The following are a set of additional practice problems for Section 8.3.
These are "nice” problems in the sense that the coefficients in the power series
expansions can be expressed in a compact form. These problems illustrate
many of the ”tricks-of-the-trade ” associated with power series solutions.

1. Find the series expansion about xy = 0 for the solution to the equation
y" +9y =0.

We proceed directly by writing

oo
Yy = Z anx"
n=0

oo

/

Yy = Z na,x"
n=0

[e.o]

y'=>" n(n—1)a,a"?

n=0

and substituting into the above equation obtain

> nn—1az"?+9) az” =0
n=0 n=0

[e.e]

Z (n —1ayz" +Z 9a,x" =0
n=0

Performing a shift so that the exponent of the first series is equal to n we

obtain
o

> (n+2)(n+ Dagez™ + > 9aya™ = 0.

n=-—2 n=0

Explicitly writing the first two terms from the first series yields

(0)agz ™2 + (0)arz~* + Z (n+2)(n+ 1ay22" + Z 9a,x" =0

n=0 n=0
Z (n+2)(n+ 1)ay 02" + Z 9a,z" =0
n=0 n=0



o0

2 [(n+2)(n+ Danyz + 9a,)a" = 0.

From this last equation we obtain the recurrence equation

Upio = —9a,/[(n+2)(n+1)], n > 0.
From this equation we can write

—9a,/(2!)
—9a;/(3!)
n=2, a;=—9a/[4-3] =9%ay/(4)
n=23, as=—9a3/[5-4] = 9%a;/(5!)
n=4, ag=—9a4/[6-5 = —9%ay/(6!)
n=>5, a; =—9as/[7-6] = —9%a, /(7!

and obtain the general formulas

n=0, ay=—9a/[2-1] =
n=1, a3=—9,/[3-2] =

agr = (—1)%9%ag/(2k)!, ki1 = (—1)"9%ay /(2k + 1)\,

Thus we can write

Y = ag i (=1)™9"x* /(2n)! + a, i (=1)"9"x*™ 1/ (2n + 1)\,

n=0

2. Find the series expansion about zy = 0 for the solution to the equation

y' —y=0.

We proceed directly by writing

oo
Yy = Z anx"
n=0

o0

/ -
Yy = Z napx™ !
n=0

y'=>" n(n—1)a,a"?
n=0



and substituting into the above equation obtain

o0

Z (n— 1)ayaz" Zanx":O.
n=0

Performing a shift so that the exponent of the first series is equal to n we

obtain
o0

> (n+2)(n+ Daggez”™ — Y aya™ =0.

n=—2 n=0

Explicitly writing the first two terms from the first series yields

(0)aoz™> + (0)arz™ + ) (n+2)(n+ Daggoz” — > a,z™ =0

n=0 n=0
Z (n+2)(n+ 1a, 22" — Z a,z” =0
n=0 n=0
Y [(n+2)(n+ apis — ay)z” = 0.
n=0

From this last equation we obtain the recurrence equation

Upia = ap/[(n+2)(n+1)], n > 0.

From this equation we can write

n=0, ay=ap/[2 1] =ao/(2!)
n=1 as=a/[3-2] =a1/(3!)
n=2, a4s=az/[4-3]=ao/(4!)
n=3, as=a3/[5-4] =a1/(5!)
n=4, ag=ay/[6-5] =ag/(6!)
and obtain the general formulas
ask = ao/(2k)!, ask+1 = a1/(2k + 1)\

Thus we can write

y—aoz 2"/ (2n)! + a; Z 22t/ (2n + 1)

n=0

3. Find the series expansion about zy = 0 for the solution to the equation



y' =2y +y=0

We proceed directly by writing
Yy = Z anx"
n=0
y' =" naa"!
n=0
y' =3 n(n—1)a,z""?
n=0

and substituting into the above equation obtain

Z (n — Dayz" —22 nanx"_1+z a,z" =0
n=0 n=0

Z n(n —1a,z" " — Z 2na, "1 + Z a,z” =0
n=0 n=0

Performing a shift so that the exponent of the first and second series is equal
to n we obtain

o

Y (n+2)(n+ Dagea™ — Y 2(n+ Dagpaz™ + > aza”™ =0.

n=—2 n=-—1 n=0

Explicitly writing the first two terms from the first series and the first term
from the second series yields

(0)apz*+(0)arz ™ +> " (n42)(n+1)ant22"+(0)aoz " = 2(n+1)azi12"+> | azz”

n=0 n=0 n=0
> (n+2)(n+ 1)an0z" —Z 2(n+ aps12™ + > a,a” =0
n=0 n=0 n=0

(e}

Z n+2)(n+ Dayio —2(n+ 1)aps1 + ayla™ = 0.

From this last equation we obtain the recurrence equation

Unt2 = 2an41/(n+2) —a,/[(n+2)(n +1)], n > 0.

From this equation we can write

n=0, ay=2a1/2—ap/[2 1] =a; —ap/(2!)

=0



n=1, ag =2ay/3—a1/[3-2] = (2/3)(a1—ao/(2!))—ay/(3!) = 3a1/3!—2aq/(3!)
n=2, ay = 2a3/4—ay/[4-3] = (2/4)(3a1/3!—2a,/(3!))—(1/[4-3])(a1—ao/(2!)) = 4a;/4!—3ay/4!
n =3, a5 = 2a4/5—a3/[5-4] = (2/5)(4a1/4!—3ae/4!)—(1/[5-4])(3a1/3!—2a,/(3!)) = bai/5!—4ay/5!.

and obtain the general formulas
ar = kay/k! — (k — Dag/k! = a1 /(k — 1)! — (k — Dag/k!, k> 2.

Thus we can write

y = —ao f_'fo (n—1)a"/n! + ax i 2" /(n—1).

4. Find the series expansion about xq = 0 for the solution to the equation
(22 + 2)y" + 4ay’ + 2y = 0.

We proceed directly by writing

oo
Yy = Z apx"
n=0

oo
Yy => naz""
n=0

o0

y' =3 n(n—1)a,z"?

n=0
and substituting into the above equation obtain

(2 +2) Y n(n—1a,2" > +4z ) naa" ' +2) 2" =0
n=0 n=0 n=0
Z n(n—1)a,z" *+2 Z n(n—1)a,z" *+4x Z na,r" 142 Z a,z" =0
n=0 n=0 n=0 n=0
Z (n — 1aya" +Z 2n(n — 1)a,a™ 2 + Z4nanx”+z 2a,z" = 0.

n=0 n=0 n=0
Performmg a shift so that the exponent of the second series is equal to n we
obtain

Y onn—1az"+ > 2(n+2)(n+1)ans22"+ Y dna,z"+> 2a,2" = 0.
n=0 n=-—2 n=0 n=0

5



Explicitly writing the first two terms from the second series yields

Z n(n—1)a,z"+(0)aoz >+ (0)arz ™'+ 2(n+2)(n+1)an 22"+ 4na,z"+» | 2a,2" =0
n=0 n=0 n=0
Z (n—1)a,x +Z 2(n+2)(n+1)a, 02" —I—Z dna,z" +Z 2a,2" =0
n=0 n=0 n=0 n=0
S 2 +2)(n+1)ants + (n(n— 1) + 4n + 2)a,]z" = 0
n=0

o0

Z n+2)(n+1))ap2+ (n+2)(n+ 1)a,lz" =0

From this last equation we obtain the recurrence equation

Upyo = —ap/2, n > 0.
From this equation we can write
n=0, ay= —ag/2
n=1, a3 = —ay/2
n=2, ay=—ay/2=ay/2*
n=23, as=—as/2 = a;/2*
n=4, asg=—ay/2=—ag/2>
n=>5 a;=—as/2=—a/2
and obtain the general formulas
azy = (—1)%ao/(2°), a1 = (—1)"ar/(2°).

Thus we can write

Y = ag Z /277, x2n + ay Z /2n 2n+1

5. Find the series expansion about zy = 0 for the solution to the equation

(z2 4+ 1)y + 22y = 0.



We proceed directly by writing
Y= Z A"
n=0
y' =" naz"t
n=0
y'=>" n(n—1)a,a"?
n=0

and substituting into the above equation obtain

(Z®+1)> nn—1az" > +22 ) na,a" ' =0
n=0 n=0
Z n(n — 1Da,a" 2 + Z n(n — Da,z"* + 2 Z na,z" =0
=0 n=0 n=0
> n(n—1az™ + Z n(n—1az" >+ > 2na,z" = 0.
n=0 n=0 n=0

Performing a shift so that the exponent of the second series is equal to n we
obtain

Y on(n—1az"+ D (n+2)(n+ Dapoz” + Y 2na,z™ = 0.
n=0 n=—2 n=0

Explicitly writing the first two terms from the second series yields

i n(n—1)a,x +(0)a0x_2+(0)a1m_1+i (n—|—2)(n+1)an+2m”—|—i 2napz™ =0
n=0 n=0 n=0
i n(n — 1)a,z™ + Z n+2)(n+ 1a, 22" + i 2na,x" =0
n=0 n=0 n=0
i [(n+2)(n+ 1)apse + (n(n — 1) 4+ 2n)a,lz" =0
n=0
i [(n+2)(n+ 1)aps2 + n(n+ 1)a,)z" =0
n=0

From this last equation we obtain the recurrence equation

Upio = —na,/(n+2), n > 0.

From this equation we can write



n=0, ag=—(0)ap/2=0
n=1, a3= —a/3
n=2 ay=—2a/4=0
n=3, as = —3a3/5=a/5
n=4, ag= —4as/6 =0
n=>5, a; = —bas/7T = —ay/7

and obtain the general formulas

ap = ap; ag, =0, k> 1; agepr = (—1)%ay/(2k +1).

Thus we can write

Y =ap+ ay i} [(—1)”/(2% + 1)].’13‘2n+1.

6. Find the series expansion about zy = 0 for the solution to the equation
y'—zy' —y=0.

We proceed directly by writing

oo
Yy = Z anx"
n=0

oo
y = Z na,x" !
n=0

[e.9]

y'=>" n(n—1)a,a"?

n=0
and substituting into the above equation obtain

o0

o0 oo
Z (n —1a,z" —J:Z nanxnfl—z a,z” =0
n=0 n=0

o0 [e.¢] o0
Z (n—1ayz Z nanx"—z apx” =
n=0 n=0 n=0



Performing a shift so that the exponent of the first series is equal to n we
obtain

o

Y (n+2)(n+ Daga™ — > naa™+ - a,a" =0.

Explicitly writing the first two terms from the first series and the first term
from the third series yields

(0)apz >+ (0)arz™ ' + > (n+2)(n+1)ans02" = Y naz"+—>_ az™ =0

n=0 n=0 n=0
Z n+2)(n+ a0z — Z na,x" + — Z a,x” =0
n=0 n=0 n=0

o0

Z [(n+2)(n+ 1Dapse — (n+ 1)ay,)z™ = 0.
From this last equation we obtain the recurrence equation

Upia = ap/(n+2), n>0.

From this equation we can write

n=0, ay=ay/2
n=1, a3=a;/3
n=2, as=ay/4=ag/[4-2]
n=3, as=as/5=a/[5-3]
n=4, as=a4/6=ao/[6-4-2]
n=>5, a;=as/7T=a/[T-53]
n==06, as=as/8=ap/[8-6-4-2]
n="7 a=a7/9=a1/[9-7-5-3].

At first it would appear that there does not exist a compact form for
representing the coefficients; however, with some imagination (and experience
which comes from solving a great many of these problems) we can devise a
compact formulation. For ag we can write

8-6-4-2=1(2-4)-(2-3)-(2-2)-(2-1)=2*-[4-3-2-1] =2*-4!



so that in general the product of the first £ even integers can be expressed
as
(2k) - (2(k —1))---4-2=2F kI

For a9 we can write

9-7-5-3][8:6-4-2] 9
[8-6-4-2] 244

[9.7.5.3]:

so that in general the product of the first k£ 4+ 1 odd integers can be written
as

(2k + 1)!

(2k+1)-@2(k=1)+1)---5-3-1= (2k+1)- 2(k=1)+1)---5-3 =

Using this we can express the coefficients as

e = ao/[2° - K] aopgr = [a1 (2" - KN]/[(2k + 1)1].

Thus the series solution to the differential equation may be written as

y—aoz /12" +CL1Z N2t /[(2n + 1)1].

7. Find the series expansion about xy = 0 for the solution to the equation
(22 + 2+ 1)y + (4o + 2)y + 2y = 0.

We proceed directly by writing

oo
y=3
n=0
oo

y/ — Z nanx” 1

o]
Z n(n — 1)a,z" n=2
n=0

10



and substituting into the above equation obtain

m+x+12nn—1an +(4x+2)z nanx”_1+22 apz” =0
n=0 n=0 n=0

z? Z n(n —1)a,a" 2 +x Z n(n—1)a,z"*+ > n(n—1)a,z"?
n=0 n=0

+4x Z na,z" ' + 2 Z na,z" "t + 2 Z a,z" =0

n=0 n=0 n=0
> n(n=1az"+Y " n(n—1)a,2" "+> n(n—1)a,z" >+ 4na,z"+Y_ 2na,z" '+ 2a,2" = 0.
n=0 n=0 n=0 n=0 n=0 n=0

Performing a shift so that the exponent of the second,third, and fifth
series is equal to n we obtain

Z n(n—1)a,x"+ Z (n+1)(n)ay 12"+ Z (n+2)(n+1)an+2x"+z dna,z"+ Z 2(n+1)ap 12"
n=0 n=-—1 n=-—2 n=0 n=-—1

+ Z 2a,x" = 0.

n=0
Explicitly writing the first two terms from the third series and the first
term from the second and fifth series yields

> n(n—=1)az"+(0)agz ' +> " (n4+1)(n)ant12"+(0)aor >+ (0)arz '+ (n+2)(n+1)an 22"
n=0 n=0 n=0
+ 3 4nana™ + (0)agz ™" 4+ > 2(n+ Dapmz™ + Y 2a,2" =0
n=0 n=0 n=0
> n(n—1)az"+Y " (nt+1)(n)ani1z"+> (n42)(n+1)an 02" +> | 4na,z"+Y  2(n+1)an 2"
n=0 n=0 n=0 n=0 n=0

+> 2a,2" =0

n=0

i_’fo {[(n42) (14 V)]s {14 1) (0) 42014 )]s+ [n(n—1)+4n+2a,}a" = 0

S A{ln+2)(n+ 1)]anis + [(n+ 1)(n+ 2)]ant1 + [(n+ 1)(n + 2)]a, 2" = 0.
From this last equation we obtain the recurrence equation
Qpio2 = —Qpy1 — Gn, 1> 0.
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From this equation we can write

n=0, a=—a1 —aqg
n=1 a3=—ay;—a; = —(—a; —ag) —a = ap
n=2, as=—az—a=—(ap) — (a1 —ag) = u
n=3, as=—a4—az=—(a1) — (ap) = —a; — aop
n=4, ag=—as—ay=—(—a; —ag) — (a1) = ap
n=>5, ar=—ag—as=—(ag) — (—ay —ap) = a1
n=6, ag=—a;—ag=—(a1) — (ag) = —a1 — agp
and obtain the general formulas
ask = Qo, a3k+1 = a1 A3k+2 = —ai — Ao.
Thus we can write
oo o0 o0
Y= ag Z x?m +a Z x?m-i—l o (&0 +al) Z x3n+2
n=0 n=0 n=0
[e¢] o (o ¢] (o]
y:a()(Z 23n Z 242) 4 q, Z 3n+1 Z 75 +2)
n=0 n=0 = n=0
(o) (o]
y:—aox—lz —alx—:z:z:r:
n=0

y=—(ap(z® = 1)+ a(z* —z)) > 2™
n=0

8. Find the series expansion about zy = 0 for the solution to the equation
(22 4+ 1)y" + 32y +y = 0.

We proceed directly by writing

Yy = Z anx"

n=0

)
y/ — Z nanx” 1
n=0

12



o0

y' =3 n(n—1)a,z"?

n=0
and substituting into the above equation obtain

[e.9]

Z (n—1)a, 2" > +32 > na,a" '+ > aa" =0

QZ n(n—1)a,x"" 2—1—2 n(n— 1)anx”’2+3xz n@nx”’l—l—z apx™” =0

n=0 n=0 n=0
Z n(n — 1a,z™ + Z n(n — Da,a"? + Z 3na,x" + Z apx” = 0.
n=0 n=0 n=0 n=0

Performing a shift so that the exponent of the second series is equal to n we
obtain

Z n(n —1)a,z" + Z (n+2)(n+1)ap 02" + Z 3na,x" + Z a,x" = 0.
n=0 n=-—2 n=0 n=0

Explicitly writing the first two terms from the second series yields

i n(n—1)anx"—|—(O)aox_2+(0)a1m_1—l—i (n+2)(n+1)an+2m”+i Snanm”+i apx" =0
n=0 n=0 n=0 n=0
i (n —1)a,a” —i—Z (n+2)(n+ 1)a, 22" —i—Z 3na,x" —i—Z apx” =0
n=0 n=0 n=0 n=0
i (n+2)(n+1)ani2 + (n(n —1) 4+ 3n+ 1)a,|z" =0
n=0
i (n+2)(n+1)ap2+ (n+1)%a,]2" =0

From this last equation we obtain the recurrence equation

apia = —(n+ 1)a,/(n+2), n>0.

From this equation we can write

n=0, ay= —ap/2
n=1, a3= —2a;/3
n=2, ay= —3az/4=[3-1]ao/[4-2]
n=3, as = —4az/5=[4-2]a1/[5- 3]
n=4, ag = —bay/6=—[5-3-1]ap/[6-4-2]
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n=>5, a;=06as5/7=—[6-4-2]ay/[7-5"3].
n=6, ag=—Tag/8=1[7-5-3-1ag/[8-6-4-2]
n=5, ag=8as/9=1[8-6-4-2a/[9-7-5-3].

Let’s examine ag and aq.
ag = [7-5-3-1]ag/[8-6-4-2] = ([7-5-3-1]-[8-6-4-2])ap/([8-6-4-2])* = 8lay/([8-6-4-2])*.
Using the techniques from Problem 6 we find

8:6-4-2=2" 4

so that
ag = 8lag/(2* - 41)%

Next
= [8-6-4-2]ay /[9-7-5-3] = ([8-6-4-2])%ay/([9-7-5-3]-[8-6-4-2]) = (2*-4!)%a; /9.
From this we deduce the general formulas

agr = (—1)%(2k)ao/(2%k!)?, agprr = (—1)% (27K %ar /(2k + 1)\

Thus we can write

y = ap Z m(2n) 2/ (2"n))? + a, Z m(2mn!) 22 /(20 4+ 1)1

n=0
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