
Theorem 1.1 (Cancellation Law for Vector Addition). If x, y, and
z are vectors in a vector space V such that x + z = y + z, then x = y.

Proof. There exists a vector v in V such that z + v = 0 (VS 4). Thus

x = x + 0 = x + (z + v) = (x + z) + v = (y + z) + v = y + (z + v) = y + 0 = y

by (VS 2) and (VS 3).

Corollary 1. The vector 0 described in (VS 3) is unique.

Corollary 2. The vector y described in (VS 4) is unique.
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Theorem 1.2. In any vector space V the following statements are true:

(a) 0x = 0 for each x ∈ V.

(b) (−a)x = −(ax) = a(−x) for each a ∈ F and each x ∈ V.

(c) a0 = 0 for each a ∈ F .

Proof. a. By (VS 8), (VS 3), and (VS 1) it follows that

0x + 0x = (0 + 0)x = 0x = 0x + 0.

Hence 0x = 0 by Theorem 1.1.

b. The vector −(ax) is the unique element of V such that
ax+[−(ax)] = 0. Thus if ax+(−a)x = 0, Corollary 2 to Theorem 1.1 implies
that (−a)x = −(ax). But by (VS 8).

ax + (−a)x = [a + (−a)]x = 0x = 0

by (a). Consequently (−a)x = −(ax). In particular (−1)x = −x. So by
(VS 6),

a(−x) = a[(−1)x] = [a(−1)]x = (−a)x.

c. By (VS 3) and (VS 7) it follows that

a0 + a0 = a(0 + 0) = a0 = a0 + 0.

Hence a0 = 0 by Theorem 1.1.
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Theorem 1.3. Let V be a vector space and W be a subset of V. Then
W is a subspace of V if and only if the following three conditions hold for
the operations defined in V:

(a) 0 ∈ W.

(b) (x + y) ∈ W whenever x, y ∈ W.

(c) cx ∈ W whenever c ∈ F and x ∈ W.

Proof. We begin by assuming that W is a subspace of V; then W is a
vector space with the operations of addition and scalar multiplication defined
on V. Hence conditions (b) and (c) hold, and there exists a vector 0w ∈ W
such that 0w +x = x for each x ∈ W. But also x+ 0 = x, and thus 0w = 0
by Theorem 1.1. So condition (a) holds.

Next suppose that conditions (a), (b), and (c) hold, then by the discussion
on pg 17, W is a subspace of V if the additive inverse of each vector in W
lies in W. But if x ∈ W, then (−1)x ∈ W by condition (c), and −x = (−1)x
by Theorem 1.2. Hence W is a subspace of V.
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Theorem 1.4. Any intersection of subspaces of a vector space V is a
subspace of V.

Proof. Let C be a collection of subspaces of V and let W denote the
intersection of the subspaces of C. Since every subspace contains the zero
vector, 0 ∈ W. Let a ∈ F and x, y ∈ W. Then x and y are contained in each
subspace of C. Because each subspace is closed under addition and scalar
multiplication, it follows that x + y and ax are contained in each subspace
of C. Hence x + y and ax are also contained in W, so that W is a subspace
of V by Theorem 1.3.
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Theorem 1.5. The span of any subset S of a vector space V is a sub-
space of V. Moreover, any subspace of V that contains S must also contain
the span of S.

Proof. The result is immediate if S = φ because span(φ) = {0}, which is
a subspace contained in any subspace of V.

If S 6= φ, then S contains a vector z. So 0z = 0 is in span(S). Let
x, y ∈ span(S). Then there exists vectors u1, u1, . . . , um, v1, v2, . . . , vn in S
and scalars a1, a2, . . . , am, b1, b2, . . . , bn such that

x = a1u1 + a2u2 + · · ·+ amum , y = b1v1 + b2v2 + · · ·+ bnvn.

Then

x + y = a1u1 + a2u2 + · · ·+ amum + b1v1 + b2v2 + · · ·+ bnvn

and for any scalar c,

cx = (ca1)u1 + (ca2)u2 + · · ·+ (cam)um

are clearly linear combinations of vectors in S; so x+y and cx are in span(S).
Thus span(S) is a subspace of V.

Now let W denote any subspace of V that contains S. If w ∈ span(S),
then w has the form w = c1w1+c2w2+· · ·+ckwk for some vectors w1, w2, . . . , wk

in S and some scalars c1, c2, . . . , ck. Since S ⊆ W, we have w1, w2, . . . , wk ∈
W. Therefore w = c1w1 + c2w2 + · · ·+ ckwk is in W by exercise 20 of Section
1.3. Because w, an arbitrary vector in span(S), belongs to W, it follows that
span(S) ⊆ W.
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Theorem 1.6. Let V be a vector space, and let S1 ⊆ S2 ⊆ V. If S1 is
linearly dependent, then S2 is linearly dependent.

Proof. If S1 is linearly dependent, then there exist vectors u1, u2, . . . , um

in S1 and nonzero scalars a1, a2, . . . , am such that

a1u1 + a2u2 + · · ·+ amum = 0.

Since S1 ⊆ S2, the vectors u1, u2, . . . , um are also elements of S2, so that by
definition, S2 is linearly dependent.

Corollary. Let V be a vector space, and let S1 ⊆ S2 ⊆ V. If S2 is
linearly independent, then S1 is linearly independent.

Proof. Suppose to the contrary that S1 is linearly dependent; by Theorem
1.6, this implies that S2 is linearly dependent which is a contradiction. Hence
S1 is linearly independent.
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Theorem 1.7. Let S be a linearly independent subset of a vector space
V, and let v be a vector in V that is not in S. Then S ∪ {v} is linearly
dependent if and only if v ∈ span(S).

Proof. We begin by assuming that S ∪ {v} is linearly dependent; then
there are vectors u1, u2, . . . , um in S ∪ {v} such that

a1u1 + a2u2 + · · ·+ amum = 0

for some nonzero scalars a1, a2, . . . , am. Because S is linearly independent,
one of the ui’s, say u1, equals v. Thus

a1v + a2u2 + · · ·+ amum = 0,

and so

v = a−1
1 (−a2u2 − · · · − amum) = −(a−1

1 a2)u2 − · · · − (a−1
1 am)um

Since v is a linear combination of u2, . . . , un, which are in S, we have
v ∈ span(S).

Next assume that v ∈ span(S). Then there exists vectors v1, v2, . . . , vm

in S and scalars b1, b2, . . . , bm such that

v = b1v1 + b2v2 + · · ·+ bmvm.

Hence

0 = b1v1 + b2v2 + · · ·+ bmvm + (−1)v.

Since v 6= vi for i = 1, 2, . . . ,m, the coefficient of v in this linear combination
is nonzero, and so the set {v1, . . . , vm, v} is linearly dependent. Therefore
S ∪ {v} is linearly dependent by Theorem 1.6.
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Theorem 1.8. Let V be a vector space and β = {u1, u2, . . . , um} be
a subset of V. Then β is a basis for V if and only if each v ∈ V can be
uniquely expressed as a linear combination of the vectors of β, that is, can
be expressed in the form

v = a1u1 + a2u2 + · · ·+ anun

for unique scalars a1, a2, . . . , an.

Proof. Let β be a basis for V. If v ∈ V, then v ∈ span(β) because
span(β) = V. Thus v is a linear combination of the vectors of β. Suppose
that

v = a1u1 + a2u2 + · · ·+ anun v = b1u1 + b2u2 + · · ·+ bnun

are two such representations of v. Subtracting the second equation from the
first gives

0 = (a1 − b1)u1 + (a2 − b2)u2 + · · ·+ (an − bn)un.

Since β is linearly independent, it follows that

a1 − b1 = a2 − b2 = · · · = an − bn = 0.

Hence, a1 = b1, a2 = b2, · · · , an = bn, and so v is uniquely expressible as a
linear combination of the vectors of β.

Next suppose that each v ∈ V can be uniquely expressed as a linear
combination of the vectors of β. Clearly the vectors in β generate V. For β
to be a basis we must show that the vectors in β are linearly independent.
Since the zero vector is in V, it also has a unique representation of the form

0 = a1u1 + a2u2 + · · ·+ anun.

It is obvious that we can write

0 = 0u1 + 0u2 + · · ·+ 0un

and that this must therefore be the unique representation; hence by defini-
tion, the vectors of β are linearly independent and thus a basis of V.
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Theorem 1.9. If a vector space V is generated by a finite set S, then
some subset of S is a basis for V. Hence, V has a finite basis.

Proof. If S = φ or S = {0}, then V = {0} and S = φ is a subset of S that
is a basis for V. Otherwise S contains a nonzero vector u1. By item 2 on page
37, {u1} is a linearly independent set. Continue if possible choosing vectors
u2, . . . , uk in S such that {u1, u2, . . . , uk} is linearly independent. Since S is
a finite set, we must eventually reach a stage at which β = {u1, u2, . . . , uk}
is a linearly independent subset of S but adjoining to β any vector in S not
in β produces a linearly dependent set. We claim that β is a basis for V.
Because β is linearly independent by construction it is sufficient to show that
β spans V. By Theorem 1.5 we need to show that S ⊆ span(β). Let v ∈ S.
If v ∈ β, then clearly v ∈ span(β). Otherwise, if v /∈ β, then the preceding
construction shows that β ∪ {v} is linearly dependent. So v ∈ span(β) by
Theorem 1.7. Thus S ⊆ span(β).
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Theorem 1.10 (Replacement Theorem). Let V be a vector space
that is generated by a set G containing exactly n vectors, and let L be a
linearly independent subset of V containing exactly m vectors. Then m ≤ n
and there exists a subset H of G containing exactly n−m vectors such that
L ∪H generates V.

Proof. The proof is by mathematical induction on m. The induction be-
gins with m = 0; in this case L = φ, and so taking H = G gives the desired
result.

Now suppose that the theorem is true for some integer m ≥ 0. We prove
that the theorem is true for m + 1. Let L = {v1, v2, . . . , vm+1} be a lin-
early independent set of V consisting of m + 1 vectors. By the Corollary to
Theorem 1.6, {v1, v2, . . . , vm} is linearly independent, and so we may apply
the induction hypothesis to conclude that m ≤ n and that there is a subset
{u1, u2, . . . , un−m} of G such that {v1, v2, . . . , vm} ∪ {u1, u2, . . . , un−m} gen-
erates V. Thus there exists scalars a1, a2, . . . , am, b1, b2, . . . , bn−m such that

a1v1 + a2v2 + · · ·+ amvm + b1u1 + b2u2 + · · ·+ bn−mun−m = vm+1.

Note that n−m > 0, lest vm+1 be a linear combination of v1, v2, . . . , vm which
by theorem 1.7 contradicts the assumption that L is linearly independent.
Hence n > m; that is n ≥ m + 1. Moreover, some bi, say b1 is nonzero, for
otherwise we obtain the same contradiction. Solving for u1 gives

u1 = (−b−1
1 a1)v1+(−b−1

1 a2)v2+· · ·+(−b−1
1 am)vm+(b−1

1 )vm+1+(−b−1
1 b2)u2+· · ·+(−b−1

1 bn−m)un−m.

Let H = {u2, . . . , un−m}. Then u1 ∈ span(L∪H), and because v1, v2, . . . , vm, u2, . . . , un−m

are clearly in span(L ∪H), it follows that

{v1, v2, . . . , vm, u1, u2, . . . , un−m} ⊆ span(L ∪ H).

Because {v1, v2, . . . , vm, u1, u2, . . . , un−m} generates V, Theorem 1.5 implies
that span(L ∪H) = V. Since H is a subset of G that contains
(n − m) − 1 = n − (m + 1) vectors, the theorem is true for m + 1. This
completes the induction.
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Corollary 1. Let V be a vector space having a finite basis. Then every
basis for V contains the same number of vectors.

Proof. Suppose that β is a finite basis for V that contains exactly n
vectors and let γ be any other basis for V. If γ contains more that n vectors,
then we can select a subset Sof γ containing exactly n + 1 vectors. Since S
is linearly independent and β generates V, the replacement theorem implies
that n + 1 ≤ n, a contradiction. Therefore γ is finite, and the number m of
vectors in γ satisfies m ≤ n. Reversing the roles of β and γ and arguing as
above, we obtain n ≤ m. Hence m = n.

Corollary 2. Let V be a vector space with dimension n.
(a) Any finite generating set for V contains at least n vectors, and a gener-
ating set for V that contains exactly n vectors is a basis for V.
(b) Any linearly independent subset of V that contains exactly n vectors is
a basis for V.
(c) Every linearly independent subset of V can be extended to a basis for V.

Proof. Let β be a basis for V.
(a) Let G be a finite generating set for V. By Theorem 1.9 some subset H
of G is a basis for V. Corollary 1 implies that H contains exactly n vectors.
Since a subset of G contains n vectors, G must contain at least n vectors.
Moreover, if G contains exactly n vectors, then we must have H = G, so that
G is a basis for V.

(b) Let L be a linearly independent subset of V containing exactly n
vectors. It follows from the replacement theorem that there is a subset H of
β containing n − n = 0 vectors such that L ∪H generates V. Thus H = φ,
and L generates V. Since L is also linearly independent, L is a basis for V.

(c) If L is a linearly independent subset of V containing m vectors, then
the replacement theorem asserts that there is a subset H of β containing
exactly n−m vectors such that L ∪H generates V. Now L ∪H contains at
most n vectors; therefore (a) implies that L ∪ H contains exactly n vectors
and that L ∪H is a basis for V.
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Theorem 1.11. Let W be a subspace of a finite-dimensional vector
space V. Then W is finite-dimensional and dim(W) ≤ dim(V). Moreover if
dim(W) = dim(V), then W = V.

Proof. Let dim(V) = n. If W= {0}, then W is finite dimensional and
dim(W) = 0 ≤ n. Otherwise, W contains a nonzero vector x1; so {x1} is
a linearly independent set. Continue choosing vectors, x1, x2, . . . , xk in W
such that {x1, x2, . . . , xk} is linearly independent. Since no linearly indepen-
dent subset of V can contain more than n vectors, this process must stop
at a stage where k ≤ n and {x1, x2, . . . , xk} is linearly independent but ad-
joining any other vector from Wproduces a linearly dependent set. Theorem
1.7 implies that {x1, x2, . . . , xk} generates W, and hence is a basis for W.
Therefore dim(W) = k ≤ n.

If dim(W) = n, then a basis for W is a linearly independent subset of V
containing n vectors. But by Corollary 2 of the replacement theorem implies
that this basis for W is also a basis for V; so W= V.

Corollary. If W is a subspace of a vector space V, then any basis for
W can be extended to a basis for V.

Proof. Let S be a basis for W. Because S is a linearly independent sub-
set of V, Corollary 2 of the replacement theorem guarantees that S can be
extended to a basis for V.
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Theorem 2.1. Let V and W be vector spaces and T: V→ W be linear.
Then N(T) and R(T) are subspaces of V and W, respectively.

Proof. To clarify the notation, we use the symbols 0V and 0W to denote
the zero vectors of V and W, respectively.

Since T(0V) = 0W, we have that 0V ∈ N(T). Let x, y ∈ N(T) and
c ∈ F . Then T(x + y) = T(x) + T(y) = 0W + 0W = 0W, and T(cx) =
cT(x) = c0W = 0W. Hence x + y ∈ N(T) and cx ∈ N(T), so that N(T) is
a subspace of V.

Because T(0V) = 0W, we have that 0W ∈ R(T). Now let x, y ∈ R(T)
and c ∈ F . Then there exist v and w in V such that T(v) = x and
T(w) = y. So T(v + w) = T(v) + T(w) = x + y, and T(cv) = c T(v) = cx.
Thus x + y ∈ R(T) and cx ∈ R(T), so R(T) is a subspace of W.
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Theorem 2.2. Let V and W be vector spaces, and T: V→ W be
linear. If β = {v1, v2, . . . , vn} is a basis for V, then R(T) = span(T(β)) =
span({T(v1),T(v2),. . .,T(vn)}).

Proof. Clearly T(vi) ∈ R(T) for each i. Because R(T) is a subspace,
R(T) contains span({T(v1),T(v2),. . .,T(vn)}) = span(T(β)) by Theorem 1.5.

Now suppose that w ∈ R(T). Then w = T(v) for some v ∈ V. Because
β is a basis for V, we have

v =
n∑

i=1

aivi

for some a1, a2, . . . , an ∈ F . Since T is linear, it follows that

w = T(v) =
∑n

i=1 aiT(vi) ∈ span(T(β)).

So R(T) is contained in span(T(β)).
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Theorem 2.3 (Dimension Theorem). Let V and W be vector spaces,
and T: V→ W be linear. If V is finite-dimensional then

nullity(T) + rank(T) = dim(V).

Proof. Suppose that dim(V) = n, dim(N(T)) = k, and {v1, v2, . . . , vk}
is a basis for N(T). By the corollary to Theorem 1.11, we may extend
{v1, v2, . . . , vk} to a basis β = {v1, v2, . . . , vk, vk+1, . . . , vn} for V. We claim
that S = {T(vk+1),T(vk+2),. . .,T(vn)} is a basis for R(T).

First we prove that S generates R(T). Using Theorem 2.2 and the fact
that T(vi) = 0 for 1 ≤ i ≤ k, we have

R(T) = span({T(v1),T(v2),. . .,T(vn)})

=span({T(vk+1),T(vk+2),. . .,T(vn)}) = span(S).

Now we prove that S is linearly independent. Suppose that

n∑
i=k+1

biT(vi) = 0 for bk+1, bk+2, . . . , bn ∈ F.

Using the fact that T is linear, we have

T
( n∑

i=k+1

bivi

)
= 0.

So

n∑
i=k+1

bivi ∈ N(T).

Hence there exists c1, c2, . . . , ck ∈ F such that

n∑
i=k+1

bivi =
k∑

i=1

civi or
k∑

i=1

(−ci)vi +
n∑

i=k+1

bivi = 0.

Since β is a basis for V, we have bi = 0 for all i. Hence S is linearly inde-
pendent. Notice that this argument also shows that T(vk+1),T(vk+2),. . .,T(vn)
are distinct; therefore rank(T) = n− k.
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Theorem 2.4. Let V and W be vector spaces, and T: V→ W be linear.
Then T is one-to-one if and only if N(T) = {0}.

Proof. Suppose that T is one-to-one and x ∈ N(T). Then
T(x) = 0 = T(0). Since T is one-to-one, we have x = 0. Hence N(T) = {0}.

Now assume that N(T) = {0}, and suppose that T(x) = T(y). Then
0 = T(x)−T(y) = T(x−y) since T is linear. Therefore x−y ∈ N(T) = {0}.
So x− y = 0 or x = y. This means that T is one-to-one.
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Theorem 2.5. Let V and W be vector spaces of equal (finite) dimen-
sion, and T: V→ W be linear. Then the following are equivalent.
(a) T is one-to-one.
(b) T is onto.
(c) rank(T) = dim(V).

Proof. From the dimension theorem, we have

nullity(T) + rank(T) = dim(V).

Now with the use of Theorem 2.4, we have that T is one-to-one if and
only if N(T) = {0}, if and only if nullity(T) = 0, if and only if
rank(T) = dim(V), if and only if rank(T) = dim(W), and if and only if
dim(R(T)) = dim(W). By Theorem 1.11, this equality is equivalent to
R(T) = W, the definition of T being onto.

17



Theorem 2.6. Let V and W be vector spaces over F , and suppose that
{v1, v2, . . . , vn} is a basis for V. For w1, w2, . . . , wn in W, there exists exactly
one linear transformation T: V→ W such that T(vi) = wi for i = 1, 2, . . . , n.

Proof. Let x ∈ V. Then

x =
n∑

i=1

aivi,

where a1, a2, . . . , an are unique scalars. Define

T : V → W by T(x) =
n∑

i=1

aiwi.

(a) T is linear: Suppose that u, v ∈ V and d ∈ F . Then we may write

u =
n∑

i=1

bivi and v =
n∑

i=1

civi

for some scalars b1, b2, . . . , bn, c1, c2, . . . , cn. Thus

du + v =
n∑

i=1

(dbi + ci)vi.

So

T(du + v) =
n∑

i=1

(dbi + ci)wi = d
n∑

i=1

biwi +
n∑

i=1

ciwi = dT(u) + T(v).

(b) Clearly
T(vi) = wi for i = 1, 2, . . . , n.

(c) T is unique: Suppose that U: V→ W is linear and U(vi)= wi for
i = 1, 2, . . . , n. Then for x ∈ V with

x =
n∑

i=1

aivi,

we have

U(x) =
n∑

i=1

aiU(vi) =
n∑

i=1

aiwi = T(x).
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Hence U = T.

Corollary. Let V and W be vector spaces, and suppose that V has a
finite basis {v1, v2, . . . , vn}. If U,T: V→ W are linear and U(vi) = T(vi) for
i = 1, 2, . . . , n, then U = T.
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Theorem 2.7. Let V and W be vector spaces over a field F , and
T,U: V→ W be linear.
(a) For all a ∈ F, aT + U is linear.
(b) Using the operations of addition and scalar multiplication in the preced-
ing definition, the collection of all linear transformations from V to W is a
vector space over F .

Proof. (a) Let x, y ∈ Vand c ∈ F . Then

(aT + U)(cx + y) = aT(cx + y) + U(cx + y)

= a[T(cx + y)] + cU(x) + U(y)

= a[cT(x) + T(y)] + cU(x) + U(y)

= acT(x) + cU(x) + aT(y) + U(y)

= c(aT + U)(x) + (aT + U)(y).
So aT + U is linear.

(b) Noting that T0, the zero transformation, plays the role of the zero
vector, it is easy to verify that the axioms of a vector space are satisfied,
and hence that the collection of all linear transformations from V to W is a
vector space over F .
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Theorem 2.8. Let V and W be finite-dimensional vector spaces with
ordered bases β and γ, respectively, and let T,U: V→ W be linear transfor-
mations. Then
(a) [T + U]γβ = [T]γβ + [U]γβ
(b) [aT]γβ = a[T]γβ for all scalars a.

Proof. (a) Let β = {v1, v2, . . . , vn} and γ = {w1, w2, . . . , wm}. There
exists unique scalars aij and bij (1 ≤ i ≤ m, 1 ≤ j ≤ n) such that

T(vj) =
m∑

i=1

aijwi and U(vj) =
m∑

i=1

bijwi for 1 ≤ j ≤ n.

Hence

(T + U)(vj) =
m∑

i=1

(aij + bij)wi.

Thus

([T + U]γβ)ij = aij + bij = ([T]γβ + [U]γβ)ij.

So (a) is proved, and the proof of (b) is similar.
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Theorem 2.9. Let V, W, and Z be vector spaces over the same field
F , and let T: V→ W and U: W→ Z be linear. Then UT: V→ Z is linear.

Proof. Let x, y ∈ V and z ∈ F . Then

UT(ax + y) = U(T(ax + y)) = U(aT(x) + T(y))

= U(aT(x)) + U(T(y)) = aU(T(x)) + U(T(y)) = a(UT)(x) + (UT)(y).
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Theorem 2.10. Let V be a vector space. Let T,U1,U2 ∈ L(V). Then
(a) T(U1 + U2) = TU1 + TU2 and (U1 + U2)T = U1T + U2T
(b) T(U1U2) = (TU1)U2

(c) TI = IT = T
(d) a(U1U2) = (aU1)U2 = U1(aU2) for all scalars a.

Proof. (a) Let x ∈ V. Then

T(U1 + U2)(x) = T((U1 + U2)(x)) = T(U1(x) + U2(x))

= T(U1(x)) + T(U2(x)) = (TU1)(x) + (TU2)(x) = TU1(x) + TU2(x)

so that T(U1 + U2) = TU1 + TU2.

Likewise

(U1 + U2)T(x) = (U1 + U2)(T(x)) = U1(T(x)) + U2(T(x))

= (U1T)(x) + (U2T)(x) = U1T(x) + U2T(x)

so that (U1 + U2)T = U1T + U2T.

The proof of the other properties are developed in a similar manner.
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Theorem 2.11. Let V, W, and Z be finite-dimensional vector spaces
with ordered bases α, β, and γ, respectively. Let T: V→ W and U: W→ Z
be linear transformations. Then

[UT]γα = [U]γβ[T]βα.

Proof. Let A = [U]γβ, B = [T]βα, and C = [UT]γα where α = {v1, v2, . . . , vn},
β = {w1, w2, . . . , wm}, and γ = {z1, z2, . . . , zp} are ordered bases for V, W,
and Z, respectively. We wish to determine the elements of the matrix [UT]γα.
For 1 ≤ j ≤ n, we have

(UT)(vj) = U(T(vj)) = U
( m∑

k=1

Bkjwk

)
=

m∑
k=1

BkjU(wk)

=
m∑

k=1

Bkj

( p∑
i=1

Aikzi

)
=

m∑
k=1

( p∑
i=1

BkjAikzi

)
=

m∑
k=1

p∑
i=1

BkjAikzi

=
p∑

i=1

m∑
k=1

BkjAikzi =
p∑

i=1

( m∑
k=1

AikBkj

)
zi.

Hence Cij =
∑m

k=1 AikBkj = (AB)ij where the final equality results from the
definition of matrix multiplication. Thus C = AB or [UT]γα = [U]γβ[T]βα.

Corollary. Let V be a finite-dimensional vector space with an ordered
basis β. Let T,U ∈ L(V). Then [UT]β = [U]β[T]β.
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Theorem 2.12. Let Let A be a m×n matrix, B and C be n×p matrices,
and D and E be q ×m matrices. Then
(a) A(B + C) = AB + AC and (D + E)A = DA + EA.
(b) a(AB) = (aA)B = A(aB) for any scalar a.
(c) ImA = A = AIn.
(d) If V is an n-dimensional vector space with an ordered basis β, then
[IV ]β = In.

Proof. The proof of the first half of (a) and (c) are given.

(a) We have

[A(B + C)]ij =
n∑

k=1

Aik(B + C)kj =
n∑

k=1

Aik(Bkj + Ckj)

=
n∑

k=1

(AikBkj+AikCkj) =
n∑

k=1

AikBkj+
n∑

k=1

AikCkj = (AB)ij+(AC)ij = [AB+AC]ij.

So A(B + C) = AB + AC.

(c) We have

(ImA)ij =
m∑

k=1

(Im)ikAkj =
m∑

k=1

δikAkj = Aij.

Corollary. Let A be an m×n matrix, B1, B2, . . . , Bk be n× p matrices,
C1, C2, . . . , Ck be q ×m matrices, and a1, a2, . . . , ak be scalars. Then

A
( k∑

i=1

aiBi

)
=

k∑
i=1

aiABi and
( k∑

i=1

aiCi

)
A =

k∑
i=1

aiCiA.

Proof. Induction on k.
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Theorem 2.13. Let A be a m× n matrix, B be n× p matrix. For each
j (1 ≤ j ≤ p) let uj and vj denote the jth columns of AB and B respectively.
Then
(a) uj = Avj

(b) vj = Bej, where ej is the jth standard vector of Fp.

Proof. The proof of the first half of (a) and (c) are given.

(a) We have

uj =


(AB)1j

(AB)2j
...

(AB)mj

 =


∑n

k=1 A1kBkj∑n
k=1 A2kBkj

...∑n
k=1 AmkBkj

 = A


B1j

B2j
...

Bmj

 = Avj.

Hence (a) is proved.

(b) The proof of (b) follows immediately if we substitute B for A and Ip

for B into the result from (a).
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Theorem 2.14. Let V and W be finite-dimensional vector spaces having
ordered bases β and γ, respectively, and let T: V→ W be linear. Then, for
each u ∈ V, we have

[T(u)]γ = [T]γβ[u]β.

Proof. Fix u ∈ V, and define the linear transformations f : F → V by
f(a) = au and g : F → W by g(a) = a(Tu) for all a ∈ F. Let α = {1} be
the standard ordered basis for F. Notice that g = Tf. Identifying the column
vectors as matrices and using Theorem 2.11, we obtain

[T(u)]γ = [g(1)]γ = [g]γα = [Tf]γα = [T]γβ[f]βα = [T]γβ[f(1)]β = [T]γβ[u]β.

Alternative Proof. Let β = {v1, v2, . . . , vn}, γ = {w1, w2, . . . , wm}, and
u = a1v1 + a2v2 + · · ·+ anvn. Then

[u]β =


a1

a2
...

an

 ,

T(u) = a1T(v1) + a2T(v2) + · · ·+ anT(vn),

and
[T(u)]γ = [a1T(v1) + a2T(v2) + · · ·+ anT(vn)]γ

= a1[T(v1)]γ + a2[T(v2)]γ + · · ·+ an[T(vn)]γ

=
(
[T(v1)]γ [T(v2)]γ · · · [T(vn)]γ

) 
a1

a2
...

an


= [T]γβ[u]β.
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Theorem 2.15. Let A be an m × n matrix with entries form F. Then
the left-multiplication transformation LA : Fn → Fm is linear. Furthermore
if B is any other m × n matrix (with entries from F) and β and γ are the
standard ordered bases for Fn and Fm, respectively, then we have the follow-
ing properties.
(a) [LA]γβ = A.
(b) LA = LB if and only if A = B.
(c) LA+B = LA + LB and LaA = aLA for all a ∈ F.
(d) If T : Fn → Fm is linear, then there exists a unique m×n matrix C such
that T = LC. In fact, C = [T]γβ.
(e) If E is an n× p matrix, then LAE = LALE.
(f) If m = n, then LIn = IFn .

Proof. The fact that LA is linear follows immediately from Theorem 2.12.
(a) The jth column of [LA]γβ is equal to LA(ej). However, LA(ej) = Aej, which
is also the jth column of A by Theorem 2.13(b). So [LA]γβ = A.
(b) If LA = LB, then we may use (a) to write A = [LA]γβ = [LB]γβ = B. The
proof of the converse is trivial.
(c) The proof is left as an exercise.
(d) Let C = [T]γβ. By Theorem 2.14, we have [T(x)]γ = [T]γβ[x]β, or
T(x) = Cx = LC(x) for all x ∈ Fn. So T = LC. The uniqueness of C follows
from (b).
(e) For any j (1 ≤ j ≤ p), we may apply Theorem 2,13 several times to note
that (AE)ej is the jth column of AE and that the jth column of AE is also
equal to A(Eej). So (AE)ej = A(Eej). Thus

LAE(ej) = (AE)ej = A(Eej) = LA(Eej) = LA(LE(ej)).

Hence LAE = LALE by the corollary to Theorem 2.6.
(f) The proof is left as an exercise.
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Theorem 2.16. Let A, B, and C be matrices such that A(BC) is de-
fined. Then (AB)C is also defined and A(BC) = (AB)C; that is matrix
multiplication is associative.

Proof. It is left to the reader to show that (AB)C is defined. Using (e)
of Theorem 2.15 and the associativity of functional composition, we have

LA(BC) = LALBC = LA(LBLC) = (LALB)LC = LABLC = L(AB)C.

So from (b) of Theorem 2.15, it follows that A(BC) = (AB)C.

Alternative Proof. Let A be an m×n matrix, B be an n× p matrix, and
C be an p× q matrix, all with components from the same field F . Using the
definition of matrix multiplication we have

(A(BC))ij =
n∑

s=1

Ais(BC)sj =
n∑

s=1

Ais

( p∑
t=1

BstCtj

)

=
n∑

s=1

p∑
t=1

AisBstCtj =
p∑

t=1

n∑
s=1

AisBstCtj

=
p∑

t=1

( n∑
s=1

AisBst

)
Ctj =

p∑
t=1

(AB)itCtj = ((AB)C)ij.

Hence, A(BC) = (AB)C.
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Theorem 2.17. Let V and W be vector spaces, and let T : V → W
be linear and invertible. Then T−1 : W → V is linear.

Proof. Let y1, y2 ∈ W and c ∈ F. Since T is onto and one-to-one, there
exists unique vectors x1 and x2 such that T(x1) = y1 and T(x2) = y2. Thus
x1 = T−1(y1) and x2 = T−1(y2); so

T−1(cy1+y2) = T−1(cT(x1)+T(x2)) = T−1(T(cx1+x2)) = cx1+x2 = cT−1(y1)+T−1(y2).
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Lemma. Let T be an invertible transformation from V to W. Then
V is finite-dimensional if and only if W is finite-dimensional. In this case,
dim(V) = dim(W).

Proof. Suppose V is finite dimensional. let β = {x1, x2, . . . , xn} be a
basis for V. By Theorem 2.2, T(β) spans R(T) = W; hence W is finite
dimensional by Theorem 1.9. Conversely, if W is finite dimensional, then so
is V by a similar argument, using T−1.

Now suppose that V and W are finite dimensional. Because T is one-
to-one and onto, we have

nullity(T) = 0 and rank(T) = dim(R(T)) = dim(W).

So by the dimension theorem, if follows that dim(V) = dim(W).

Theorem 2.18. Let V and W be finite-dimensional vector spaces with
ordered bases β and γ respectively. Let T : V → W be linear. Then T is
invertible if and only if [T]γβ is invertible. Furthermore, [T−1]βγ = ([T]γβ)−1.

Proof. Suppose that T is invertible. By the lemma, we have
dim(V) = dim(W). Let n = dim(V). So [T]γβ is an n × n matrix. Now
T−1 : W → V satisfies TT−1 = IW and T−1T = IV. Thus

In = [IV]β = [T−1T]β = [T−1]βγ [T]γβ.

Similarly, [T]γβ[T−1]βγ = In. So [T]γβ is invertible and ([T]γβ)−1 = [T−1]βγ .

Now suppose that A = [T]γβ is invertible. Then there exists an n×n matrix
B such that AB = BA = In. By Theorem 2.6, there exists U ∈ L(W,V)
such that

U(wj) =
n∑

i=1

Bijvi for j = 1, 2, . . . , n.

where γ = {w1, w2, . . . , wn} and β = {v1, v2, . . . , vn}. It follows that
[U]βγ = B. To show that U = T−1, observe that

[UT]β = [U]βγ [T]γβ = BA = In = [IV]β
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by Theorem 2.11. So UT = IV, and similarly TU = IW.

Corollary 1. Let V be a finite-dimensional vector space with an ordered
basis β, and let T : V → V be linear. Then T is invertible if and only if
[T]β is invertible. Furthermore, [T−1]β = ([T]β)−1.

Corollary 2. Let A be an n×n matrix. Then A is invertible if and only
if LA is invertible. Furthermore, (LA)−1 = LA−1 .
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Theorem 2.19. Let V and W be finite-dimensional vector spaces (over
the same field). Then V is isomorphic to W if and only if dim(V) = dim(W).

Proof. Suppose that V is isomorphic to W and that T : V → W is an
isomorphism from V to W. By the lemma preceding Theorem 2.18, we have
that dim(V) = dim(W).

Now suppose that dim(V) = dim(W), and let β = {v1, v2, . . . , vn} and
γ = {w1, w2, . . . , wn} be bases for V and W respectively. By Theorem
2.6, there exists T : V → W such that T is linear and T(vi) = wi for
i = 1, 2, . . . , n. Using Theorem 2.2, we have

R(T) = span(T(β)) = span(γ) = W.

So T is onto. From Theorem 2.5, we have T is also one-to-one. Hence T
is an isomorphism.

Corollary. Let V be a vector space over F . Then V is isomorphic to
F n if and only if dim(V) = n.
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Theorem 2.20. Let V and W be finite-dimensional vector spaces over
F of dimensions n and m, respectively, and let β and γ be ordered bases
for V and W respectively. Then the function Φ : L(V,W) → Mm×n(F),
defined by Φ(T) = [T]γβ for T ∈ L(V,W) is an isomorphism.

Proof. By Theorem 2.8, Φ is linear. Hence we must show that Φ is
one-to-one and onto. This is accomplished if we show that for every m × n
matrix A, there exists a unique linear transformation T : V → W such that
Φ(T) = A. Let β = {v1, v2, . . . , vn}, γ = {w1, w2, . . . , wn}, and A be a given
m× n matrix. By Theorem 2.6, there exists a unique linear transformation
T : V → W such that

T(vj) =
m∑

i=1

Aijwi for 1 ≤ j ≤ n.

But this means that [T]γβ = A, or Φ(T) = A. Thus Φ is an isomorphism.

Corollary. Let V and W be finite-dimensional vector spaces of dimen-
sions n and m, respectively. Then L(V,W) is finite-dimensional of dimension
mn.

Proof. The proof follows from Theorems 2.20 and 2.19 and the fact that
dim(Mm×n(F)) = mn.
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Theorem 2.21. For any finite-dimensional vector space V with ordered
basis β, φβ is an isomorphism.

Proof. Let β = {v1, v2, . . . , vn} be an ordered basis for V, x, y ∈ V, and
c ∈ F with

x = a1v1 + a2v2 + · · ·+ anvn, y = b1v1 + b2v2 + · · ·+ bnvn.

Then

φβ(cx + y) = φβ(c(a1v1 + a2v2 + · · ·+ anvn) + (b1v1 + b2v2 + · · ·+ bnvn))

= φβ((ca1 + b1)v1 + (ca2 + b2)v2 + · · ·+ (can + bn)vn))

=


ca1 + b1

ca2 + b2
...

can + bn

 = c


a1

a2
...

an

 +


b1

b2
...
bn

 = cφβ(x) + φβ(y)

so φβ is linear.

Next consider the null space of φβ; let x be given as above and suppose
that x ∈ N(φβ), then

φβ(x) =


a1

a2
...

an

 =


0
0
...
0


so that by the equalities of n-tuples, a1 = a2 = · · · = an = 0. Thus
N(φβ) = {0v} and nullity(N(φβ)) = 0. By Theorem 2.4, φβ is one-to-one
and since dim(V) = dim(Fn), φβ is onto by Theorem 2.5. Hence φβ is linear,
one-to-one, and onto and therefore, by definition, an isomorphism.
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Theorem 2.22. Let β and β′ be two ordered bases for a finite-dimensional
vector space V, and let Q = [IV]ββ′ . Then
(a) Q is invertible.
(b) For any v ∈ V, [v]β = Q[v]β′ .

Proof. (a) Since IV is invertible, Q is invertible by Theorem 2.18.
(b) For any v ∈ V,

[v]β = [IV(v)]β = [IV]ββ′ [v]β′ = Q[v]β′

by Theorem 2.14.
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Theorem 2.23. Let T be a linear operator on a finite-dimensional vector
space V, and let β and β′ be ordered bases for V. Suppose that Q is the
change of coordinate matrix that changes β′-coordinates into β-coordinates.
Then

[T]β′ = Q−1[T]βQ.

Proof. Let I be the identity transformation on V. Then T = IT = TI;
hence by Theorem 2.11

Q[T]β′ = [I]ββ′ [T]β
′

β′ = [IT]ββ′ = [TI]ββ′ = [T]ββ[I]ββ′ = [T]βQ.

Therefore, [T]β′ = Q−1[T]βQ.

Corollary. Let Let A ∈ Mn×n(F), and let γ be an ordered basis for Fn.
Then [LA]γ = Q−1AQ, where Q is the n× n matrix whose jth column is the
jth column vector of γ.
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Theorem 3.1. Let A ∈ Mm×n(F), and suppose that B is obtained from
A by performing an elementary row [column] operation. Then there exists
an m×m [n×n] elementary matrix E such that B = EA [B = AE]. In fact
E is obtained from Im [In] by performing the same elementary row [column]
operation as that which was performed on A to obtain B. Conversely, if E is
an elementary m×m [n× n] matrix, then EA [AE] is the matrix obtained
from A by performing the same elementary row [column] operation as that
which produces E from Im [In].

Proof. We will consider only the case where E is obtained from Im by
adding a scalar multiple a of row s to row t. The matrix E can be decomposed
as E = Im + J where (J)ij = a for i = t, j = s and the components of this
matrix are equal to zero otherwise. Therefore

EA = A + JA.

By the definition of matrix multiplication

(JA)ij =
m∑

k=1

JikAkj

so that by the above development, (JA)ij = 0 for i 6= t. Hence all the rows
of JA are identically zero with the possible exception of the tth row. The
elements in this row are of the form

(JA)tj =
m∑

k=1

JtkAkj = JtsAsj = aAsj

which implies that tth row of JA is a times the sth row of A. Thus performing
the componentwise addition of the elements of the matrices A and JA we find
that, with the exception of the tth row, the rows of the matrix EA = A+JA
are equal to the rows of the matrix A. The tth row of the product matrix is
the sum of the tth row of A and a times the sth row of A.
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Theorem 3.2. Elementary matrices are invertible, and the inverse of an
elementary matrix is an elementary matrix of the same type.

Proof. Let E be an elementary n×n matrix. Then E can be obtained by
an elementary row operation on In. By reversing the steps used to transform
In into E, we can transform E back into In. The result is that In can
be obtained from E by an elementary row operation of the same type. By
Theorem 3.1, there is an elementary matrix Ē such that ĒE = In. Therefore
by Exercise 10 of section 2.4, E is invertible and E−1 = Ē.

39



Lemma 1. Let V, W, and Z be finite dimensional vector spaces, with
V isomorphic to W, dim(V) = dim(W) = n, φ: V→ W an isomorphism,
and U: W→ Z a linear transformation, then rank(Uφ) = rank(U).

Proof. The Dimension Theorem gives

nullity(Uφ) + rank(Uφ) = dim(V) = n

nullity(U) + rank(U) = dim(W) = n.

Next suppose that δ is a basis for N(U), then φ−1(δ) is a set of linearly inde-
pendent vectors in V and φ−1(δ) ⊆ N(Uφ) so that nullity(Uφ) ≥ nullity(U).
Likewise, if γ is a basis for N(Uφ), then φ(γ) is a set of linearly independent
vectors in W and φ(γ) ⊆ N(U) so that nullity(U) ≥ nullity(Uφ). Hence
nullity(U) = nullity(Uφ) and rewriting the above equations yields

rank(Uφ) = n− nullity(Uφ) = n− nullity(U) = rank(U).

Lemma 2. Let V, W, and Z be finite dimensional vector spaces, with
W isomorphic to Z, dim(V) = n, φ: W→ Z an isomorphism, and
U: V→ W a linear transformation, then rank(φU) = rank(U).

Proof. The Dimension Theorem gives

nullity(φU) + rank(φU) = dim(V) = n

nullity(U) + rank(U) = dim(V) = n.

Next suppose that v ∈ N(U), then

φU(v) = φ(U(v)) = φ(0W) = 0Z

so that v ∈ N(φU), N(U) ⊆ N(φU), and nullity(U) ≤ nullity(φU).

Now suppose that v ∈ N(φU), then 0Z = φU(v) = φ(U(v)) so that
U(v) ∈ N(φ); since φ is an isomorphism, N(φ) = {0W} and thus v ∈ N(U).

40



Therefore N(φU) ⊆ N(U) and nullity(φU) ≤ nullity(U). Combining the
above inequalites gives nullity(φU) = nullity(U) and rewriting the equations
from the Dimension Theorem yields

rank(φU) = n− nullity(φU) = n− nullity(U) = rank(U).

Theorem 3.3. Let T: V→ W be a linear transformation between finite-
dimensional vector spaces, and let β and γ be ordered bases for V and W
respectively. Then rank(T) = rank([T]γβ).

Proof. Let dim(V) = n and dim(W) = m and consider the following
diagram.

V −→T−→ W

φβ ↓ ↓ φγ

Fn −→LA−→ Fm

where A = [T]γβ.

We know that LAφβ, φγT : V → Fm and that LAφβ = φγT so that

rank(LAφβ) = rank(φγT).

Since φβ is an isomorphism, Lemma 1 and the definition of the rank of a
matrix gives

rank(LAφβ) = rank(LA) = rank([T]γβ).

Since φγ is an isomorphism, Lemma 2 gives

rank(φγT) = rank(T).

Combining these results gives

rank(T) = rank(φγT) = rank(LAφβ) = rank(LA) = rank([T]γβ).
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Theorem 3.4. Let A be an m × n matrix. If P and Q are invertible
m×m and n× n matrices, respectively, then
(a) rank(AQ) = rank(A),
(b) rank(PA) = rank(A),
and therefore,
(c) rank(PAQ) = rank(A).

Proof. First observe that

R(LAQ) = R(LALQ) = LALQ(Fn) = LA(LQ(Fn)) = LA(Fn) = R(LA)

since LQ is onto. Therefore

rank(AQ) = dim(R(LAQ)) = dim(R(LA)) = rank(A).

This establishes (a). To establish (b), apply exercise 17 of section 2.4 to
T = LP and obtain

rank(PA) = rank(LPA) = dim(R(LPA)) = dim(LPA(Fn))

= dim(LP(LA(Fn))) = dim(LA(Fn)) = dim(R(LA)) = rank(LA) = rank(A).

Finally applying (a) and (b), we have

rank(PAQ) = rank(PA) = rank(A).

Corollary. Elementary row and column operations on a matrix are rank-
preserving.

Proof. If B is obtained from a matrix A by an elementary row operation,
then there exists an elementary matrix E such that B = EA. By Theorem
3.2, E is invertible and hence rank(B) = rank(A) by Theorem 3.4. The proof
that elementary column operations are rank preserving is left as an exercise.
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Theorem 3.5. The rank of any matrix equals the maximum number of
its linearly independent columns; that is, the rank of a matrix is the dimen-
sion of the subspace generated by its columns.

Proof. For any A ∈ Mn×n(F ),

rank(A) = rank(LA) = dim(R(La)).

Let β be the standard ordered basis for Fn. Then β spans Fn and hence, by
Theorem 2.2,

R(LA) = span(LA(β)) = span({LA(e1),LA(e2), . . . ,LA(en)}).

But, for any j, we have seen in Theorem 2.13(b) that LA(ej) = Aej = aj,
where aj is the jth column of A. Hence

R(LA) = span({a1, a2, . . . , an}).

Thus

rank(A) = dim(R(LA)) = dim(span({a1, a2, . . . , an})).
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Theorem 3.6. Let A be an m×n matrix of rank r. Then r ≤ m, r ≤ n,
and by means of a finite number of elementary row and column operations,
A can be transformed into the matrix

D =
(

Ir O1

O2 O3

)

where O1, O2, and O3 are zero matrices. Thus Dii = 1 for i ≤ r and Dij = 0
otherwise.

Proof. See text.

Corollary 1. Let A be an m × n matrix of rank r. Then there exist
invertible matrices B and C of sizes m×m and n×n, respectively, such that
D = BAC, where

D =
(

Ir O1

O2 O3

)

is the m× n matrix in which O1, O2, and O3 are zero matrices.

Proof. By Theorem 3.6, A can be transformed by a means of a finite
number of elementary row and column operations into the matrix D. We
can appeal to Theorem 3.1 each time we perform an elementary operation.
Thus there exist elementary m×m matrices E1, E2, . . . , Ep and elementary
n× n matrices G1, G2, . . . , Gq such that

D = EpEp−1 · · ·E2E1AG1G2 · · ·Gq.

By Theorem 3.2, each Ej and Gj is invertible. Let B = EpEp−1 · · ·E2E1 and
C = G1G2 · · ·Gq. Then B and C are invertible by exercise 4 of section 2.4,
and D = BAC.
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Corollary 2. Let A be an m× n matrix. Then
(a) rank(At) = rank(A).
(b) The rank of any matrix equals the maximum number of its linearly inde-
pendent rows; that is, the rank of a matrix is the dimension of the subspace
generated by its rows.
(c) The rows and columns of any matrix generate subspaces of the same di-
mension, numerically equal to the rank of the matrix.

Proof. (a) By Corollary 1, there exist invertible matrices B and C such
that D = BAC, where D satisfies the stated conditions of the corollary.
Taking transposes, we have

Dt = (BAC)t = CtAtBt.

Since B and C are invertible, so are Bt and Ct by exercise 5 of section 2.4.
Hence by Theorem 3.4,

rank(At) = rank(CtAtBt) = rank(Dt).

Suppose that r = rank(A). Then Dt is an n×m matrix with the form of the
matrix D in Corollary 1, and hence rank(Dt) = r by Theorem 3.5. Thus

rank(At) = rank(Dt) = r = rank(A).

This establishes (a).

The proofs of (b) and (c) are left as exercises.

Corollary 3. Every invertible matrix is a product of elementary matri-
ces.

Proof. If A is an invertible n × n matrix, then rank(A) = n. Hence the
matrix D in Corollary 1 equals In, and there exist invertible matrices B and
C such that In = BAC.

As in the proof of Corollary 1, note that B = EpEp−1 · · ·E1 and
C = G1G2 · · ·Gq, where the Ei’s and Gi’s are elementary matrices. Thus
A = B−1InC

−1 = B−1C−1, so that
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A = E−1
1 E−1

2 · · ·E−1
p G−1

q G−1
q−1 · · ·G−1

1 .

The inverses of elementary matrices are elementary matrices, however, and
hence A is the product of elementary matrices.
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Theorem 3.7. Let T: V→ W and U: W→ Z be linear transformations
on finite-dimensional vector spaces V,W, and Z, and let A and B be matri-
ces such that the product AB is defined. Then
(a) rank(UT) ≤ rank(U).
(b) rank(UT) ≤ rank(T).
(c) rank(AB) ≤ rank(A).
(c) rank(AB) ≤ rank(B).

Proof. We prove these items in the order: (a), (c), (d), and (b).
(a) Clearly, R(T) ⊆ W. Hence

R(UT) = UT(V) = U(T(V)) = U(R(T)) ⊆ U(W) = R(U).

Thus

rank(UT) = dim(R(UT)) ≤ dim(R(U)) = rank(U).

(c) By (a),

rank(AB) = rank(LAB) = rank(LALB) ≤ rank(LA) = rank(A).

(d) By (c) and Corollary 2 to Theorem 3.6,

rank(AB) = rank((AB)t) = rank(BtAt) ≤ rank(Bt) = rank(B).

(b) Let α, β, and γ be ordered bases for V,W, and Z, respectively, and
let A′ = [U]γβ and B′ = [U]βα. Then A′B′ = [UT]γα by Theorem 2.11. Hence
by Theorem 3.3 and (d),

rank(UT) = rank(A′B′) ≤ rank(B′) = rank(T).
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Theorem 3.8. Let Ax = 0 be a homogeneous system of m linear equa-
tions in n unknowns over a field F. Let K denote the set of all solutions to
Ax = 0. Then K = N(LA); hence K is a subspace of Fn of dimension
n− rank(LA) = n− rank(A).

Proof. Clearly, K = {s ∈ Fn : As = 0} = N(LA). The second part now
follows from the dimension theorem.

Corollary. If m < n, the system Ax = 0 has a nonzero solution.

Proof. Suppose that m < n. Then rank(A) = rank(LA) ≤ m. Hence,

dim(K) = n− rank(LA) ≥ n−m > 0,

where K = N(LA). Since dim(K) > 0, K 6= {0}. Thus there exists a nonzero
vector s ∈ K; so s is a nonzero solution to Ax = 0.
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Theorem 3.9. Let K be the solution set of a system of linear equations
Ax = b, and let KH be the solution set of the corresponding homogeneous
system Ax = 0. Then for any solution s to Ax = b

K = s + KH = {s + k : k ∈ KH}.

Proof. Let s be any solution to Ax = b. We must show that
K = {s}+ KH. If w ∈ K, then Aw = b. Hence

A(w − s) = Aw − As = b− b = 0.

So w − s ∈ KH. Thus there exist k ∈ KH such that w − s = k. It follows
that w = s + k ∈ {s}+ KH, and therefore

K ⊆ s + KH.

Conversely, suppose that w ∈ {s}+KH; then w = s+k for some k ∈ KH.
But then Aw = A(s + k) = As + Ak = b + 0 = b; so w ∈ K. Therefore
s + KH ⊆ K, and thus K = s + KH.
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Theorem 3.10. Let Ax = b be a system of n linear equations in n un-
knowns. If A is invertible, then the system has exactly one solution, namely,
A−1b. Conversely, if the system has exactly one solution, then A is invertible.

Proof. Suppose A is invertible. Substituting A−1b into the system, we
have A(A−1b) = (AA−1)b = b. Thus A−1b is a solution. If s is an arbitrary
solution then As = b. Multiplying both sides by A−1 gives s = A−1b. Thus
the system has one and only one solution, namely, A−1b.

Conversely suppose that the system has exactly one solution s. Let KH

denote the solution set for the corresponding homogeneous system Ax = 0.
By Theorem 3.9, {s} = {s} + KH. But this is so only if KH = 0. Thus
N(LA) = {0}, and hence A is invertible.
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Theorem 3.11. Let Ax = b be a system of linear equations. Then the
system is consistent if and only if rank(A) = rank(A|b).

Proof. To say that Ax = b has a solution is equivalent to saying
b ∈ R(LA). (Exercise 9) In the proof of Theorem 3.5, we saw that

R(LA) = span({a1, a2, . . . , an}),

the span of the columns of A. thus Ax = b has a solution if and only
if b ∈ span({a1, a2, . . . , an}). But b ∈ span({a1, a2, . . . , an}) if and only
if span({a1, a2, . . . , an}) = span({a1, a2, . . . , an, b}). This last statement is
equivalent to

dim(span({a1, a2, . . . , an})) = dim(span({a1, a2, . . . , an, b})).

So by Theorem 3.5, the preceding equation reduces to

rank(A) = rank(A|b).
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Theorem 3.13. Let Ax = b be a system of m linear equations in n
unknowns, and let C be an invertible m × m matrix. Then the system
(CA)x = Cb is equivalent to Ax = b.

Proof. Let K be the solution set for Ax = b and K ′ the solution set for
(CA)x = Cb. If w ∈ K, then Aw = b. So (CA)w = Cb, and hence w ∈ K ′.
Thus K ⊆ K ′.

Conversely, if w ∈ K ′, then (CA)w = Cb. Hence

Aw = C−1(CAw) = C−1(Cb) = b;

so w ∈ K. Thus K ′ ⊆ K, and therefore, K = K ′.

Corollary. Let Ax = b be a system of m linear equations in n un-
knowns. If (A′|b′) is obtained from (A|b) by a finite number of elementary
row operations, then the system A′x = b′ is equivalent to the original system.

Proof. Suppose that (A′|b′) is obtained from (A|b) by elementary row
operations. These may be executed by multiplying (A|b) by elementary m×m
matrices E1, E2, . . . , Ep. Let C = Ep · · ·E2E1; then

(A′|b′) = C(A|b) = (CA|Cb).

Since each Ei is invertible, so is C. Now A′ = CA and b′ = Cb. Thus by
Theorem 3.13, the system A′x = b′ is equivalent to the system Ax = b.
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Theorem 3.14. Gaussian elimination transforms any matrix into its
reduced row echelon form.
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Theorem 3.15. Let Ax = b be a system of r nonzero equations in n
unknowns. Suppose that rank(A) = rank(A|b) and that (A|b) is in reduced
echelon form. Then
(a) rank(A) = r.
(b) If the general solution obtained by the procedure above (Gaussian elim-
ination) is of the form

s = s0 + t1u1 + t2u2 + · · ·+ tn−run−r

then {u1, u2, . . . , un−r} is a basis for the solution set of the corresponding
homogeneous system, and s0 is a solution to the original system.

Proof. Since (A|b) is in reduced echelon form, (A|b) must have r nonzero
rows. Clearly these rows are linearly independent by the definition of the
reduced row echelon form, and so rank(A|b) = r. Thus rank(A) = r.

Let K be the solution set for Ax = b, and let KH be the solution set for
Ax = 0. Setting t1 = t2 = · · · = tn−r = 0, we see that s = s0 ∈ K. But by
Theorem 3.9, K = {s0}+ KH. Hence

KH = −{s0}+ K = span({u1, u2, . . . , un−r}).

Because rank(A) = r, we have dim(KH) = n−r. Thus since dim(KH) = n−r
and KH is generated by a set {u1, u2, . . . , un−r} containing at most n − r
vectors we conclude that this set is a basis for KH.
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Theorem 3.16. Let Let A be an m× n matrix of rank r, where r > 0,
and let B be the reduced row echelon form of A. Then
(a) The number of nonzero rows in B is r.
(b) For each i = 1, 2, . . . , r, there is a column bji

of each B such that bji
= ei.

(c) The columns of A numbered j1, j2, . . . , jr are linearly independent.
(d) For each k = 1, 2, . . . , n, if column k of B is d1e1 + d2e2 + · · ·+ drer, then
column k of A is d1aj1 + d2aj1 + · · ·+ drajr .

Proof.
(a) Let A be a m×n matrix and let B be the reduced echelon form of A.

If the rank of A is r, then the rank of B is also r by the corollary to Theorem
3.4. Because B is in reduced echelon form, no nonzero row of B can be a
linear combination of the other rows of B. Hence B must have exactly r
nonzero rows.

(b) Denote the columns of A by a1, a2, . . . , an and the columns of B
by b1, b2, . . . , bn. Since B has r nonzero rows then for r ≥ 1, the vectors
e1, e2, . . . , er must occur among the columns of B. For i = 1, 2, . . . , r, let ji

denote the column of B such that bji
= ei.

(c) We claim the aj1 , aj2 , . . . , ajr , the columns of A corresponding to
these columns of B, are linearly independent. For suppose there are scalars
c1, c2, . . . , cr such that

c1aj1 + c2aj2 + · · ·+ crajr = 0.

Because B can be obtained from A by a sequence of elementary row op-
erations, there exists an invertible m × m matrix M such that MA = B.
Multiplying the preceding equation by M yields

c1Maj1 + c2Maj2 + · · ·+ crMajr = 0.

Since Maji
= bji

= ei, it follows that

c1e1 + c2e2 + · · · crer = 0.

Hence c1 = c2 = · · · = cr = 0, proving that the vectors aj1 , aj2 , . . . , ajr are
linearly independent.

(d) Because B has only r nonzero rows, every column of B has the form
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

d1

d2
...
dr

0
...
0


for scalars d1, d2, . . . , dr. the corresponding column of A must be

M−1(d1e1 + d2e2 + · · ·+ drer) = d1M
−1e1 + d2M

−1e2 + · · ·+ drM
−1er

= d1M
−1bj1 + d2M

−1bj2 + · · ·+ drM
−1bjr = d1aj1 + d2aj2 + · · ·+ drajr .

Corollary. The reduced row echelon form of a matrix is unique.
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Theorem 4.1. The function det: M2×2(F) → F is a linear function of
each row of a 2× 2 matrix when the other row is held fixed. That is, if u, v,
and w are in F2 and k is a scalar, then

det
(

u + kv
w

)
= det

(
u
w

)
+ k · det

(
v
w

)

and

det
(

w
u + kv

)
= det

(
w
u

)
+ k · det

(
w
v

)
.

Proof. Let u = (a1, a2), v = (b1, b2), and w = (c1, c2) be in F2 and k be
a scalar. Then

det
(

u
w

)
+ k · det

(
v
w

)
= det

(
a1 a2

c1 c2

)
+ k · det

(
b1 b2

c1 c2

)

= (a1c2 − a2c1) + k(b1c2 − b2c1) = (a1 + kb1)c2 − (a2 + kb2)c1

= det
(

a1 + kb1 a2 + kb2

c1 c2

)
= det

(
u + kv

w

)
.

A similar calculation shows that

det
(

w
u

)
+ k · det

(
w
v

)
= det

(
w

u + kv

)
.
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Theorem 4.2. Let A ∈ M2×2(F). Then the determinant of A is nonzero
if and only if A is invertible. Moreover, if A is invertible, then

A−1 = (1/det(A))
(

A22 −A12

−A21 A11

)
.

Proof. If det(A) 6= 0, then we can define a matrix

M = (1/det(A))
(

A22 −A12

−A21 A11

)
.

A straightforward calculation shows that AM = MA = I, and so A is in-
vertible and M = A−1.

Conversely, suppose that A is invertible. A remark on page 152 shows
that the rank of

A =
(

A11 A12

A21 A22

)

must be 2. Hence A11 6= 0 or A21 6= 0. If A11 6= 0, add −A21/A11 times row
1 of A to row 2 to obtain the matrix(

A11 A12

0 A22 − A12A21

A11

)
.

Because elementary row operations are rank preserving by the corollary to
Theorem 3.4, it follows that

A22 −
A12A21

A11

6= 0.

Therefore det(A) = A11A22 − A12A21 6= 0. On the other hand, if A21 6= 0,
we see that det(A) 6= 0 by adding −A11/A21 times row 2 of A to row 1 and
applying a similar argument. Thus in either case, det(A) 6= 0.
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Theorem 4.3. The determinant of an n× n matrix is a linear function
of each row when the remaining rows are held fixed. That is, for 1 ≤ r ≤ n,
we have

det



a1
...

ar−1

u + kv
ar+1

...
an


= det



a1
...

ar−1

u
ar+1

...
an


+ k · det



a1
...

ar−1

v
ar+1

...
an


whenever k is a scalar and u, v, and each ai are row vectors in Fn.

Proof. The proof is by mathematical induction on n. The result is imme-
diate if n = 1. Assume that for some integer n ≥ 2 the determinant of any
(n− 1)× (n− 1) matrix is a linear function of each row when the remaining
rows are held fixed. Let A be an n×n matrix with rows a1, a2, . . . , an respec-
tively, and suppose that for some r (1 ≤ r ≤ n), we have ar = u+kv for some
u, v ∈ Fn and some scalar k. Let u = (b1, b2, . . . , bn) and v = (c1, c2, . . . , cn),
and let B and C be the matrices obtained from A by replacing row r of A
by u and v respectively. We must prove that det(A) = det(B) + k det(C).
We leave the proof of this fact to the reader for the case r = 1. For r > 1
and 1 ≤ j ≤ n, the rows of Ã1j, B̃1,j, and C̃1j are the same except for row
r − 1. Moreover, row r − 1 of Ã1j is

(b1 + kc1, . . . , bj−1 + kcj−1, bj+1 + kcj+1, . . . , bn + kcn),

which is the sum of row r− 1 of B̃1j and k times row r− 1 of C̃1j. Since B̃1j

and C̃1j are (n− 1)× (n− 1) matrices, we have

det(Ã1j) = det(B̃1j) + k · det(C̃1j)

by the induction hypothesis. Thus since A1j = B1j = C1j, we have

det(A) =
n∑

j=1

(−1)1+jA1j · det(Ã1j)

=
n∑

j=1

(−1)1+jA1j · [det(B̃1j) + k · det(C̃1j)]
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=
n∑

j=1

(−1)1+jA1j · det(B̃1j) + k
n∑

j=1

(−1)1+jA1j · det(C̃1j)

= det(B) + k · det(C).

This shows that the theorem is true for n× n matrices, and so the theorem
is true for all square matrices by mathematical induction.

Corollary. If A ∈ Mn×n(F) has a row consisting entirely of zeros, then
det(A) = 0.

Proof. Exercise.
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Lemma. Let B ∈ Mn×n(F), where n ≥ 2. If row i of B equals ek for
some k (1 ≤ k ≤ n), then det(B) = (−1)i+k det(B̃ik).

Proof. The proof is by mathematical induction on n. The lemma is easily
proved for n = 2. Assume that for some integer n ≥ 3, the lemma is true for
(n− 1)× (n− 1) matrices and let B be a n× n matrix in which row i of B
equals ek for some k (1 ≤ k ≤ n). The result follows immediately from the
definition of the determinant if i = 1. Suppose therefore that 1 < i ≤ n. For
each j 6= k (1 ≤ j ≤ n), let Cij denote the (n− 2)× (n− 2) matrix obtained
from B by deleting rows 1 and i and columns j and k. For each j, row i− 1
of B̃1j is the following vector in Fn−1:


ek−1 if j < k
0 if j = k
ek if j > k.

Hence by the induction hypothesis and the corollary to Theorem 4.3, we have

det(B̃1j) =


(−1)(i−1)+(k−1)det(Cij) if j < k

0 if j = k
(−1)(i−1)+kdet(Cij) if j > k.

Therefore

det(B) =
n∑

j=1

(−1)1+jB1j · det(B̃1j)

=
∑
j<k

(−1)1+jB1j · det(B̃1j) +
∑
j>k

(−1)1+jB1j · det(B̃1j)

=
∑
j<k

(−1)1+jB1j ·[(−1)(i−1)+(k−1)det(Cij)]+
∑
j>k

(−1)1+jB1j ·[(−1)(i−1)+kdet(Cij)]

= (−1)i+k
[ ∑

j<k

(−1)1+jB1j · det(Cij) +
∑
j>k

(−1)1+(j−1)B1j · det(Cij)
]
.

Because the expression inside the preceding bracket is the cofactor expansion
of B̃ik along the first row, it follows that

det(B) = (−1)i+kdet(Bik).
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This shows that the lemma is true for all n× n matrices, and so the lemma
is true for all square matrices by induction.
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Consider the matrix B below

B =


B11 B12 B13 B14

B21 B22 B23 B24

0 1 0 0
B41 B42 B43 B44


and note that ê2 occurs in row three so that k = 2 and i = 3.

We define the matrix Cij as the matrix obtained from B by deleting the
1st and ith rows
(i = 3 in this example) and the jth and kth column where j 6= k (k = 2 in
this example).

Thus for the current example the allowed matrices are of the form C3j

where j ∈ {1, 3, 4} Thus each of these matrices will result from B by deleting
the 1st and 3rd rows and 2nd column.

B =


∗ B11 B12 B13 B14

B21 B22 B23 B24

∗ 0 1 0 0
B41 B42 B43 B44

∗

 .

For example, the matrix C31 is obtained from B by deleting the 1st and
3rd rows and 1st and 2nd columns.

C31 =
(

B23 B24

B43 B44

)
.

The matrix C33 is obtained from B by deleting the 1st and 3rd rows and
2nd and 3rd columns.

C33 =
(

B21 B24

B41 B44

)
.

The matrix C34 is obtained from B by deleting the 1st and 3rd rows and
2nd and 4th columns.

C34 =
(

B21 B23

B41 B43

)
.
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Now we consider the matrices B̃1j and list the four possibilities for the
present example:

j = 1, 2 = i− 1, B̃11 =

 B22 B23 B24

1 0 0
B42 B43 B44



j = 2, 2 = i− 1, B̃12 =

 B21 B23 B24

0 0 0
B41 B43 B44



j = 3, 2 = i− 1, B̃13 =

 B21 B22 B24

0 1 0
B41 B42 B44



j = 4, 2 = i− 1, B̃14 =

 B21 B22 B23

0 1 0
B41 B42 B43

 .

Note that the (i− 1)th row of B̃1j are given as follows:

j = 1 → ê1

j = 2 → 0

j = 3 → ê2

j = 4 → ê2.

These results are summarized below:

(i− 1)th row of B̃1j =


ê1 j < k (j < 2)
03 j = k (j = 2)
ê2 j > k (j > 2)
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Induction Hypothesis: Let B ∈ Mn×n(F), where n ≥ 2. If row s of B
equals et for some k (1 ≤ t ≤ n), then det(B) = (−1)s+t det(B̃st).

We use the induction hypothesis to calculate the determinants of the
matrices B̃1j; recall that for the original matrix B that i = 3 and k = 2:

i = 3; k = 2; j = 1; s = 2; t = 1; B̃11 =

 B22 B23 B24

1 0 0
B42 B43 B44



det(B̃11) = (−1)2+1det
(

B23 B24

B43 B44

)
= (−1)2+1det(C31) = (−1)(i−1)+(k−1)det(Cij)

i = 3; k = 2; j = 2; B̃12 =

 B21 B23 B24

0 0 0
B41 B43 B44


det(B̃12) = 0

i = 3; k = 2; j = 3; s = 2; t = 2; B̃13 =

 B21 B22 B24

0 1 0
B41 B42 B44



det(B̃13) = (−1)2+2det
(

B21 B24

B41 B44

)
= (−1)2+2det(C33) = (−1)(i−1)+kdet(Cij)

i = 3; k = 2; j = 4; s = 2; t = 2; B̃14 =

 B21 B22 B23

0 1 0
B41 B42 B43



det(B̃14) = (−1)2+2det
(

B21 B23

B41 B43

)
= (−1)2+2det(C34) = (−1)(i−1)+kdet(Cij).
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Summarizing these results:

det(B̃1j) =


(−1)(i−1)+(k−1)det(Cij) j < k (j < 2)

0 j = k (j = 2)
(−1)(i−1)+kdet(Cij) j > k (j > 2)

.

As a final computation, we calculate a scalar multiple of the determinant
of B̃32 by performing a cofactor expansion along the first row; recall that

B̃32 =

 B11 B13 B14

B21 B23 B24

B41 B43 B44



so that
(−1)3+2det(B̃32) =

(−1)3+2[(−1)1+1B11det
(

B23 B24

B43 B44

)
+(−1)1+2B13det

(
B21 B24

B41 B44

)
+(−1)1+3B14det

(
B21 B23

B41 B43

)
]

= (−1)3+2[(−1)1+1B11det(C31)+(−1)1+(3−1)B13det(C33)+(−1)1+(4−1)B14det(C34)]

= (−1)3+2[
∑
j<2

(−1)1+jB1jdet(C3j) +
∑
j>2

(−1)1+(j−1)B1jdet(C3j)]

= det(B).
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Theorem 4.4. The determinant of a square matrix can be evaluated by
cofactor expansion along any row. That is, if A ∈ Mn×n(F), then for any
integer i (1 ≤ i ≤ n),

det(A) =
n∑

j=1

(−1)i+jAij · det(Ãij).

Proof. Cofactor expansion along the first row of A gives the determinant
of A by definition. So the result is true if i = 1. Fix i > 1. Row i of A can
be written as

∑n
j=1 Aijej. For 1 ≤ j ≤ n, let Bj denote the matrix obtained

from A by replacing row i of A by ej. Then by Theorem 4.3 and the lemma,
we have

det(A) =
n∑

j=1

Aijdet(Bj) =
n∑

j=1

(−1)i+jAij · det(Ãij).

Corollary. If A ∈ Mn×n(F) has two identical rows, then det(A) = 0.

Proof. The proof is by mathematical induction on n. We leave the proof
of the result to the reader in the case n = 2. Assume that for some integer
n ≥ 3, it is true that for (n − 1) × (n − 1) matrices, and let rows r and s
of A ∈ Mn×n(F) be identical for r 6= s. Because n ≥ 3, we can choose an
integer i (1 ≤ i ≤ n) other than r and s. Now

det(A) =
n∑

j=1

(−1)i+jAij · det(Ãij)

by Theorem 4.4. Since each Ãij is an (n − 1) × (n − 1) matrix with two
identical rows, the induction hypothesis implies that each det(Ãij) = 0, and
hence det(A) = 0. This completes the proof for n × n matrices, and so the
corollary is true for all square matrices by mathematical induction.
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Theorem 4.5. If A ∈ Mn×n(F) and B is a matrix obtained from A by
interchanging any two rows of A, then det(B) = − det(A).

Proof. Let the rows of A ∈ Mn×n(F) be a1, a2, . . . , an, and let B be the
matrix obtained from A by interchanging rows r and s, where r < s. Thus

A =



a1
...
ar
...
as
...

an


and B =



a1
...
as
...
ar
...

an


.

Consider the matrix obtained from A by replacing rows r and s by ar + as.
By the corollary to Theorem 4.4 and Theorem 4.3, we have

0 = det



a1
...

ar + as
...

ar + as
...

an


= det



a1
...
ar
...

ar + as
...

an


+ det



a1
...
as
...

ar + as
...

an



= det



a1
...
ar
...
ar
...

an


+ det



a1
...
ar
...
as
...

an


+ det



a1
...
as
...
ar
...

an


+ det



a1
...
as
...
as
...

an


= 0 + det(A) + det(B) + 0.

Therefore det(B) = − det(A).
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Theorem 4.6. Let A ∈ Mn×n(F), and let B be a matrix obtained by
adding a multiple of one row of A to another row of A. Then det(B) = det(A).

Proof. Suppose that B is the n× n matrix obtained from A by adding k
times row r to row s, where r 6= s. Let the rows of A be a1, a2, . . . , an, and
the rows of B be b1, b2, . . . , bn. Then bi = ai for i 6= s and bs = as + kar.
Let C be the matrix obtained from A by replacing row s with ar. Applying
Theorem 4.3 to row s of B we obtain

det(B) = det(A) + k · det(C) = det(A)

because det(C) = 0 by the corollary to Theorem 4.4.

Corollary. If A ∈ Mn×n(F) has rank less than n, then det(A) = 0.

Proof. If the rank of A is less than n, then the rows a1, a2, . . . , an, of A
are linearly dependent. By exercise 14 of section 1.5, some row of A, say row
r, is a linear combination of the other rows. So there exists scalars ci such
that

ar = c1a1 + · · ·+ cr−1ar−1 + cr+1ar+1 + · · ·+ cnan.

Let B the matrix obtained from A by adding −ci times row i to row r for
each i 6= r. then row r of B consists entirely of zeros, and so det(B) = 0.
But by Theorem 4.6, det(B) = det(A). Hence det(A) = 0.
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Theorem 4.7. For any A, B ∈ Mn×n(F), det(AB) = det(A)· det(B).

Proof. We begin by establishing the result when A is an elementary ma-
trix. If A is an elementary matrix obtained by interchanging two rows of
I, then det(A) = −1. But by Theorem 3.1, AB is a matrix obtained by
interchanging two row of B. Hence by Theorem 4.5, det(AB) = − det(B) =
det(A)·det(B). Similar arguments establish the result when A is an elemen-
tary matrix of type 2 or 3.

If A is an n × n matrix with rank less than n, then det(A) = 0 by the
corollary to Theorem 4.6. Since rank(AB) ≤ rank(A) < n by Theorem 3.7,
we have det(AB) = 0. Thus det(AB) =det(A)·det(B) in this case.

On the other hand, if A has rank n, then A is invertible and hence is a
product of elementary matrices (Corollary 3 to Theorem 3.6), say,
A = Em · · ·E2E1. The first paragraph of this proof shows that

det(AB) = det(Em · · ·E2E1B)

= det(Em) · det(Em−1 · · ·E2E1B)

...

= det(Em) · · · det(E2) · det(E1) · det(B)

= det(Em · · ·E2E1) · det(B)

= det(A) · det(B).

Corollary. A matrix A ∈ Mn×n(F) is invertible if and only if det(A) 6= 0.
Furthermore, if A is invertible, then det(A−1) = 1/det(A).

Proof. If A ∈ Mn×n(F) is not invertible, then the rank of A is less than
n. So det(A) = 0 by the corollary to Theorem 4.6. On the other hand, if
A ∈ Mn×n(F) is invertible, then

det(A) · det(A−1) = det(AA−1) = det(I) = 1

70



by Theorem 4.7. Hence det(A) 6= 0 and det(A−1) = 1/det(A).
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Theorem 4.8. For any A ∈ Mn×n(F), det(At) = det(A).

Proof. If A is not invertible, then rank(A) < n. But rank(At) =
rank(A) by Corollary 2 to Theorem 3.6, and so At is not invertible. Thus
det(At) = 0 = det(A) in this case.

On the other hand, if A is invertible, then A is the product of elementary
matrices, say A = Em . . . E2E1. Since det(Ei) = det(Et

i ) for every i by
exercise 29 of section 4.2, by Theorem 4.7 we have

det(At) = det(Et
1E

t
2 · · ·Et

m))

= det(Et
1) · det(Et

2) · · · · · det(Et
m)

= det(E1) · det(E2) · · · · · det(Em)

= det(Em) · · · · · det(E2) · det(E1)

= det(Em · · ·E2E1)

= det(A).

Thus in either case, det(At) = det(A).
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Theorem 4.9 (Cramer’s Rule). Let Ax = b be the matrix form of
a system of n linear equations in n unknows, where x = (x1, x2, . . . , xn)t. If
det(A) 6= 0, then this system has a unique solution, and for each k
(k = 1, 2, . . . , n),

xk = det(Mk)/det(A)

where Mk is the n×n matrix obtained from A by replacing column k of A by b.

Proof. If det(A) 6= 0, then the system Ax = b has a unique solution by the
corollary to Theorem 4.7 and Theorem 3.10. For each integer k (1 ≤ k ≤ n),
let ak denote the kth column of A and Xk denote the matrix obtained from
the n × n identity matrix by replacing column k by x. Then by Theorem
2.13, AXk is the n× n matrix whose ith column is

Aei if i 6= k and Ax = b if i = k.

Thus AXk = Mk. Evaluating Xk by cofactor expansion along row k produces

det(Xk) = xk · det(In−1) = xk.

Hence by Theorem 4.7,

det(Mk) = det(AXk) = det(A) · det(Xk) = det(A) · xk.

Therefore

xk = [det(A)]−1 · det(Mk).
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Theorem 5.1. A linear operator T on a finite-dimensional vector space
V is diagonalizable if and only if there exists an ordered basis β for V con-
sisting of eigenvectors of T. Furthermore, if T is diagonalizable,
β = {v1, v2, . . . , vn} is an ordered basis of eigenvectors of T, and D = [T]β,
then D is a diagonal matrix and Djj is the eigenvalue corresponding to vj

for 1 ≤ j ≤ n.

Proof. Let T be a linear operator on a finite-dimensional vector space V.

First suppose that T is diagonalizable. By definition, there exists an
ordered basis β = {v1, v2, . . . , vn} such that D = [T]β is diagonal. For any
vj ∈ β, the image of vj under T is given by

T(vj) =
n∑

i=1

Dijvi = Djjvj = λjvj

where λj = Djj. Hence by definition, vj is an eigenvector of T and λj is the
corresponding eigenvalue; β therefore is an ordered basis consisting of eigen-
vectors of T and the diagonal entries Djj of the diagonal matrix D = [T]β
are the eigenvalues corresponding to vj.

Next suppose that there exists an ordered basis β = {v1, v2, . . . , vn} for
V consisting of eigenvectors of T. Then by definition there exists scalars
λ1, λ2, . . . , λn (the eigenvalues for each of the eigenvectors) such that
T(v1) = λ1v1,T(v2) = λ2v2, . . . ,T(vn) = λnvn. Thus, constructing [T]β we
find

[T]β = D =


λ1 0 · · · 0
0 λ2 · · · 0
...

...
...

0 0 · · · λn


so that by definition T is diagonalizable and the diagonal entries Djj of the
diagonal matrix D = [T]β are the eigenvalues corresponding to vj.
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Theorem 5.2. Let A ∈ Mn×n(F). Then a scalar λ is an eigenvalue of A
if and only if det(A− λIn) = 0.

Proof. A scalar λ is an eigenvalue of A if and only if there exists a nonzero
vector v ∈ Fn such that Av = λv, that is, (A − λIn)(v) = 0. By Theorem
2.5, this is true if and only if A− λIn is not invertible. However, this result
is equivalent to the statement that det(A− λIn) = 0.
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Lemma. If A ∈ Mn×n(P1(R)), then det(A) ∈ Pn(R).

Proof. The lemma will be established using induction on n. For the case
n = 1, A = (a11) with a11 ∈ P1(R); thus det(A) = a11 ∈ P1(R).

Next assume the result holds for n = k and consider n = k + 1. In
this case, using a cofactor expansion along the first row of A, det(A) can be
written as

det(A) =
k+1∑
j=1

(−1)1+j a1j · det(Ã1j)

where Ã1j is the matrix obtained by deleting the 1st row and jth column
from A so that Ã1j ∈ Mk×k(P1(R)). Using the induction hypothesis, it is
clear that each term in the cofactor expansion is the product of an element
in P1(R) and an element in Pk(R) so that expansion terms are elements
in Pk+1(R); since Pk+1(R) is a vector space and is closed under addition,
det(A) ∈ Pk+1(R) so that the lemma is established by induction.

Theorem 5.3. Let A ∈ Mn×n(F).
(a) The characteristic polynomial of A is a polynomial of degree n with lead-
ing coefficient (−1)n.
(b) A has at most n distinct eigenvalues.

Proof. (a) The first assertion will be proved using induction on n. For
n = 1, the matrix A is a scalar, a11, so that the characteristic polynomial is
given by

f(t) = det(A− tI1) = a11 − t = (−1)t + a11

which is a polynomial of degree one with a leading coefficient of (−1) = (−1)1.
Thus the assertion is true for this first case.

Next assume the assertion holds for n = k − 1 and consider the case
n = k. For this value of n the characteristic polynomial is given by

f(t) = det(A− tIk) = det


a11 − t a12 · · · a1k

a21 a22 − t · · · a2k
...

...
...

ak1 ak2 · · · akk − t


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= (a11−t)·det([A−tIk]11)−a12·det([A−tIk]12)+· · ·+(−1)1+k a1k·det([A−tIk]1k)

where a cofactor expansion was used along the first row and [A − tIk]1j is
the matrix obtained by deleting the 1st row and jth column from (A− tIk).
Since [A− tIk]1j ∈ Mk−1×k−1(P1(R)), the lemma provides
det([A − tIk]1j) ∈ Pk−1(R). The matrix [A − tIk]11 has a special form given
by 

a22 − t a23 · · · a2k

a32 a33 − t · · · a3k
...

...
...

ak2 ak3 · · · akk − t


from which it is deduced that [A − tIk]11 = Ã11 − tIk−1. The induction hy-
pothesis is used for this matrix with the result that
det([A − tIk]11) = det(Ã11 − tIk−1) is a polynomial of degree k − 1 with a
leading coefficient of (−1)k−1.

Referring to the cofactor expansion of det(A − tIk), the above results
suggest that for 2 ≤ j ≤ k, (−1)1+j a1j·det( [A − tIk]1j) ∈ Pk−1(R) while
(a11− t)·det([A− tIk]11) is a kth degree polynomial with a leading coefficient
of (−1)k−1 · (−1) = (−1)k. Summing the elements in the cofactor expansion
establishes that the characteristic polynomial of A is a polynomial of degree
k with leading coefficient (−1)k. The hypothesis has thus been established
for n = k so that the result is proved by induction.

(b) This result follows directly from Theorem 5.2 and Corollary 2 of The-
orem E.1 (pg 564).
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Theorem 5.4. Let T be a linear operator on a vector space V, and let λ
be an eigenvalue of T. A vector v ∈ V is an eigenvector of T corresponding
to λ if and only if v 6= 0 and v ∈ N(T− λI).

Proof. Suppose first that v ∈ V is an eigenvector of T corresponding to
λ. By definition, v 6= 0 and T(v) = λv. The last equation can be rewritten
as

0 = T(v)− λv = T(v)− λI(v) = (T− λI)(v)

so that v ∈ N(T− λI) by definition.

Next suppose that v ∈ V, v 6= 0, and v ∈ N(T − λI). Reversing the
above argument it is clear that v ∈ N(T−λI) implies that T(v) = λv, so by
definition v is an eigenvector of T corresponding to λ.
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Theorem 5.5. Let T be a linear operator on a vector space V, and let
λ1, λ2, . . . , λk be distinct eigenvalues of T. If v1, v2, . . . , vk are eigenvectors of
T such that λi corresponds to vi (1 ≤ i ≤ k), then {v1, v2, . . . , vk} is linearly
independent.

Proof. The proof is on mathematical induction on k. Suppose that k = 1.
Then v1 6= 0 since v1 is an eigenvector, and hence {v1} is linearly independent.
Now assume that the theorem holds for k − 1 distinct eigenvalues, where
k − 1 ≥ 1, and that we have k eigenvectors v1, v2, . . . , vk corresponding to
the distinct eigenvalues λ1, λ2, . . . , λk. We wish to show that {v1, v2, . . . , vk}
is linearly independent. Suppose that a1, a2, . . . , ak are scalars such that

a1v1 + a2v2 + · · ·+ akvk = 0. (1)

Applying T− λkI to both sides of the equation, we obtain

(a1)(λ1 − λk)v1 + (a2)(λ2 − λk)v2 + · · ·+ (ak−1)(λk−1 − λk)vk−1 = 0.

By the induction hypothesis {v1, v2, . . . , vk−1} is linearly independent, and
hence

(a1)(λ1 − λk) = (a2)(λ2 − λk) = · · · = (ak−1)(λk−1 − λk) = 0.

Since λ1, λ2, . . . , λk are distinct, it follows that λi −λk 6= 0 for 1 ≤ i ≤ k− 1.
So a1 = a2 = · · · = ak−1 = 0, and (1) therefore reduces to akvk = 0. But
vk 6= 0, and therefore ak = 0. Consequently a1 = a2 = · · · = ak = 0, and it
follows that {v1, v2, . . . , vk} is linearly independent.

Corollary. Let T be a linear operator on an n-dimensional vector space
V. If T has n distinct eigenvalues, then T is diagonalizable.

Proof. Suppose that T has n distinct eigenvalues λ1, λ2, . . . , λn. For each i
choose an eigenvector vi corresponding to λi. by Theorem 5.5, {v1, v2, . . . , vn}
is linearly independent, and since dim(V) = n, this set is a basis for V. Thus
by Theorem 5.1, T is diagonalizable.
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Theorem 5.6. The characteristic polynomial of any diagonalizable lin-
ear operator splits.

Proof. Let T be a diagonalizable linear operator on the n-dimensional
vector space V, and let β be an ordered basis for V such that [T]β = D is a
diagonal matrix. Suppose that

D =


λ1 0 · · · 0
0 λ2 · · · 0
...

...
...

0 0 · · · λn

 ,

and let f(t) be the characteristic polynomial of T. Then

f(t) = det(D− tI) = det


λ1 − t 0 · · · 0

0 λ2 − t · · · 0
...

...
...

0 0 · · · λn − t



= (λ1 − t)(λ2 − t) · · · (λn − t) = (−1)n(t− λ1)(t− λ2) · · · (t− λn).
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Theorem 5.7. Let T be a linear operator on a finite-dimensional vector
space V, and let λ be an eigenvalue of T having multiplicity m. Then
1 ≤ dim(Eλ) ≤ m.

Proof. Choose an ordered basis {v1, v2, . . . , vp} for Eλ, extend it to an
ordered basis β = {v1, v2, . . . , vp, vp+1, . . . , vn} for V, and let A = [T]β. Ob-
serve that vi (1 ≤ i ≤ p) is an eigenvector of T corresponding to λ, and
therefore

A =
(

λIp B
O C

)
.

By exercise 21 of section 4.3, the characteristic polynomial of T is

f(t) = det(A− tI) = det
(

(λ− t)Ip B
O C − tIn−p

)

= det((λ− t)Ip)det(C− tIn−p)

(λ− t)pg(t),

where g(t) is a polynomial. Thus (λ − t)p is a factor of f(t), and hence the
multiplicity of λ is at least p. But dim(Eλ) = p, and so dim(Eλ) ≤ m.
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Lemma. Let T be a linear operator, and let λ1, λ2, . . . , λk be distinct
eigenvalues of T. For each i = 1, 2, . . . , k, let vi ∈ Eλi

, the eigenspace corre-
sponding to λi. If

v1 + v1 + · · ·+ vk = 0,

then vi = 0 for all i.

Proof. Suppose otherwise. By renumbering if necessary, suppose that,
for 1 ≤ m ≤ k, we have vi 6= 0 for 1 ≤ i ≤ m, and vi = 0 for i > m. Then
for each i ≤ m, vi is an eigenvector of T corresponding to λi and

v1 + v1 + · · ·+ vm = 0.

But this contradicts Theorem 5.5, which states that these vi’s are linearly
independent. We conclude, therefore, that vi = 0 for all i.

Theorem 5.8. Let T be a linear operator on a vector space V, and let
λ1, λ2, . . . , λk be distinct eigenvalues of T. For each i = 1, 2, . . . , k, let Si be
a finite linearly independent subset of the eigenspace Eλi

. Then
S = S1 ∪ S2 ∪ · · · ∪ Sk is a linearly independent subset of V.

Proof. Suppose that for each i

Si = {vi1, vi2, . . . , vini
}.

Then S = {vij : 1 ≤ j ≤ ni, and 1 ≤ i ≤ k}. Consider any scalars {aij}
such that

k∑
i=1

ni∑
j=1

aijvij = 0.

For each i, let

wi =
ni∑

j=1

aijvij.

Then wi ∈ Eλi
for each i, and w1+w2+· · ·+wk = 0. Therefore by the lemma,

wi = 0 for all i. But each Si is linearly independent, and hence aij = 0 for
all j. We conclude that S is linearly independent.
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Theorem 5.9. Let T be a linear operator on a finite-dimensional vector
space V such that the characteristic polynomial of T splits. Let λ1, λ2, . . . , λk

be the distinct eigenvalues of T. Then
(a) T is diagonalizable if and only if the multiplicity of λi is equal to dim(Eλi

)
for all i.
(b) If T is diagonalizable and βi is an ordered basis for Eλi

for each i, then
β = β1 ∪ β1 ∪ · · · ∪ βk is an ordered basis for V consisting of the eigenvectors
of T.

Proof. For each i, let mi denote the multiplicity of λi, di = dim(Eλi
), and

n = dim(V).

First suppose that T is diagonalizable. Let β be a basis for V consisting
of eigenvectors of T. For each i, let βi = β ∩Eλi

, the set of vectors in β that
are eigenvectors corresponding to λi, and let ni denote the number of vectors
in βi. Then ni ≤ di for each i because βi is a linearly independent subset of
a subspace of dimension di and di ≤ mi by Theorem 5.7. The ni’s sum to n
because β contains n vectors. The mi’s also sum to n because the degree of
the characteristic polynomial of T is equal to the sum of the multiplicities
of the eigenvalues. Thus

n =
k∑

i=1

ni ≤
k∑

i=1

di ≤
k∑

i=1

mi = n.

It follows that

k∑
i=1

(mi − di) = 0.

Since (mi − di) ≥ 0 for all i, we conclude that mi = di for all i.

Conversely suppose that mi = di for all i. We simultaneously show that
T is diagonalizable and prove (b). For each i, let βi be an ordered basis for
Eλi

, and let β = β1∪β1∪· · ·∪βk. By Theorem 5.8, β is linearly independent.
Furthermore, since mi = di for all i, β contains

k∑
i=1

di =
k∑

i=1

mi = n.

vectors. Therefore β is an ordered basis for V consisting of eigenvectors of
V, and we conclude that T is diagonalizable.
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Theorem 5.21. Let T be a linear operator on a finite-dimensional vector
space V, and let W be a T-invariant subspace of V. Then the characteristic
polynomial of Tw divides the characteristic polynomial of T.

Proof. Choose an ordered basis γ = {v1, v2, . . . , vk} for W, and extend
it to an ordered basis β = {v1, v2, . . . , vk, vk+1, . . . , vn} for V. Let A = [T]β
and B1 = [TW]γ. Then by exercise 12, A can be written in the form

A =
(

B1 B2

O B3

)
.

Let f(t) be the characteristic polynomial of T and g(t) the characteristic
polynomial of TW. Then

f(t) = det(A− tIn) = det
(

B1 − tIk B2

O B3 − tIn−k

)
= g(t) · det(B3 − tIn−k)

by exercise 21 of section 4.3. Thus g(t) divides f(t).
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Theorem 5.22. Let T be a linear operator on a finite-dimensional vec-
tor space V, and let W denote the T-cyclic subspace of V generated by a
nonzero vector v ∈ V. Let k = dim(W). Then
(a) {v,T(v),T2(v), . . . ,Tk−1(v)} is a basis for W.
(b) If a0v + a1T(v) + · · ·+ ak−1T

k−1(v) + Tk(v) = 0, then the characteristic
polynomial of Tw is f(t) = (−1)k(a0 + a1t + · · ·+ ak−1t

k−1 + tk).

Proof. (a) Since v 6= 0, the set {v} is linearly independent. Let j be the
largest positive integer for which

β = {v,T(v),T2(v), . . . ,Tj−1(v)}

is linearly independent. Such a j must exist because V is finite-dimensional.
Let Z = span(β). Then β is a basis for Z. Furthermore, Tj(v) ∈ Z by
Theorem 1.7. We use this information to show that Z is a T invariant
subspace of V. Let w ∈ Z. Since w is a linear combination of the vectors of
β, there exists scalars b0, b1, . . . , bj−1 such that

w = b0v + b1T(v) + · · ·+ bj−1T
j−1(v),

and hence

T(w) = b0T(v) + b1T
2(v) + · · ·+ bj−1T

j(v).

Thus T(w) is a linear combination of vectors in Z, and hence belongs to Z.
So Z is T-invariant. Furthermore, v ∈ Z. By exercise 11, W is the smallest
T-invariant subspace of V that contains v, so that W ⊆ Z. Clearly, Z ⊆ W
and so we conclude that Z = W. It follows that β is a basis for W, and
therefore dim(W) = j. Thus j = k. This proves (a).

(b) Now view β (from (a)) as an ordered basis for W. Let a0, a1, . . . , ak−1

be scalars such that

a0v + a1T(v) + · · ·+ ak−1T
k−1(v) + Tk(v) = 0.

Observe that

[TW]β =


0 0 · · · 0 −a0

1 0 · · · 0 −a1
...

...
...

...
0 0 · · · 1 −ak−1

 ,
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which has the characteristic polynomial

f(t) = (−1)k(a0 + a1t + · · ·+ ak−1t
k−1 + tk)

by exercise 19. Thus f(t) is the characteristic polynomial of TW, proving
(b).
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Theorem 5.23 (Cayley-Hamilton). Let T be a linear operator on a
finite-dimensional vector space V, and let f(t) be the characteristic polyno-
mial of T. Then f(T) = T0, the zero transformation. That is, T ”satisfies”
its characteristic polynomial.

Proof. We will show that f(T)(v) = 0 for all v ∈ V. This is obvious
if v = 0 because f(T) is linear; so suppose that v 6= 0. Let W be the T-
cyclic subspace generated by v, and suppose that dim(W) = k. By Theorem
5.22(a), there exists scalars a0, a1, . . . , ak−1 such that

a0v + a1T(v) + · · ·+ ak−1T
k−1(v) + Tk(v) = 0.

Hence Theorem 5.22(b) implies that

g(t) = (−1)k(a0 + a1t + · · ·+ ak−1t
k−1 + tk).

By Theorem 5.21, g(t) divides f(t); hence there exists a polynomial q(t) such
that f(t) = q(t)g(t). So

f(T)(v) = q(T)g(T)(v) = q(T)(g(T)(v)) = q(T)(0) = 0.

Corollary (Cayley-Hamilton Theorem for Matrices). Let A be
an n × n matrix, and let f(t) be the characterisitc polynomial of A. Then
f(A) = O, the n× n zero matrix.

Proof. Let LA the left multiplication transformation associated with the
matrix A. By definition, the characterisitc polynomial, f(t), of LA is the
characteristic polynomial of A. Hence by the Cayley-Hamilton Theorem,
f(LA) = T0 = LO. Thus for each v ∈ Fn,

f(A)v = f(LA)(v) = LO(v) = Ov.

Since this equality holds for each v ∈ Fn, f(A) = O.
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Theorem 6.1. Let V be an inner product space. Then for x, y, z ∈ V
and c ∈ F, the following statements are true.
(a) 〈x, y + z〉 = 〈x, y〉+ 〈x, z〉 .
(b) 〈x, cy〉 = c̄ 〈x, y〉 .
(c) 〈x,0〉 = 〈0, x〉 = 0.
(d) 〈x, x〉 = 0 if and only if x = 0.
(e) If 〈x, y〉 = 〈x, z〉 for all x ∈ V, then y = z.

Proof. (a) We have

〈x, y + z〉 = 〈y + z, x〉 = 〈y, x〉+ 〈z, x〉

= 〈y, x〉+ 〈z, x〉 = 〈x, y〉+ 〈x, z〉 .
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Theorem 6.2. Let V be an inner product space over F. Then for all
x, y ∈ V and c ∈ F, the following statements are true.
(a) ‖cx‖ = |c| · ‖x‖ .
(b) ‖x‖ = 0 if and only if x = 0. In any case, ‖x‖ ≥ 0.
(c) (Cauchy-Schwartz Inequality) |〈x, y〉| ≤ ‖x‖ · ‖y‖ .
(d) (Triangle Inequality) ‖x + y‖ ≤ ‖x‖+ ‖y‖ .

Proof. We leave the proofs of (a) and (b) as exercises.

(c) If y = 0, the the result is immediate. So assume that y 6= 0. For any
c ∈ F, we have

0 ≤ ‖x− cy‖2 = 〈x− cy, x− cy〉 = 〈x, x− cy〉 − c 〈y, x− cy〉

= 〈x, x〉 − c̄ 〈x, y〉 − c 〈y, x〉+ cc̄ 〈y, y〉 .

In particular, if we set

c = 〈x, y〉 / 〈y, y〉 ,

the inequality becomes

0 ≤ 〈x, x〉 − | 〈x, y〉 |2/ 〈y, y〉 = ‖x‖2 − | 〈x, y〉 |2/ ‖y‖2 ,

from which (c) follows.

(d) We have

‖x + y‖2 = 〈x + y, x + y〉 = 〈x, x〉+ 〈y, x〉+ 〈x, y〉+ 〈y, y〉

= ‖x‖2 + 2< 〈x, y〉+ ‖x‖2

≤ ‖x‖2 + 2| 〈x, y〉 |+ ‖x‖2

≤ ‖x‖2 + 2 ‖x‖ ‖y‖+ ‖x‖2

= (‖x‖+ ‖y‖)2,
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where < 〈x, y〉 denotes the real part of the complex number 〈x, y〉. Note that
we used (c) to prove (d).
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Theorem 6.3. Let V be an inner product space and S = {v1, v2, . . . , vk}
be an orthogonal subset of V consisting of nonzero vectors. If y ∈ span(S),
then

y =
k∑

i=1

〈y, vi〉
‖vi‖2 vi.

Proof. Write y =
∑k

i=1 aivi, where a1, a2, . . . ,∈ F. Then for 1 ≤ j ≤ k,
we have

〈y, vj〉 =

〈
k∑

i=1

aivi, vj

〉
=

k∑
i=1

ai 〈vi, vj〉 = aj 〈vj, vj〉 = aj ‖vj‖2 .

So aj = 〈y, vj〉 / ‖vj‖2 , and the result follows immediately from Theorem 6.3.

Corollary 1. If, in addition to the hypotheses of Theorem 6.3, S is
orthonormal and y ∈span(S), then

y =
k∑

i=1

〈y, vi〉 vi.

Corollary 2. Let V be an inner product space and S be an orthogo-
nal subset of V consisting of nonzero vectors. Then S is linearly independent.

Proof. Suppose that v1, v2, . . . , vk ∈ S and

k∑
i=1

aivi = 0.

As in the proof of Theorem 6.3 with y = 0, we have aj = 〈0, vj〉 / ‖vj‖2 = 0
for all j. So S is linearly independent.
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Theorem 6.4. Let V be an inner product space and S = {w1, w2, . . . , wn}
be linearly independent subset of V. Define S ′ = {v1, v2, . . . , vn} where
v1 = w1 and

vk = wk −
k−1∑
j=1

〈wk, vj〉
‖vj‖2 vj for 2 ≤ k ≤ n. (1)

Then S ′ is an orthogonal set of nonzero vectors such that span(S ′) = span(S).

Proof. The proof is by mathematical induction on n, the number of vec-
tors in S. For k = 1, 2, . . . , n, let Sk = {w1, w2, . . . , wk}. If n = 1, then
the theorem is proved by taking S ′

1 = S1; i.e., v1 = w1 6= 0. Assume then
that the set S ′

k−1 = {v1, v2, . . . , vk−1} with the desired properties has been
constructed by the repeated use of (1). We will show that the set
S ′

k = {v1, v2, . . . , vk−1, vk} also has the desired properties, where vk is ob-
tained from S ′

k−1 by (1). If vk = 0, then (1) implies that wk ∈ span(S ′
k−1)

= span(Sk−1), which contradicts the assumption that Sk is linearly indepen-
dent. For 1 ≤ i ≤ k − 1, it follows from (1) that

〈vk, vi〉 = 〈wk, vi〉 −
k−1∑
j=1

〈wk, vj〉
‖vj‖2 〈vj, vi〉 = 〈wk, vi〉 −

〈wk, vi〉
‖vi‖2 ‖vi‖2 = 0,

since 〈vj, vi〉 = 0 if i 6= j by the induction assumption that S ′
k−1 is orthogonal.

Hence S ′
k is an orthogonal set of nonzero vectors. Now, by (1), we have that

span(S ′
k) ⊂ span(Sk). But by Corollary 2 to Theorem 6.3, S ′

k is linearly
independent; so dim(span(Sk)) = dim(span(S ′

k)) = k. Therefore
span(S ′

k) = span(Sk).
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Theorem 6.5. Let V be a nonzero finite-dimensional inner product
space. Then V has an orthonormal basis β. Furthermore, if β = {v1, v2, . . . , vn}
and x ∈ V, then

x =
n∑

i=1

〈x, vi〉vi.

Proof. Let β0 be an ordered basis for V. Apply Theorem 6.4 to obtain
an orthogonal set β′ of nonzero vectors with span(β′) = span(β0) = V. By
normalizing each vector in β′, we obtain an orthonormal set β that generates
V. By Corollary 2 to Theorem 6.3, β is linearly independent; therefore β
is an orthonormal basis for V. The remainder of the theorem follows from
Corollary 1 to Theorem 6.3.

Corollary. Let V be a finite-dimensional inner product space with an
orthonormal basis β = {v1, v2, . . . , vn}. Let T be a linear operator on V, and
let A = [T]β. Then for any i and j, Aij = 〈T(vj), vi〉 .

Proof. From Theorem 6.5, we have

T(vj) =
n∑

i=1

〈T(vj), vi〉 vi.

Hence Aij = 〈T(vj), vi〉 .
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Theorem 6.6. Let W be a finite-dimensional subspace of an inner
product space V, and let y ∈ V. Then there exists unique vectors u ∈ W
and z ∈ W⊥ such that y = u + z. Furthermore, if {v1, v2, . . . , vk} is an
orthonormal basis for W, then

u =
k∑

i=1

〈y, vi〉 vi.

Proof. Let {v1, v2, . . . , vk} be an orthonormal basis for W, let u be as
defined in the preceding equation, and let z = y − u. Clearly u ∈ W and
y = u + z.

To show that z ∈ W⊥, it suffices to show by exercise 7, that z is orthog-
onal to each vj. For any j, we have

〈z, vj〉 =

〈(
y −

k∑
i=1

〈y, vi〉 vi

)
, vj

〉
= 〈y, vj〉−

k∑
i=1

〈y, vi〉 〈vi, vj〉 = 〈y, vj〉−〈y, vj〉 = 0.

To show uniqueness of u and z, suppose that y = u + z = u′ + z′, where
u′ ∈ W and z′ ∈ W⊥. Then then u − u′ = z − z′ ∈ W ∩ W⊥ = {0}.
Therefore, u = u′ and z = z′.

Corollary. In the notation of Theorem 6.6, the vector u is the unique
vector in W that is ” closest ” to y; that is, for any x ∈ W, ‖y − x‖ ≥ ‖y − u‖
and this inequality is an equality if and only if x = u.

Proof. As in Theorem 6.6, we have that y − u = z, where z ∈ W⊥. Let
x ∈ W. Then u − x is orthogonal to z, so, by exercise 10 of section 6.1,we
have

‖y − x‖2 = ‖u + z − x‖2 = ‖(u− x) + z‖2 = ‖u− x‖2+‖z‖2 ≥ ‖z‖2 = ‖y − u‖2 .

Now suppose that ‖y − x‖ = ‖y − u‖ . Then the inequality above becomes an
equality, and therefore ‖u− x‖2 + ‖z‖2 = ‖z‖2. It follows that ‖u− x‖ = 0.
and hence x = u. The proof of the converse is obvious.
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Theorem 6.7. Suppose that S = {v1, v2, . . . , vk} is an orthonormal set
in an n-dimensional inner product space V. Then
(a) S can be extended to an orthonormal basis {v1, v2, . . . , vk, vk+1, . . . , vn}
for V.
(b) If W = span(S), then S1 = {vk+1, vk+2, . . . , vn} is an orthonormal basis
for W⊥.
(c) If W is any subspace of V, then dim(V) = dim(W) + dim(W⊥).

Proof. (a) By Corollary 2 to the replacement theorem, S can be extended
to an ordered basis S ′ = {v1, v2, . . . , vk, wk+1, . . . , wn} for V. Now apply the
Gram-Schmidt process to S ′. The first k vectors resulting from this process
are the vectors in S by exercise 8, and this new set spans V. Normalizing
the last k − n vectors of this set produces an orthonormal set that spans V.
The result now follows.
(b) Because S1 is a subset of a basis, it is linearly independent. Since S1 is
clearly a subset of W⊥, we need only show that it spans W⊥. Note that, for
any x ∈ V, we have

x =
n∑

i=1

〈x, vi〉 vi.

If x ∈ W⊥, then 〈x, vi〉 = 0 for 1 ≤ i ≤ k. Therefore,

x =
n∑

i=k+1

〈x, vi〉 vi ∈ span(S1).

(c) Let W be a subspace of V. It is a finite-dimensional inner product space
because V is, and so it has an orthonormal basis {v1, v2, . . . , vk}. By (a) and
(b), we have

dim(V) = k + (n− k) = dim(W) + dim(W⊥).

95



A cofactor expansion requires n! multiplications; for a 25×25 matrix that
is approximately 1.5× 1025 claculations.

If a computer performs one trillion (1× 1012) multiplications per second,
it would run for over 500,000 years to calculate the determinant of a 25× 25
matrix using cofactor expansion.

96


