj−1V

j
i ,
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Lj
i − Lj−1

i−1

h
= βiciBj−1[S

j
i + σJj

i + δV j
i ] − [k + µi]L

j
i ,

Ij
i − Ij−1

i−1

h
= kLj

i − [r + µi]I
j
i ,

Jj
i − Jj−1

i−1

h
= rIj

i − σβiciBj−1J
j
i − µiJ

j
i . (24)

Summing up, one can obtain

nj
i − nj−1

i−1

h
= −µin

j
i .

Integrals are approximated via the trapezoidal rule, that is, using the formula

∫

∞

0

c(u)n(t, u)du ≈
1

2
c0n

j
0h+ΣM−1

i=1 cin
j
ih+

1

2
cMnj

Mh.

Thus

p(t, a) =
cin

j
i

1
2c0n

j
0h+ΣM−1

i=1 cin
j
ih+ 1

2cMnj
Mh

and

Bj =
1

2

Ij
0

nj
0

pj
0h+

M−1
∑

i=1

Ij
i

nj
i

pj
ih+

1

2

Ij
M

nj
M

pj
Mh.

Solving System (24) leads to

Xj
i =

Xj−1
i−1

1 + (ωi + µi)h
,

Sj
i =

Sj−1
i−1 + ωihX

j
i

1 + βicihBj−1 + µih+ φih
,

V j
i =

hφiS
j
i + V j−1

i−1

1 + δβicihBj−1 + µih
,

Ij
i =

Ij−1
i−1 + khLj

i

1 + rh+ µih
,

Jj
i =

Jj−1
i−1 + rhIj

i

1 + σhβiciBj−1 + µih

=
Jj−1

i−1

1 + σhβiciBj−1 + µih
+

rh(Ij−1
i−1 + khLj

i )

(1 + rh+ µih)(1 + σhβiciBj−1 + µih)
,

Lj
i =

Lj−1
i−1 + βicihBj−1[S

j
i + σJj

i + δV j
i ]

1 + kh+ µih
(25)
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where the correct expansion for Sj
i , Jj

i and V j
i are put in the Lj

i equation.
Initial conditions are set as follows:

Xj
0 = qΛ, Sj

0 = (1 − q)Λ,

V j
0 = Lj

0 = Ij
0 = Jj

0 = 0,

X0
i = X0(ai), S0

i = S0(ai), V 0
i = V0(ai),

L0
i = L0(ai), I0

i = I0(ai), J0
i = J0(ai).

Alternatively, one can limit the change in the L equation in order to be
able to solve directly for J (after having solved for X , S and V ). This is
accomplished by approximating L by

Lj
i − Lj−1

i−1

h
= βiciBj−1[S

j
i + σJj−1

i + δV j
i ] − [k + µi]L

j
i .

From this last expression, Lj
i can be directly computed since since Jj−1

i

is known from the previous time step. Thus,

Lj
i =

Lj−1
i−1 + βicihBj−1[S

j
i + σJj−1

i + δV j
i ]

1 + kh+ µih
,

Ij
i =

Ij−1
i−1 + khLj

i

1 + rh+ µih
,

Jj
i =

Jj−1
i−1 + rhIj

i

1 + hσβiciBj−1 + hµi

. (26)

This last approach is a little “iffy” but easier to program. Our analysis will
be restricted to the first approach. To approximate the error, we set

X(tj , ai) −Xj
i = ξi,j , S(tj , ai) − Sj

i = ηi,j ,

V (tj , ai) − V j
i = ζi,j , L(tj , ai) − Lj

i = χi,j ,

I(tj , ai) − Ij
i = ϑi,j , J(tj , ai) − Jj

i = εi,j .

We compute the derivatives at (tj , ai) using (22) and subtract the corre-
sponding terms from (25). We arrive at the following expression for the error
estimates

ξi,j − ξi−1,j−1

h
= −(ωi + µi)ξi,j +O(h),

ηi,j − ηi−1,j−1

h
= ωiξi,j − βici[B(tj) −B(tj−1)]S(ai, tj) − µiηi,j − φiηi,j

−βiciBj−1ηi,j + βici[Bj−1 −B(tj−1)]S(ai, tj) +O(h),

ζi,j − ζi−1,j−1

h
= φiηi,j − µiζi,j − δβici[B(tj) −B(tj−1)]V (ai, tj)

−δβici[B(tj−1) −Bj−1]V (ai, tj) − δβiciBj−1ζi,j +O(h),

χi,j − χi−1,j−1

h
= βici[B(tj) −B(tj−1)][S(ai, tj) + σJ(ai, tj) + δV (ai, tj)]

+βici[B(tj−1) −Bj−1][S(ai, tj) + σJ(ai, tj) + δV (ai, tj)]
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−[k + µi]χi,j + βiciBj−1[ηi,j + σεi,j + δζi,j ] +O(h),

ϑi,j − ϑi−1,j−1

h
= kχi,j − [r + µi]ϑi,j +O(h),

εi,j − εi−1,j−1

h
= rϑi,j − σβici[B(tj) −B(tj−1)]J(ai, tj) − µiεi,j

+σβici[Bj−1 −B(tj−1)]J(ai, tj) − σβiciBj−1εi,j +O(h).

This system is equipped with initial and boundary conditions which are all
equal to zero, that is ξj

0 = 0, ηj
0 = 0, ζj

0 = 0, χj
0 = 0, ϑj

0 = 0, ǫj0 = 0 for all j,
and similarly, ξ0i = 0, η0

i = 0, ζ0
i = 0, χ0

i = 0, ϑ0
i = 0, ǫ0i = 0 for all i. Solving

for ξi,j , ηi,j , ζi,j , χi,j , ϑi,j and εi,j gives

ξi,j =
ξi−1,j−1

1 + h(ωi + µi)
+O(h2),

ηi,j =
hωiξi,j − hβici[B(tj) −B(tj−1)]S(ai, tj)

1 + h(µi + φi + βiciBj−1)

−
hβici[B(tj−1) −Bj−1]S(ai, jt) − ηi−1,j−1

1 + h(µi + φi + βiciBj−1)
+O(h2),

ζi,j =
hφiηi,j − hδβici[B(tj) −B(tj−1)]V (ai, tj)

1 + h(µi + δβiciBj−1)

−
hδβici[B(tj−1) −Bj−1]V (ai, tj) − ζi−1,j−1

1 + h(µi + δβiciBj−1)
+O(h2),

χi,j =
p1

q1
+O(h2),

ϑi,j =
hkχi,j + ϑi−1,j−1

1 + hr + hµi

+O(h2),

εi,j =
εi−1,j−1 + hrϑi,j − hσβici[B(tj) −B(tj−1)]J(ai, tj)

1 + hσβiciBj−1 + hµi

+
hσβici[Bj−1 −B(tj−1)]J(ai, tj)

1 + hσβiciBj−1 + hµi

+O(h2),

where

p1 = hβici[B(tj) −B(tj−1)][S(ai, tj) + σJ(ai, tj) + δV (ai, tj)]

+hβici[B(tj−1) −Bj−1][S(ai, tj) + σJ(ai, tj) + δV (ai, tj)]

+hβiciBj−1[ηi,j + σεi,j + δζi,j ] + χi−1,j−1,

and

q1 = 1 + h(k + µi).

Following Iannelli et al. [17] we make use of the norm

‖fn‖ =

N
∑

j=1

fih,
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on the error estimates

|ξi,j | ≤ |ξi−1,j−1| +O(h2).

Multiplying both sides by h and summing from i = 1, . . .M gives

||ξj || ≤ hξ0,j−1 + ||ξj−1|| +O(h2),

that is, ||ξj || ≤ O(h). Next we observe that

|ηi,j | ≤ hωi|ξi,j | + h|βici[B(tj) −B(tj−1)]S(ai, tj)|

+h|βici[B(tj−1) −Bj−1]S(ai, tj)| + |ηi−1,j−1| +O(h2). (27)

In order to look at convergence of (|B(tj)−B(tj−1)|+ |B(tj−1)−Bj−1|). We
observe that

B(tj) =

∫

∞

0

I(tj , a
′)

n(tj , a′)

c(a′)n(tj , a
′)

∫

∞

0
c(u)n(tj , u)du

da′ =

∫

∞

0
c(a′)I(tj , a

′)da′
∫

∞

0
c(u)n(tj , u)du

which can be approximated using the trapezoidal rule. In fact,

B(tj) ≈
1
2c(0)I(a, tj)h+

∑M−1
i=1 c(ai)I(ai, tj)h+ 1

2c(aM )I(aM , tj)h+O(h2)
1
2c(0)n(a, tj)h+

∑M−1
i=1 c(ai)n(ai, tj)h+ 1

2c(aM )n(aM , tj)h+O(h2)

:=
I(tj) +O(h2)

N(tj) +O(h2)
.

Similarly Bj in the numerical scheme can be written as

Bj =
1
2c0I

j
0h+

∑M−1
i=1 ciI

j
i h+ 1

2cMIj
Mh

1
2c0n

j
0h+

∑M−1
i=1 cin

j
ih+ 1

2cMnj
Mh

:=
DIj
DNj

. (28)

Hence,

B(tj) −Bj =
I(tj) +O(h2)

N(tj) +O(h2)
−

DIj
DNj

=
[I(tj) +O(h2)]DNj − DIj[N(tj) +O(h2)]

[N(tj) +O(h2)]DNj

=
[I(tj) +O(h2)]DNj − [I(tj) +O(h2)][N(tj) +O(h2)]

[N(tj) +O(h2)]DNj

+
[I(tj) +O(h2)][N(tj) +O(h2)] − DIj[N(tj) +O(h2)]

[N(tj) +O(h2)]DNj

=
[I(tj) +O(h2)][DNj − N(tj) +O(h2)]

[N(tj) + O(h2)]DNj

+
I(tj) − DIj + O(h2)

DNj

.

Furthermore
I(tj) + O(h2)

N(tj) + O(h2)
≤ 1



An age-structured epidemic model of rotavirus with vaccination 19

since

I(tj) + O(h2) =
∫

∞

0
c(a)I(tj , a)da,

N(tj) + O(h2) =
∫

∞

0
c(u)n(tj , u)du,

∫

∞

0 I(a, t)da ≤
∫

∞

0 n(a, t)da.

We now make use of the solution for n(a, t) introduced in Section 3. That is,
we take

n(t, a) = n0(a− t)
F(a)

F(a− t)
H(a− t) + ΛF(a)H(t− a),

where

F(a) = exp

(

−

∫ a

0

µ(s)ds

)

,

H(s) = 1, s ≥ 0; H(s) = 0, s < 0.

DNj − N(tj) = 0 since we know the exact values of n(t, a) and n(tj , ai) ≈ nj
i .

The error in the approximation comes from the use of the trapezoidal rule
only. Hence

|B(tj) −Bj | ≤
|DNj − N(tj) +O(h2)|

DNj

+
|I(tj) − DIj +O(h2)|

DNj

≤
O(h2)

DNj

+
|I(tj) − DIj|

DNj

+O(h)

=
|I(tj) − DIj|

DNj

+O(h)

=
1

DNj

[

1

2
c0ϑ

j
0h+

M−1
∑

i=1

ciϑ
j
ih+

1

2
cMϑj

Mh

]

+O(h)

≤
1

DNj

||ϑj || +O(h).

Also,

B(tj) −B(tj−1) =
I(tj) +O(h2)

N(tj) +O(h2)
−

I(tj−1) +O(h2)

N(tj−1) +O(h2)

=
[I(tj) +O(h2)][N(tj−1) +O(h2)]

[N(tj) +O(h2)][N(tj−1) +O(h2)]

−
[N(tj) +O(h2)][I(tj−1) +O(h2)]

[N(tj) +O(h2)][N(tj−1) +O(h2)]

=
I(tj)N(tj−1) − I(tj−1)N(tj) + [I(tj) + N(tj−1)]O(h2)

[N(tj) +O(h2)][N(tj−1) +O(h2)]

−
[I(tj−1) + N(tj)]O(h2) +O(h4)

[N(tj) +O(h2)][N(tj−1) +O(h2)]
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≤
I(tj−1)[N(tj−1) − N(tj−1)] + N(tj−1)[I(tj) − I(tj−1)]

N(tj)N(tj−1)

+
O(h2) +O(h4)

N(tj)N(tj−1)

≤
O(h)

N(tj)
.

We add |ξi,j | to both sides of inequality (27) to obtain:

|ξi,j | + |ηi,j | ≤ (1 + hωi)|ξi,j | + hβici|B(tj) −B(tj−1)|S(ai, tj)

+hβici|B(tj−1) −Bj−1|S(ai, tj) + |ηi−1,j−1| +O(h2)

Using the expression for ξi,j in terms of ξi−1,j−1 and the estimates for |B(tj)−
B(tj−1)| and |B(tj) −Bj | we find:

|ξi,j | + |ηi,j | ≤
(1 + hωi)|ξi−1,j−1|

1 + h(ωi + µi)
+
hβiciS(ai, tj) · Ch

N(tj)

+
hβiciS(ai, tj) · ||ϑj ||

DNj

+ |ηi−1,j−1| +O(h2)

≤ |ξi−1,j−1| + |ηi−1,j−1| +
Ch2βiciS(ai, tj)

N(tj)

+
hβiciS(ai, tj) · ||ϑj ||

DNj

+O(h2),

which leads to

||ξj || + ||ηj || ≤ ||ξj−1|| + ||ηj−1|| + C1h||ϑj || +O(h2) (29)

Similarly,

||ζj || ≤ ||ζj−1|| + Ĉh||ηj || + C2h||ϑj || +O(h2). (30)

Since Bj ≤ 1 for all j′s it follows that

||χj || ≤ ||χj−1|| + C3h||ϑj || + C4h(||ηj || + ||εj || + ||ζj ||) +O(h2)

||ϑj || ≤ ||ϑj−1|| + kh||χj || +O(h2)

||εj || ≤ ||εj−1|| + C5h||ϑj || +O(h2)

where C1 through C5 and Ĉ are appropriate constants that depend on the
upper bounds of the parameter functions but not on h, i or j. Now we let
Γj = |ξj |+ |ηj |+ |ζj |+ |χj |+ |χj |+ |ϑj |+ |εj | and adding above inequalities
leads to

||Γj || ≤ ||Γj−1|| + Ch||Γj || +O(h2),

i.e.

(1 − Ch)||Γj || ≤ ||Γj−1|| +O(h2),
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which leads to

||Γj || ≤
1

1 − Ch
||Γj−1|| +

1

1 − Ch
O(h2)

≤
1

(1 − Ch)j
||Γ0|| +

[

1

(1 − Ch)j
+ · · · +

1

1 − Ch

]

O(h)

=
1

1 − Ch

1 − ( 1
1−Ch

)j

1 − 1
1−Ch

1 − Ch

Ch

[

(
1

1 − Ch
)j − 1

]

O(h2)

≤

[

(
1

1 − CT/N
)N − 1

]

O(h)

≤ [eCT − 1]O(h) ≤ O(h).

Thus each component in Γj satisfies Γi,j ≤ Γi−1,j−1 +O(h2) and by iteration
it follows that Γi,j ≤ O(h) for all i′s and j′s. Now the convergence of the
numerical scheme has therefore been established.

7 Discussion

The oral vaccine, Rotarix, by GlaxoSmithKline was launched in Mexico
in January, 2005. A successful experience by Mexico would likely influence
the licensing of Rotarix in other Latin American countries and possibly in
the U.S. It is the existence of a viable rotavirus vaccine in Mexico that mo-
tivates the work in this article. First, we formulate an age-structured model
and use it to study the dynamics and control under vaccination against ro-
tavirus infections. This policy is tested in a population where some infants
are assumed to be protected by maternal antibodies. We calculate the basic
reproduction number, ℜ0 and the control reproductive number, ℜ(φ, q, ω). It
is shown that a vaccine can help to reduce rotavirus prevalence through the
analysis of ℜ0 and ℜ(φ, q, ω).

Several researchers have claimed that the use of the current vaccine may
indeed provide the best hope of controlling the yearly rotavirus outbreaks [9].
Their reasons include the fact that it has been well documented that maternal
immunity acquired from breast-feeding or partial natural immunity acquired
from previous rotavirus infections do provide protection against rotavirus
infection. Furthermore, it is believed that a vaccine may stimulate “herd”
immunity [8]. Here, we have not included the impact of temporary or partial
natural immunity.

In some developing countries, even treatment to re-hydrate children expe-
riencing severe rotavirus diarrhea is unavailable [29]. Studies showed that the
impact of improved hygiene on rotavirus transmission rates is not significant.
The ability of rotavirus to survive at room temperature for long periods of
time contributes to its high infection morbidity rate. Previous studies have
shown that the vaccine, Rotarix, 73% protection against any and 90% pro-
tection against severe rotavirus (mostly G1) gastroenteritis [33]. It has also
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been shown that this vaccine reduces hospital admissions by 70% [26]. Glax-
oSmithKline has concluded that the vaccine provides an overall efficacy of
48% against a first episode of rotavirus diarrhea [26]. The pentavalent vaccine
containing 5 reassorted rotaviruses, RotaTeq, is reported to provide to 68%
to 75% protection against all rotavirus gastroenteritis regardless of severity
while reducing severe symptoms in all (100%) vaccinated cases [32]. Before
“Rotashield” (an alternative vaccine) was withdrawn it was scheduled to be
applied at 2, 4 and 6 months of age. Whether or not this would be the opti-
mal vaccine strategy in developing countries needs to be addressed. Here, our
theoretical work on the role of such a policy (φ(a)) on ℜ(φ, q, ω) when cost
is included suggests a different policy but our model may not have included
all the relevant epidemiology.

The reproductive number of rotavirus depends on parameters and func-
tions, all of which can influence its magnitude. In particular, when all param-
eters fixed, we see that ℜ(φ, q, ω) increases with higher mixing rate or activity
rate. We also see that higher breast-feeding or vaccination rates result in de-
creases on ℜ(φ, q, ω). Maternal antibodies are known to provide protection
against infection for infants and they decay with time [30]. However it is well
known that maternal antibodies have the inhibitory effect on infant immune
responses after immunization [23]. This work and proposed vaccine sched-
ule have now motivated us to look at a caricature of immune response model
that will help finding the “optimal” protection window conferred by maternal
antibodies in the case of rotavirus infection. Furthermore it is believed that
contaminated food or water may serve as a “vector” that passes rotavirus
to humans. These and other possible alternate transmission routes have not
been taken explicitly into account. Whether or not non-vaccine policies (like
education) can reduce infections is unclear and was not tested here.

Our model is based on a previous Tuberculosis model ([6]). It has been
modified to incorporate vaccination in a population where some infants are
temporarily protected by maternal antibodies. That is, our model explicitly
addresses the supporting role of breast feeding (maternal antibody) on ro-
tavirus control. We have followed the approach in [12] when formulating the
optimization problem, that is in identifying optimal age-dependent vaccina-
tion strategies. The work of K.P. Hadeler and his lectures on epidemiology
have been invaluable in this and many projects throughout our lives. We
have introduced a convergent discretization of our age-structured model as
computer simulations are important. This work hopes to increase the un-
derstanding of rotavirus infection. The model proposed here may be further
expanded to incorporate the factors mentioned in this sections as well as the
observed seasonal variation in transmission rates.
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