MAS 4105 Test 4

(12 pts) 1.

a. If uw and v are vectors in an inner product space V, express the Cauchy-Schwartz Inequality
in terms of u and v.

b. If v and v are vectors in an inner product space V, express the Triangle Inequality in terms
of u and v.

c. If R3 is considered as an inner product space with the standard inner product, give an ex-
ample of an orthogonal set in R3 which is not linearly independent.

d. Let T be a linear operator on a vector space V; give two conditions which will insure that
the transformation is diagonalizable.

e. Let T be a linear operator on a vector space V and let \; and Ay be two distinct eigenvalues
for T; what is Ey, N E,,?

f. Let T be a linear operator on a vector space V and let X\ be an eigenvalues for T if the
multiplicity of A is four, what are the possible dimensions of Ey,?



(8 pts) 2. Given the matrix
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Find the eigenvalues and eigenvectors for the matrix. If the matrix A is diagonalizable, give the
corresponding matrices Q and D.



(6 pts) 3. In the proof of the theorem below explain the underlined statement.
Theorem 5.8. Let T be a linear operator on a vector space V, and let A\i, Ao, ..., A\x be dis-
tinct eigenvalues of T. For each i = 1,2,... k, let S; be a finite linearly independent subset of the

eigenspace Ey,. Then S = S5, U Sy U---U S is a linearly independent subset of V.

Proof. Suppose that for each 7
Si = {Uily V2, - - ,Umi}.

Then S = {v;; : 1 <j<mn;, and 1 <1i<k}. Consider any scalars {a;;} such that

k n;
> D aivy; =0.

i=1j=1

For each i, let
n
Ww; = Zaijvij.
Jj=1

Then w; € E), for each i, and wy + wg + --- + wy = 0. Therefore by the lemma, w; = 0 for all 7.
But each S; is linearly independent, and hence a;; = 0 for all j. We conclude that S is linearly
independent.




(8 pts) 4. Let T be a linear operator on a vector space V, and let A be an eigenvalue of T. Prove
that a vector v € V is an eigenvector of T corresponding to A if and only if v # 0 and v € N(T —AI).



(8 pts) 5. Let R3 be considered as an inner product space with the standard inner product.
Convert the following basis of R3 into an orthonormal basis:

1 2 3
6:{ -1 P 0 ; -3 }
0 —2 3



(8 pts) 6. Let V be an inner product space and S = {vy,vs,..., vk} be an orthonormal subset
of V. First prove that if y €span(S), then
k
Yy = Z <y) Ui) Vj.

=1

Use this result to prove that the vectors in S are linearly independent.



Solutions:
Loa. [{u, )] < lul -l b flu+ol] < jul] + v
c. any orthogonal set containing the zero vector

d. the characteristic polynomial splits and the dimension of each eigenspace is equal to the
multiplicity of the corresponding eigenvalue

e. {0y} £ {1,2,3,4}

2.

-0 1
2—X 0 02—\
det(A — Mg) =det[ 0 2—X 0 |=(=1)*(-\)det + (1)*(1)det

( o 0 A) ( 0 —A) (9 0 >

= A2 =N+ (=DD2 =N =2-ANNN=9)=2-XA=3)(A+3).

Thus eigenvalues of A are 2, 3, -3.

>
I
[N}
>
|
[\
)
w
N~—
|
-
|
©OM
O OO
| —
[\
~
S
o O =
o O O
|
—_
O»—l\
[\
~_
D
B,
o))
D
)
<
D
o
=+
e}
=
—
O = O
~_

3 0 1 10 —1/3 1
A=3: (A-3I;3)=(0 -1 0] — |0 1 O — eigenvector | 0
9 0 -3 0 0 0 3

30 1 10 1/3 1
A=-3: (A—(-3)I3) =10 5 0| — |0 1 O — eigenvector [ 0 |.
9 0 3 0 0 O 3

Thus A is diagonalizable and



0 1 —1 2 0 0
Q=10 o0 D=|0 3 0
03 3 00 -3

3. By definition, the vectors of the form v;; are elements of Ey,. Since Ej, is a subspace of V, it
is closed under vector addition and scalar multiplication. Since wj is a finite sum of scalar multiples
of vectors in E),, the vector therefore lies in Ej,.

4. Suppose first that v € V is an eigenvector of T corresponding to A. By the definition of an
eigenvector, v # 0 and T(v) = Av. The last equation can be rewritten as

0=T()—Av=T(v)—=A(v) = (T = MI)(v)
so that v € N(T — AI) by the definition of the null space.
Next suppose that v € V, v # 0, and v € N(T — Al). By the definition of the null space, v

satisfies (T — AI)(v) = 0 which upon rearrangement can be written as T(v) = Av. Thus by the
definition of an eigenvector, v is an eigenvector of T corresponding to the eigenvalue .

d.
1 2 3
v = —1 s Wo = 0 s W3 = -3
0 -2 3




6. If y espan(S), then by definition there exists scalars aq, as, ..., a; such that y = Zf;l a;v;.
Then for 1 < j < k, since the vectors in S are orthonormal, we have

k k
) = (S ) = Y (i) = 0y () = sl = 31 =
i=1 i=1
So a; = (y,v;), and the result follows.

For the second part of the problem, we set the vector y equal to the zero vector in V. By
Theorem 6.1, 0 = (Oy, ¢) for any vector ¢ € V, so that

Since the coefficients were uniquely determined by the inner product, the vectors in S are linearly
independent by definition.



