CHAPTER 8 HOMEWORK SOLUTIONS

Note: the first number corresponds to the homework problem from the
5th edition while the second number in parentheses corresponds to the home-
work problem in the 6th edition. If the problem does not occur in the 6th
edition, the symbol (—) is present.

SECTION 8.1

L (1). y=2>+y% y0) =1

The Taylor series about zero has the form

y(x) = y"(0)2"/n! = y(0) + ' (0)z +y"(0)2* /2 + y" (0)2° /6 + - - -
n=0

To compute the first three nonzero terms we need the first three deriva-
tives of y which do not vanish when evaluated at zero:

y(0) =1

y/:x2+y2 _)y/(o):02+12:1

V= ) = @ ) = 2 ko — y(0) = 200) +20)(1) = 2

Hence
y(x) =1+ +222/2+ - -

yz)=14+z+2>+---.

3, (3). ¥ =siny +e”, y(0) =0
The Taylor series about zero has the form

y(@) = 3 (00" fnl = y(0) + 9/ O)a + " (0)5/2+ " (O)F 6+ -+
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To compute the first three nonzero terms we need the first three deriva-
tives of y which do not vanish when evaluated at zero:

y(0) =0

y =siny+e® — ¢/ (0)=sin0+e’ =1

d d
y' = %(y’) = %(siny—l—ez) =y cosy+e* —y'(0)=1-cos0+e’=2
" d " d / T " N2 : T " 2 0
y" = d—(y )= d—(y cosy+e®) =y" cosy—(y')" siny+e® — 3" (0) = 2-cos 0—(1)*-sin O+e” = 3.
T x
Hence

y(r) = v +222/2 +32° /6 + - - -
y(x) =z +a>+2°/24 .

5 (5). 2" +tx =0, z(0) =1, 2/(0) =0

The Taylor series about zero has the form

z(t) =Y 2"(0)t"/n! = z(0) + 2 (0)t + 2"(0)t*/2 + 2" (0)¢* /6 + - - - .
n=0

To compute the first three nonzero terms we need the first three deriva-
tives of x which do not vanish when evaluated at zero:



-d d . 4
ZL’M — E(mv) — £<—3I”—tl‘m) — —4$//,—t.7)w BN l’m(O) — _4(_1>_0(0) — 4

Hence
z(t) =1+ 0(t) + 0(t%)/2 — 1(t*) /6 + 0(t*) /24 + 0(t*) /120 + 4(¢°) /720 + - - -
z(t)=1—-t3/6 +t°/180 + - - -.

7, (7). y"(0) + y(0)° =sind, y(0) =0, y'(0) =0

The Taylor series about zero has the form

y(0) =" y™(0)0"/n! = y(0) + y'(0)0 + 3" (0)6*/2 + v (0)6% /6 + - - -.
n=0

To compute the first three nonzero terms we need the first three deriva-
tives of y which do not vanish when evaluated at zero:

y(e)// = —y(9)3 +sinf — y”(O) = 0°+0=0

_d _ 4 (—y(0)*+sin ) = —3y(0)*y (0)+cos(d) — y"(0) = —3(0)(0)+1 =1

() = S (0"(0)) = 5 (~3y(0)/ (O +eos(0)) = ~6y(0)(y/(0)~3y(0)*y/ (0)sing

— y™(0) = —6(0)(0)* = 3(0)*(0) =0 =0

J(0) = S 6)) = L (~6y(O)/(6))* — 3y(6)%y"(6) — sin6)



= —6(y'(6))° — 12y(0)y'(0)y" (0) — 6y(0)y'(0)y"(0) — 3y(0)*y" () — cos 0
= —6(y'(9))° — 18y(0)y'(0)y"(0) — 3y(0)*y""(0) — cosd
— "(0) = —6(0)° = 18(0)(0)(0) — 3(0)(1) — 1 = ~1

P (0) = S 0) = (=6 (0))° 1800/ (0 (6) — 3y(0)*y" (0) — cos)
= 18/ (0) (0)18(/ ()" (6) - 18y(0) 5" ()19 0}y (0)y""(6) ~6y 0}/ (0)0"" (0
—3y(0)*y™(#) + sin 6
= —36(5/(6))""(6) — 18(0) (" (6))" — 240(0)y (01" (6) — 3y(6)*5"(6) +sin
— 5 (0) = ~36(0)%(0) — 18(0)(0)? — 24(0)(0)(1) — 3(0)*(0) + 0 = 0

y"”(Q)ZCZ(y”(G)) jg( 36(y'(0))%y"(0)—18y(0)(y"(9))*—24y(0)y (0)y" (0) =3y (6)*y™ (0) +sin )
= —T72y/(0)(y"(0))"=36(y'(9))*y" (9) =18y () (4" (6))* =36y (0)y" (0)y" (0) —24(y (9))*y"" (V)
—24y(0)y" (0)y"(9) —24y(0)y'(0)y™ (0) — 6y (0)y'(0)y"™ (0) — 3y(0)*y" (0) +

= —90y'(0)(y"(9))*—60(y'(9))*y" (0)—60y ()" (0)y" (6)—30y (0)y' (0)y™ (8) —3y(6)*y" () +cos b
— y™"(0) = —90(0)(0)*~60(0)*(1)—60(0)(0)(0)—30(0)(0)(0)—3(0)*(0)+1 = 1

Hence

cos 6

y(0) = 04+0(0)+0(6)/2+1(6%) /6-+0(6*) /24—1-(6°) /1204-0(6°) /7204-1-(6") /5040+ - -

y(0) = 0%/6 — 6°/120 + 67 /5040 + - - -



SECTION 8.3
11, (11). ¢ + (z +2)y =0

We proceed directly by writing

o0
Yy = Z apx"
n=0

o0
y = Z na,z" !
n=0

and substituting into the above equation obtain

Z na,z" '+ (x + 2) Z apx” =0

n=0

(o @] o (o]

Z na,x" '+ x Z anx”™ + 2 Z an,x" =
n=0 n=0 n=0

o0 (o) (o]

Z na,z" !+ Z anz" Tt + Z 2a,2" =0
n=0 n=0 n=0

Performing a shift so that the exponents of the first and second terms are
equal to n we obtain

o0

Z (n+ 1)ay 2™ + Z Ap12" + Z 2a,2" =0

Explicitly writing the first two terms from the first series and the first
term from the third series yields

o0

0(ao)z™" + 1(ay) Z (n+ Day 12" +Z Ap1 " +2a0+z 2a,2" =0

n=1 n=1 n=1

2a0 + a1 + Y [(n+ Dant1 + an_1 + 2a,)z™ = 0.

n=1
From this last equation we obtain the relations

2a0+a1:()

Upi1 = —ap_1/(n+1) —2a,/(n+1), n>0.

From these equations we can write

a; = —2CLO



n=1, ay= —ag/2—a; = 3ap/2
n=2, a3 = —a1/3 —2ay/3 = 2ay/3 —ap = —ay/3.

Thus we can write

(o)
2 3
yZZ anr" = ag + a1 + ax” + azzr” + - -

y=ao(l -2z +32%/2 —23/3+-.).

13, (13). 2" —2%2 =0

We proceed directly by writing

o0
z = Z anx”
n=0

o0
2 = Z na,x™
o0

Z (n — Dayz" -2

and substituting into the above equation obtain

o0

> n(n—1)azz™ —mzan$

n=0

o0

> n(n—1)a,z" Z ana"™"

n=0

Performing a shift so that the exponents are equal to n we obtain

o0

Y (n+2)(n+ Daga™ — > ap_sz™ =0.
n=—2 n=2
Explicitly writing the first four terms from the first series yields

0(ag)z > +0(ar)z™" +2a2+6azz+ > (n+2)(n+1)an122" = ap_oa" =

n=2 n=2

2as + 6azz + Y [(n+2)(n+ 1)ans2 — ap_o]z” = 0.
n=2



From this last equation we obtain the relations
a9 = 0

as =0
Upio = An_a/[(n+2)(n+1)], n> 2.

From these equations we can write

n=2 a4=ap/12
n =3, as=ay/20.

Thus we can write

o
2 3 4 5
y:Z apx" = ag + a1T + asx” + asx” + asx” + asx’ + - - -

y=ay(l+z*/12+ ) +ai(x +2°/20 4+ ---).

15, (15). "+ (z— 1y +y =0

We proceed directly by writing

oo
y=2_ anz"
n=0

00
y/: Z nanxn 1
00

Z (n —1ayz" —2

and substituting into the above equation obtain

(o) (o] o0

> nn—1aa" 4 (x—1) Y naa" '+ > aa” =0

n=0 n=0 n=0
[o.¢] (0.) (o]
Znn—lan"2+xz na,x" " Znanx"’1+z a,r" =
n=0 n=0 n=0 n=0

x
Znn—lanx"2+z nanx—z nanx"1+z apx™ = 0.
n=0 n=0 n=0 n=0



Performing a shift so that the exponents of the first and third series are equal
to n we obtain

> (n+2)(n+Daniex" + Y naa™— Y. (n+1l)anz"+ Y aya” =0.
n=-—2 n=0 n=—1 n=0

Explicitly writing the first two terms from the first series and the first
term from the third series yields

o0

0(ao)z*+0(ar1)z "+ (n+2)(n+1)ap 22"+ - na,z"—0(ag)z™ = (n+1l)azi1z"+ Y | azz”

n=0 n=0 n=0 n=0
Z n+2)(n+ 1)a,02"™ + Z na,x" — Z (n+ 1Dap 12" + Z a,z” =0
n=0 n=0 n=0 n=0
Z n+2)(n+ 1a,e +na, — (n+ 1)ap + aylz” =0

n=0

[(n+2)(n+ Dapse — (n+ Dapy + (n+ Laylz™ = 0.

Mg

n=0
From this last equation we obtain the recurrence equation

Upio2 = Api1/(n+2) —a,/(n+2), n>0.

From these equations we can write

n=0, ay=a/2—ay/2
n=1, az3=ay/3—a;/3=—a/6—ay/6.

Thus we can write

o
2 3
Y= auz" =ao+ax+ axx’ +azx’ + -

y=ao(l —2?/2—2*/6+ ) +a(z+2°/2—2°/6+--).

17, (17). w”" — 2*w' +w =0

We proceed directly by writing

o
w = Z anx"
n=0

=0



o0
w = Z na, "
o0

Z (n — 1a,z" -2

and substituting into the above equation obtain

[e.9]

oo [o@)
Z n(n — 1)ayz — 2 Z na,x" 4+ Z a,r" =
n=0 n=0
o0
Zn(n—lan Znan "H—l—z apx’" =
n=0

Performing a shift so that the exponents of the ﬁrst and second series are
equal to n we obtain

e¢] (o.¢]

o0
Z (n+2)(n+ Day22" — Z (n— Day_12" + Z anr” =0
n=—2 n=1 n=0

Explicitly writing the first three terms from the first series and the first term
from the third series yields

O(ao)z’2+0(a1)x’1+2a2+z (n+2)(n+1)an+2x"—z (n—l)an,lx"+ao+z a,
n=1 n=1 n=1
o0 oo [e.e]
ao + 2as + Z (n+2)(n+ Day22" — Z (n—1Da,_12" + Z anx” =0
n=1 n=1 n=1
ap+2as+ Y [(n+2)(n+ Dants — (n — D)ap_1 + ay)z” =0
n=1

From this last equation we obtain the relations
as = —ag/2

Unio = —a,/[(n+2)(n+ 1)+ (n—1)ap_1/[(n+2)(n+1)], n > 1.

From these equations we can write

n=1, az3= —a;/6+0(ag) = —a;/6
Thus we can write

> apr™ = ag+ a4 a4 azx’ 4 - -
n=0

w=ay(l—2*/2+ ) +a(x —2*/6+---).

9

2" =0



19, (19). ¥/ — 22y =0

We proceed directly by writing
Y= Z Q"
n=0

00
y/ — Z nanxn—l
n=0

and substituting into the above equation obtain

(o) o0
Z na,z" t — 2z Z a,z" =0

(o] o0
Z na,z" ! — Z 2a,z" ™t =0
n=0 n=0

Performing a shift so that the exponents of the first and second series are
equal to n we obtain

[e.e]

> (n+Dagz” =Y 2a,-13" = 0.

n=—1 n=1
Explicitly writing the first two term from the first series yields

0(ag)r ™' 4+ ay + Z (n+ Day2" — Z 20, 12" =0

ay + Z [(n+ 1)aps1 — 2a,_1]2" = 0.

n=1

From this last equation we obtain the relations
a; = 0
Upy1 = 2a,_1/(n+1), n>1.
From these relations we can write
n=1, ay=2a9/2=ag=ag/1!
n=2, a3=2a,/3=0
n =3, ay=2ay/4=2%/[2-4] = 2%a/[2%(1-2)] = ap/2!
n=4, as=2a3/5=0
n=>5, ag=2a4/6=2%/[2-4-6]=2%/[2°(1-2-3)] = ay/3.
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Hence for n odd, n = 2k + 1, agy1 = 0; for n even, n = 2k, ag, = ao/k!.
Thus we can write

o0 oo
y=> aa" =apy a*/kl.
n=0 k=0

21, (21). o' — 2y +4y=0

We proceed directly by writing
Yy = Z anpx"
n=0
Yy => naz""
n=0
y'=>" n(n—1a,z" 2
n=0

and substituting into the above equation obtain

o0

Zn(n—lanx —xz nan"1+4z a,x" =
n=0

Z n(n — 1)a,x Z na,x" +Z 4a,x"

n=0

Performing a shift so that the exponent of the first series is equal to n we
obtain

Y (n+2)(n+ Dagea™ = > na,a™+ Y 4a,z" = 0.

n=—2 n=0 n=0

Explicitly writing the first two terms from the first series yields

0(ag)z 2 +0(ar)z™ "+ > (n+2)(n+1)ant0z™ — > na,z"+ Y da,z" =0

n=0 n=0 n=0
Z (n+2)(n+ Day 22" — Znanx —l—z 4a,z" =
n=0
> [(n+2)(n+ apis — na, + 4ay]z™ =0
n=0

11



o0

3 [(n+2)(n + L)ants + (4 — n)ay)a" = 0

n=0

From this last equation we obtain the recurrence equation

apio2 = (n—4)a,/[(n+2)(n+1)], n>0.

From these relations we can write

n=0, ay=—4ay/[2-1]
n=1 a3= —3a1/[32]

n=2 as=—2a3/[4-3]=(2 -4)ap/[4-3-2-1]

n=3, as=—az/[6-4 = (-3 -—1ay/[5-4-3-2]
n=4, ag=0ay4/[6-5] =0

n=>5 a;=as/[7T-6]=(-3-—1-1)ay/[7T-6-5-4-3-2]
n=06, ag=2ag/[8-7 =0
n=7, a9=3a:/[9-8=(-3-—1-1-3)a1/[9-8-7-6-5-4-3-2]
n=38, aj=4ag/[10-9]=0
n =9, ai =5a/[11-10] = (=3-—1-1-3-5)a1 /[11-10-9-8-7-6-5-4-3-2]

Hence, ag = ag, ay = —2ag, a4 = ao/3 and a, = 0 for all other even
subscripts;

forn odd, n =2k + 1, aggr1 = (—3-—1-1---(2k — 5))ay /(2k + 1).

Thus we can write

y = i a,z" = a0(1—2x2+x4/3)+a1[9€+i (=3—1-1 -+ (2k—5))ax® T/ (2k+1)1].

n=0 k=1

23, (23). 2" — 2% —x2=0

We proceed directly by writing

o0
z = Z anx”
n=0

o0
2 = Z na, "
n=0

12



o)

2= n(n—1)a,z" >

n=0
and substituting into the above equation obtain

Zn(n—lanx QZ na,x" 1—£BZ a,x’” =0
n=0 n=0
Z n(n — 1)a,z Z na,z" ™ — Z a,x" =
n=0 n=0
Performing a shift so that the exponents of all the series are equal to n
we obtain
o0 o0 o0
Z (n+2)(n+ Day22" — Z (n—1a,_12" — Z ap_12" = 0.
n=-—2 n=1 n=1
Explicitly writing the first three terms from the first series yields
0(ao)z*+0(ar)z " +2a2+ > (n+2)(n+1)an22" = > (n—1)an_12"=>  ap_12" =0
n=1 n=1

n=1
202+ > [(n+2)(n+ Dansz — (0 — D)an_1 — an1]a" =0

n=1

2a9 + Z [(’I’L + 2)(7’L + 1)an+2 _ nan_l]l_n —0.

n=1

From this last equation we obtain the relations
a9 = 0

nt2 = nan_1/[(n+2)(n+1)], n > 1.
From these relations we can write

n=1 a3=1-a9/[3-2]
n=2, a4s=2a/[4-3]
n=3, as=3ay/[5-4] =0
n=4, ag=4a3/[6-5]=(1-4)ag/[6-5-3-2]
n=2>5, a;=>5a4/[7-6]=(2-5)ay/[7-6-4-3]
n=6, ag=06a5/[8-7] =0
n=T, ag=Tag)[9-8]=(1-4-T)ap/[9-8 6-5-3-2]
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n=8, ap=28as/[10-9=(2-5-8)a;/[10-9-7-6-4-3].

From this table. we can subdivide the coefficients into three categories:
forn =3k +2, aspe =0;

for n = 3k, let’s examine, for example, ag; if we multiply the denomi-
nator by the numerator for this term, the product is 9!; hence we can write
ag = (1-4-7)%ag/9!; in general this pattern is followed so that we obtain
ase = (1-4---(3k — 2))%ao/(3k)!;

for n = 3k + 1, let’s examine, for example, a1o; if we multiply the denom-
inator by the numerator for this term, the product is 10!; hence we can write
aip = (2-5-8)%ap/10!; in general this pattern is followed so that we obtain
azer1 = (25 (3k — 1))%a1 /(3k + 1)!;

Thus we have

z= Z anz" = ag 1+Z - (3k—2))2%2%* /(3K))) +ay ( x+z o (3k—1))%2*F T/ (3k+1))).

k=1

25, (25). w” + 3zw’ —w =0, w(0) =2, w'(0)=0

We proceed directly by writing

o0
w = Z an,x"
n=0

o
w = Z na,x" "
(o @)

Z (n — 1Dayaz" -2

and substituting into the above equation obtain

Z n—lanx”2+3xz na,x’" Zan:v":()
n=0 n=0
Z n(n — Da,z" 2 + Z 3na,x" — Z apx’™ = 0.
n=0 n=0 n=0
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Performing a shift so that the exponent of the first series is equal to n we
obtain

o

Y (n+2)(n+ Dagez™ + > 3na,z” — Y a,z” =0

n=—2 n=0 n=0

Explicitly writing the first two terms from the first series yields

0(ag)z 2 +0(ar)z™ " + > (n+2)(n+1)antoz™ + > 3na,z" — > a,a" =0

n=0 n=0 n=0
Z n+2)(n+ 1)a, 22" + Z 3na,x" — Z a, " =0
n=0 n=0 n=0

Z [(n+2)(n+ 1)any2 + 3na, — a,]z" =0

[(n+2)(n+ 1)aps2 + (3n — 1)a,]z" =0

From this last equation we obtain the recurrence equation

nyz = —(3n = an/[(n +2)(n +1)], n = 0;
in addition the initial values give
ap = 2
a; = 0.

From these equations we can write

n=0, ag=ap/2=1
n=1, a3=—2a;/6=10
n=2 a=—bay/12=-5/12
n=3, as=8a3/20 =0
n=4, ag= —1lay/30 =11/72

Thus we can write

w = Z anx”™ = ag + a1z + a2x2 + agl’g +a4$4 +a5x5 + anG + -

w=2+ 2% — 5212 + 1125/72 4 - -
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27, (27). (x+1)y" —y =0, y(0) =0, y(0) =1

We proceed directly by writing

oo
y=72_ anz"
n=0

9
y/ — Z nanxn—l
00

Z (n— 1)a,z" n=2

and substituting into the above equation obtain

(z4+1)> n(n—1)a,z"" Zan =
n=0
xz n—lanx”Q—l—Z (n—1)a,a"" Zan =

n=0

Z n—lan”1+z (n — Da,z™” Zan =

n=0 n=0
Performing a shift so that the exponents of the first and second series are
equal to n we obtain

Y onn+Dapaz”+ > (n+2)(n+ )ansez” — > a,a” =0.
n=-—1 n=-—2 n=0

Explicitly writing the first two term from the first series and the first two
terms form the second series yields

0(ag)z™ +Z (n+1)a,12"+0(ap)+0(ay x+z (n+2)(n+1)a, 02" —Z nT

n=0 n=0
> nn+4az" + Y (n+2)(n+ Dapoz™ — ) aa™ =0
n=0 n=0 n=0

o0

Z n(n+ Daps + (n+2)(n + 1)ay 10 — a,)z™ = 0.

From this last equation we obtain the recurrence equation

Unyy = —Nanp1/(n+2) +an/[(n +2)(n + 1)}, n > 0;

16
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in addition the initial values give
ag = 0

Cl1:1.

From these equations we can write

n=0, ag =ag/2=0
n=1, a3=—ay/3+a;/6=1/6
n=2, ay=—az/2+a»/12=—1/12
n=3, as=—3as/5+az/20 = 1/20 +1/120 = 7/120.

Thus we have

[e.¢]
2 3 4 5
y:Z anx” = ag + a1x + axx” + asx’ + asx” + asx’ + - - -
n=0

y=x+2%/6 —2*/12 + 72°/120 4 - - -.

17



SECTION 8.4

(7). y+2x—1y=0, xg=1

For these problems it is necessary that the coefficient functions are written
as power series about xzg; the coefficient function for y is already in this form,
hence we proceed directly by writing

Z (x —1)"
Y = nay(z— I
n=0

and substituting into the above equation obtain

5_30 nap(z — 1"+ 2(z — 1) i an(z —1)" =0

or after simplification

Z x—l"l—i-z 2a,(z — 1)"™ = 0.

n=0

Performing a shift so that the exponents of both series is equal to n we obtain

[e.9]

Z (n+ Dagpi(x—1)" —1—2 2a, 1(x—1)"=0

= n=1

a1+z (n+ Dapi(x—1)" +Z 20, 1(x—1)"=0

n=1 n=1

a; + i [(n+ Dapsr + 2a,-1)(z —1)" = 0.

n=1
From this last equation we obtain the recurrence relation

Upi1 = —2a, 1/(n+1), n>1

as well as the fact
a; = 0.

From these two pieces of information we can write

n=1, ay = —ag
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n=2, a3=—2a;/3=0

n=3, a4 = —ay/2=ay/2

n=4, as= —2a3/5=0
n=>5, as= —as/3 = —ap/6.

Thus we have

= Z an(x—1)" = a0+a1(:U—l)+a2(:v—l)z—i—ag(x—1)3—{—a4(a:—1)4+a5(9§—1)5+a6(:v—1)6+---
n=0

y=a[l —(z -1+ (x—-D*"2—(2-1)°/6+--].

9,(9). (22 —22)y" +2y=0, zo=1
For these problems it is necessary that the coefficient functions are written

as power series about xo; hence we must express the function f(z) = 2? — 2x
as a Taylor series about x¢y = 1. Following the standard approach we write

flz) =2 =2z f(1)=-1
flle)=20-2 f'(1)=0
f(x) =2 1) =2
fMz) =0 foralln >3
5o that
Zf" J@—=1)"/nl=—-140(z—1)+2(x—1)*/2= -1+ (z —1)%
Next we proceed directly by writing

o0
Z ap(z —1)"
n=0

y'=>" nay(z—1)""

n=0

=> n(n—1a,(z—1)""
n=0

19



and substituting into the above equation obtain
[~1+ (z —1)? inn—lanx—l)”2+22 an(z—1)"=0
n=0 n=0
or after simplification
—Z (n—1ap(x—1)"" 2—1—2 n—l)an(x—l)"+§: 2a,(z—1)" =0.
n=0 n=0

Performing a shift so that the exponent of the first series is equal to n we
have

— i) (n+2)(n+1)an+2(x—1)"+§‘; n(n—l)aﬂaz—l)"#—i} 2a,(x—1)" =0

> [=(n+2)(n+ 1)anss + n(n — 1)a, + 2a,)(z — 1)" =0
n=0

> =(n+2)(n+ L)ans + (0 —n+2)a,)(z —1)" =0
n=0
From this last equation we obtain the recurrence relation
Unso = (N* —n+2)a,/[(n+2)(n+1)], n>0.
From this relation we can write
n=20, ay=ag
n=1, a3=a;/3

Thus we have

=Y ayz—1D)"=ap+a(z—1)+ax(z—1)*+az(x— 1) +as(x—1)" +---
n=0

y=a[l+(x—-1*+-J4+aflz—-1)+@—-1)7>/3+ .

11, (11). 2%" — ' +y =0, zo =2
For these problems it is necessary that the coefficient functions are writ-

ten as power series about xg; hence we must express the function f(z) = x?
as a Taylor series about zy = 2. Following the standard approach we write
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o) =20 f(2) =
fe)=2 f12)=2
fM(x)=0 foralln >3
so that

Zf” (—2)"/n! = 4+4(x—2)+2(2—2)%/2 = 4+4(x—2)+(x—2)°.

Next we proceed directly by writing

[e.0]

Z (x —2)"

o0

Z na,(x —2)"

o0

=" n(n—1a,(z—2)"?

and substituting into the above equation obtain

[A+4(x—2)+(2—2)] i} n(n—l)an(:v—Q)"2—i) nan(:c—Q)"1+§% an(z—2)" =0

or after simplification

i 4n(n—1)an(x—2)”_2+i) 4n(n—1)an(x—2)”_1+§) n(n—1)a,(x—2)"

- i na,(r —2)" "+ i an(z—2)"=0.

Performing a shift so that the exponents of the first, second, and fourth series
are equal to n we have

io 4(n+2)(n+1)an+2($—2)"+i0 4n(n+1)an+1(x—2)”—l—io n(n—l)an(x—Q)”—iO (n+1)ay1(x—2)"

[e.9]

+ > an(z—2)"=0.

21



i [4(n+2)(n+1)anro+4n(n+1)an1+n(n—1)a,—(n+1)ay1+a,|(x—2)" =0

i [4(n+2)(n+ Dapso + (@n — 1D (n+Da,q + (n® —n+Day)(z —2)" =0
n=0
From this last equation we obtain the recurrence relation
nyo = —(4n — Vany1 /[4(n +2)] — (n® —n + 1)a,/[4(n+2)(n +1)], n > 0.
From this relation we can write
n=0, ay=a1/8—ap/8
n=1, a3= —as/4—a1/24 = —Ta1/96 + ay/32.

Thus we have

Yy = Z an(x—2)" = ao—i—al(x—Q)+a2(x—2)2—1—&3(95—2)3—1-@4(95—2)4—1—--~
n=0

y = ao[l—(2—2)%/8+(x—2)? /324 ]+a1 [(x—2)+(2—2)* /8+—T(x—2)* /96+-].

13, (13). 2’ + (sint)x =0, xz(0) =1

For this problem it is not practical to develop a recursion formula so we
determine coefficients in the power series expansion about zero by explicitly
writing out the first several terms in the expansion:

T = ag+ a1t + ast? + a3t3 + a4t4 + a5t5 + a6t6 + -
The equation 2(0) = 1 tells us that ag = 1 so we can write
=1+ at + agt? + ast® + agt* + ast® +at® +--- (1)
and after differentiating with respect to t
' = ay + 2ast + 3ast® + daygt® + Sastt + 6agt® + - - -

The Taylor expansion about zero for sint is given by

sint =Y _(=1)"*"/2n+ D) =t — /6 + /120 + - -+ (2)

n=0
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hence multiplying (1) by (2) we obtain after simplification

5]

a 1
S (as— L )

1
(sint)z =t + a1t® + (ag — =)t> + (a3 5 120

6
Thus we can write
o' 4 (sint)x = a; + 2ast + 3ast® + dayt® + Sast* + 6agt”® + - - -

1 ay a9 1
t+ apt? — ) — =)t — =)t
+ t + ait” + (as 6) + (a3 6) + (a4 6+120) +

or after collecting similar terms

1
o'+ (sint)z = a1 + (205 + 1)t + (3as + a1)t” + (das + az — L)’

Q1 ,4 a9 1 5
+ (5as +as — )44 (Bag+as — 2 4 — )54+,
(5as + as 6) (6ag + a4 6 120)

Setting coefficients equal to zero yields

a; = 0

200+ 1=0 — ay=-1/2

3az3+a;=0— a3=0

1

4a4+a2—6:0—> (1,4:]./6
aq

5a5+a3—€:0—> CL5IO

a 1
6a6+a4—€2+ﬁo =0 — ag=—31/120.
Placing the value of these coefficients into (1) gives

r=1-1/2+t"/6 —31t°/120 + - - -.

15, (15). (2> +1)y" —e*y' +y =0, y(0) =1, ¥ (0) =1
For this problem it is not practical to develop a recursion formula so we
determine coefficients in the power series expansion about zero by explicitly

writing out the first several terms in the expansion:

2 3 4 5 6
Y= ag+ a1T + axx” + azx” + a4 + asx” + agxr” + - - -.

23



The equation y(0) = 1 tells us that ap = 1 and ¢'(0) = 1 implies a; = 1 so
we can write

y =1+ + ar® + azz® + asx* + as2® + aga® + - - -
and after differentiating with respect to x
Y = 1+ 2a92 + 3asx® + daux® + Sasx* 4 6agx® + - - - (1),
y" = 2as + 6asx + 12a42° + 20a52> + 30agz® + - - -.

The Taylor expansion about zero for e* is given by

e = a"/nl=1+x+2%/2+2°/6+2"/24+ - (2)

n=0
hence multiplying (1) by (2) we obtain after simplification
ey =14 (2a2 + 1)z + (3az + 2as + ;)IEQ + (4ayq + 3az + ag + é):c?’ + -

In addition multiplying 22 by 3" yields
22y = 2a02° + 6asx® + 12a42" + 20a52° + - - -

Thus we can write

(22 + 1)y — €™y +y = 2a92* + 6asz® + 12a42" + 20a52” + - - -
+ 2as + 6asx + 12a42% + 20as2° + 30agz™ + - - -
— 1—(2a2~|—1)x—(3a2+2a2—|—;)xz— (4a4+3a3+a2+é)x3+---

+ 142+ asx® + asa® + asx® + as2® + aga® + - - -

or after collecting similar terms up to the third power of x

1
(22 +1)y" — "y +y = 2ay + (6asz — 2as)x + (12a4 — 3as — ay — §)x2

1
+ (20a5—4a4—|—4a3—a2—6)x3+---

Setting coefficients equal to zero yields

200 =0 — ay =0
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6@3-2&220 — (l3:0

1
12a4—3a3—a2—§:0—> as =1/24

1
20a5—4a4+4a3—a2—6 =0— a5 =1/60
Placing the value of these coefficients into the expansion for y(x) gives

y=1+z+2"/24+2°/60+ - - -.

17, (17). " — (sinx)y =0, y(m) =1, ¢'(7) =0

For this problem it is not practical to develop a recursion formula so we
determine coefficients in the power series expansion about 7 by explicitly
writing out the first several terms in the expansion:

y = ap+ay(z—7)+ay(z—m)2+as(z—7)*+ay(v—7) a5 (r—7)°+ag(x—7) 4.
The equation y(m) = 1 tells us that ap = 1 and y/'(7) = 0 implies a; = 0 so
we can write
y=1+ay(z—m)+as(z—7)°+ay(z—m) +as(z—7)° +aglz—7)°+--- (1)
and after differentiating with respect to x

Y = 2ay(x —7) +3as(z — 1) +day(x — 7)° + 5as(x — m) - 6ag(z —7)° -

Y = 2ay + 6az(x — 7) + 12a4(x — m)? + 20a5(x — ) + 30as(z — 7)* + - - -.
The Taylor expansion about 7 for sinx is given by

sinx = i(—1)"+1(:I:—7r)2"+1/(2n+1)! = —(z—7m)+(x—7)%/6—(2—7)" /1204 (2)

n=0
hence multiplying (1) by (2) we obtain after simplification

(sinz)y = —(95—7T)+(—az+é)(x—ﬂ)3—a3(x—7r)4+(—a4+a2 !

2 ) ()

Thus we can write

Y’ —(sinz)y = 2as+6a3(z—)+12a4(x—7)*+20as(x —7)* +30ag(z—7)* 4

+ (x—ﬂ)—(—az"‘é)(ﬂf—ﬂ)3+a3(:€—ﬂ)4—(—a4+@ L Yz —7)° 4

6 120
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or after collecting similar terms up to the fourth power of (z — )

1
Y’ — (sinz)y = 2ay+ (6as+1)(x—7) + (12a4) (z —7)* + (20as +ay — 6)(1:—7r)3
+ (30ag + az)(z — )t + - - -
Setting coefficients equal to zero yields
2&2 =0 — g — 0

6az+1=0 — a3=1/6

12a4, =0 — a4 =0
1
20a5+a2—6:0—> as = 1/120

30G6+(13:O—> a6:1/180

Placing the value of these coefficients into the expansion for y(x) gives

y=1-(z—m)/6+ (x—m)°/120 + (x — 7)°/(180) + - - -

19, (19). 3" — e**y' + (cosz)y = 0, y(0) = —1, ¥'(0) =1

For this problem it is not practical to develop a recursion formula so we
determine coefficients in the power series expansion about zero by explicitly
writing out the first several terms in the expansion:

2 3 4 5 6
Y =ag+ amx + axx” + azxr” + a4 x” + asxr” + agxr” + - - -.

The equation y(0) = —1 tells us that ap = —1 and ¥'(0) = 1 implies a; = 1
SO we can write

y=—1+z+ax® + asx® + agx* + as2® + agz® + - (1)
and after differentiating with respect to x
Y = 1+ 2a97 + 3asx® + 4au2® + Sasz* 4+ 6agx® + - - - (2),

y" = 2as + 6asx + 12a42° + 20a52> + 30agz® + - - -

26



The Taylor expansion about zero for e2* is given by

e = Z(Z”x”)/n‘ =1+22+22% +42%/3 +22*/3 4+ - -+ (3)

n=0

hence multiplying (2) by (3) we obtain after simplification

4
¥y =1+ (2ay + 2)x + (3ay + 4ay + 2)2* + (day + 6as + 4ay + g)x?’ +---

The Taylor expansion about zero for cosz is given by

cosx = i(—l)”xQn/(Zn)! =1—-2%/2+2%/244--- (4)

n=0

hence multiplying (1) by (4) we obtain after simplification

1 1
(cosz)y =—1+x+ (ag + §)x2 + (ag — §)x3 +- -
Thus we can write

y' — ey + (cosx)y = 2ay + 6asr + 12a42° + 20asz® + 30agx” + - - -
4
—1- (2&2 + 2).7) - (3@2 + 4CL2 + 2)$2 - (4@4 + 6@3 + 4CL2 + 3)1’3 + -

1 1
+ — 4zt (e+ e’ + (a3 — 52+

or after collecting similar terms up to the first power of x

y' — ¥y + (cosx)y = (2a9 — 2) + (6az — 2ay — D)o + - - -.
Setting coefficients equal to zero yields
200 —2=0 — ay =1

6az —2a3 —1=0 — a3z =1/2

Placing the value of these coefficients into the expansion for y(x) gives

y=—-1+a+2°+2°/2+ -

21, (21). ¢ — zy = sinx.
We begin with the expansions for y, 3/, and sin x:
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oo
2 3 4 5 6
y:Zanx”:ao+a1x+a2x + aszx” + agxr” + asx” + agxr + - - -
n=0

y = Z annxz™ ' = a; + 2a92 + 3azz? + dasx® + Sasxt + 6agx’® + - - -
n=0

o) (_1)nx2n+1

sinz = Z

=0 W == (1/6)$3 + (1/120)2° — (1/4200)x7 T

and

—xY = —:c(a0+a1x+a2x2+a3x3+a4x4+a5x5+a6x6+- . ) = —aox—a1x2—a2x3—a3x4—a4x5—a5x6—a6x7+~ RN

Substituting these expansions back into the ODE yields
(ay+2a90+3asr* +dasx® +5asr’ +6agx’ + - )+ (—apr—ay2° —asx® —azz* —ayx’ —asz®—agr 4 - )

=2 — (1/6)z® + (1/120)2” — (1/4200)z" + - - -.

Equating coefficients for like powers of x gives
2 a=0

' 20 —ap=1 — ay=(1/2)(ag+1)

22 3a3—a;=0 — a3=0
3 dag—ay=—(1/6) — as=(1/4)(as — (1/6))
ay = (1/4)[(1/2)(ao + 1) — (1/6)] = (1/8)ao + (1/12)

z*: bas—a3=0 — a5=0

251 6ag—ay = (1/120) —  ag = (1/6)(ay + (1/120))
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ag = (1/6)[(1/8)ag + (1/12) + (1/120)] = (1/48)ag + (11/720).
Thus
Y = ag + a17 + asx® + azx® + agx* + asz’® + agx® + - -
= ag+(0)z+[(1/2) (ag+1)]2*+(0)2*4+[(1/8)ag+(1/12)]z*4-(0) 2 +[(1/48) ao+(11/720)]2°

or after regrouping

= ag[1+(1/2)2*+(1/8)x* +(1/48) %+ - -] +[(1/2)x*+(1/12) 2 +(11/720)2"].

23, (23). 2"+ x +z=a*+2x+1
We begin with the expansions for z, 2/, and z":

o0
2= 2" = ag + a1z + axx® + a3z’ + asx’ + asz’ + agx® + - -
n=0

7 = Z annz™ = a; + 2a07 + 3asx? + dayz® + Sasxt + 6agr® + - -
n=0

2 = Z apn(n — 1)z"? = 2ay + 6asz + 12a42? + 20as2® + 30agx* + - - -
n=0
and

xZ = x(al+2a2x+3a3x2+4a4x3+5a5x4+6a6x5—|—- ) = a1x+2a922+3as x> +axt+-5asr’ +6axt+- - -

Substituting these expansions back into the ODE yields

(2a+6a3z+12a42*+20a52° +30agx* + - ) +(a12+2a92° +-3a3 2> +4ayx* +-5as v +6agz’+ - -)

+(ag + a1x + apx® + asz® + agr* + as2® +agr® + ) =2 + 20 + 1.
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Equating coefficients for like powers of x gives
2 2a+tay=1 — ay=—(1/2)ap+ (1/2)
Il . 6a3+a1+a1:2 — a3:(1/6)(—2a1+2):—(1/3)a1+(1/3)

Thus
2 = aptayrtagr® +azz’+- - = agtayr+[—(1/2)ag+(1/2)]2*+[—(1/3)ar+(1/3)]a+- - -
or after regrouping

z=ao[l — (1/2)2* + -]+ ar[x — (1/3)2® + - -] + [(1/2)2* + (1/3)2” + - - ].

25, (25). (1+23)y" —ay +y=e"

xT

We begin with the expansions for y, 3/, v”, and e™*:

o0
2 3 4 5 6
Y= a,2" = ay+ ax + arxr’ + a3z’ + asx* + a5z® + agz’® + - -
n=0

y = Z annxz™ ' = ay + 2a97 + 3azz? + dasx® + Sasxt + 6agx’® + - - -
n=0

y' = Z apn(n — 1)z" "% = 2ay + 6asz + 12a42* + 20a52® + 30az™ + - - -

n=0
o = () = T (12007 (1/6)2% (1/24)0 (1120}
n=0
and
—zy = —x(ay+2a00+3asr* +asx® +5asrt +6agr’+ - ) = —a1r—2a0% —3azx® —4asr* —5asr’ —6agx®- - -
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%y = 2% (2a9+6asx+12a42° +20a52° +30agz 4 - ) = 2a02° +6a32° +12a45* +20a52° +30ag2%+- - - .

Substituting these expansions back into the ODE yields

(2a9+6a31+12a,40%4+20a52° +30agx* +- - )4 (2a92° +6a32° +12a42* +20a52°+-30ag2°+- - -)

+(—a15—2a92° —3asr® —4asr* —5a520° —6agx®+ - )+ (ap+a1x+ar® +asri +agxt +asr® aga®+ - )

=1—a+ (1/2)z% — (1/6)z® + (1/24)x* — (1/120)2° + - - -.

Equating coefficients for like powers of x gives

20 2a+ta=1 — ay=—(1/2)ao+ (1/2)

' 6az—a;+a=-1 — a3=—(1/6).

Thus
y = ap+airtagrtaszi+- - = agtair+[—(1/2)ag+(1/2)]x*+[—(1/6)]x>+- - -
or after regrouping

y=ao[l —(1/2)2° + -]+ arfz +---] +[(1/2)2* — (1/6)2® + - - -].

27, (27). (1 —2¥)y" —y +y = tanx

xT

We begin with the expansions for y, 3/, y”, and e™*:

oo
2 3 4 5 6
y:Zanx”:ao+a1x+a2x + aszx” + agxr” + asx” + agxr + - -
n=0

y = Z annz™ ' = a; + 2a97 + 3azz? + dasx® + Sasxt + 6agx’® + - - -
n=0
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y" =" aun(n — 1)2"% = 2as + 6azx + 12a42* + 20as2” + 30agz* + - - -
n=0

tanz =z + (1/3)2° + (2/15)2° + - -

and

r_ 2 3 4 5 _ 2 3 4 5
-y = —(a1+2as0+3azx*+4as20° +basr"+6agx’+- - ) = —ay3—2as0—3azr*—4ayx” —5Sasx” —6agr’+- - -
—2%y" = —2%(2a9+6a32+12a42° +20a52° +30agz* 4 - -) = —2a90% —6a3x> —12a45* —20a52° —30ag2°+- - -

Substituting these expansions back into the ODE yields

(2a3+6a3x+12a40° +20a52° +30agz* + - -)+(—2a90* —6a32°® — 12040 —20a52° —30agz®+ - -)

+(—a1—2as0—3a3x* —4asr® —5a50* —6agx®+ - )+ (ap+air+ar® +asr +aygxt +asr® +aga®+ - )
=+ (1/3)2* + (2/15)z° + - - -.
Equating coefficients for like powers of x gives
2 20 —ar+a=0 — ay=(1/2)a; — (1/2)ag
' 6az—2as+a;=1 — a3=(1/3)ay — (1/6)a; + (1/6)

ag = (1/3)[(1/2)ar — (1/2)ao] = (1/6)ay — (1/6) = —(1/6)ao + (1/6).

Thus
y = aptairtagr*tasz®+- - = agtarr+[(1/2)a1—(1/2)ag)z?*+[—(1/6)ag+(1/6)]z>+- - -
or after regrouping

y = ao[l — (1/2)2* — (1/6)2® + -] + ay[x + (1/2)2* + -] + [(1/6)2® + - - ].
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SECTION 8.6
19. (19). 92%" + 92%y' + 2y =0
Placing the problem in standard form yields
Y +y +2y/(92%) =0
so that
po = lim (1) = 0
go = lim 2*[2/(92%)] = 2/9
and the indicial equation is given by
r(r—1)+0(r)+2/9=0

r?—r+2/9=0
9* —9r4+2=0
Br—1)3r—2)=0

with exponents of singularity » = 1/3, 2/3. We choose the larger of the two
values and write

e 2
Yy = E anxn+§
n=0

© 2 1
y = Z (n+ g)anx"*E

n=0

ad 1 2
Y= (n— )+ )aas
n=0 3 3

and substituting into the original equation obtain

— 1 2 0 2 00
90° 3 (n— 3)(n+ Flana™ 3 +92% Y (n+ Fana" 5 +23 aua™ti =0
n=0 0 —

or after simplification

> 1 2 i 2 5 [oe]
2, 9n = g)(n * §)a"xn+% +2 9+ §)an$"+§ + 2a,7" T3 = 0
n=0

n=0 n=0
> Bn-1)3n+ 2)anmn+§ +Y° 3(3n+ 2)anx”+§ +> 2a,z"+5 = 0.
n=0 n=0 n=0
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Performing a shift so that the exponent of the second series is equal to n + %
we obtain

Z (Bn—1)(3n+2)a,z (s Z 3(3(n—1) +2)an,1x”+§ +3 2,25 =0
n=1 n=0
> (Bn-1)(3n+ 2)anx"+% +Y 3(3n-— 1)an_1x”+% +3 2a,2"" 5 = 0.
n=0 n=1 n=0

Explicitly writing the first term from the first and third series yields

—2aoa:3+z 3n—1) (3n+2)anx"+3—|—z 3(3n—1)a, 12" 3—1—2a0x3+z 2a,x""

n=1 n=1

3 (30— 1)(3n + 2)aa™ts + Z 3(3n — 1)an_12"5 + Z 20,2"*5 =0

n=1 n=1 n=1
S (30— 1)(3n + 2)an, + 3(3n — 1)a,_1 + 2a,]a"*5 =0
n=1

i 3n(3n + 1)a, + 3(3n — 1)an_1]x"+% = 0.
From this last eq;atlon we obtain the recurrence relation
a, =—0Bn—1a,—1/[n(B3n+1)], n > 1.
From this relation we can write
n=1 a = —ap/2

n=2, ay= —bay/14 = 5ay/28
n=3, az= —8ay/30 = —ap/21.

Thus we can write

?J_Z A, T d—a0x3+a1x3+a2x5+a3x5+

y= ao[l"% — :L'%/Z + 5x%/28 — x%l/21 SR
21, (21). 2%y +xy + 2%y =0
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Placing the problem in standard form yields
y'+y/r+y=0

so that
Po = lin%x[l/x] =1

Qo = glCLr%xQ[l] =0
and the indicial equation is given by
r(r—=1)+1(r)+0=0
r? =0

with exponents of singularity » = 0, 0. We naturally choose » = 0 and write

(o)
Yy = Z anpx"
n=0

00
y/ — Z nanxnfl
00

Z (n —1)ayz" —2

and substituting into the original equation obtain

ZZ n—lannz—i—xz nan”1+x22 a,z” =0

n=0 n=0
or after simplification
o
Z (n—1)a,z" +Z na,x" —1—2 " =0
n=0 n=0

Performing a shift so that the exponent of the third series is equal to n
we obtain

Z n(n — 1)a,z" + z na,r" + Z Qp_ox™ = 0.
n=0 n=0 n=2

Explicitly writing the first two terms from the first and second series
yields

0(ao) +0(ar1z)+ > n(n—1)az" +0(ag) +arz+ Y na,az"+>  a,_oz™ = 0.
n=2 n=2 n=2

35



wmz+ Y [n(n = 1)a, + na, + a,—s]z"™ =0
n=2

az+ Y [nPay + ap_s]z™ = 0.

n=2

From this last equation we obtain
ap =0
U = —Qn_g/n%, n > 2.
From these relations we can write
n=2 ay=—ap/4

n=3, az=—a;/9=0
n=4, as= —as/16 =ay/64
n=>5, as= —a3/25=10
n==06, as= —ay/36=—ay/2304

Thus we can write

o0
2 3 4 5 6
Y=Y apz" =ay+ @z + ar® + azz’ + asx’ + a5z’ + aga’ + - - -

n=0

y = ap[l —2?/4+2*/64 — 2°/2304 + - - .

23, (23). 222" + (2 +x)2 —2=0
Placing the problem in standard form yields
4+ (1+1/2)2 —2/2° =0

so that
Do = lirr(l)x(l +1/z)=1

go = lim 2*[—/(2%)] = —1
and the indicial equation is given by

rr—1)4+1(r)—1=0
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r?—1=0
with exponents of singularity » = —1, 1. We choose the larger of the two

values and write -
z= Z a,z" !
n=0

o0

=> (n+1)a,z"

n=0

=Y n(n+1)az""
n=0

and substituting into the original equation obtain

QZ (n+1)a,a"" 1—1—.7522 (n+1)a,x —1—952 (n+1)a,x —Z a,x" ™t =0
n=0 n=0 n=0

or after simplification

> n(n+1)a,z "+1+Z (n+1)a,z ”+2—|—Z n+1)a,z™™ =3 aa™tt =
n=0 n=0 n=0 =

Performing a shift so that the exponent of the second series is equal to
n + 1 we obtain

o0 oo e} o0

S nm4Daa™™ + 3 na_2™ + Y (n4 Daa™™ =Y a2t =0

n=0 n=1 n=0 n=0

or since the coefficient of the second series is n we can write

> n(n+1)a,x ”“—i—z NGy T "H—i—z n+ 1a,z" Zan =
n=0 n=0 n=0

which becomes after combining series

o0

Z n(n + 1)a, +na,—1 + (n+ 1)a, — an]$n+1 —0
n=0

o

Z n(n + 2)a, + na,_,)z"*t = 0.
From this last equation we obtain the recurrence relation
ap, = —a,_1/(n+2), n>1.
From this relation we can write

n=1 a = —ay/3
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n=2 ay=—a/4=ag/12
n=3, as= —az/b = —an/60.

Thus we can write

o0
z = Z a,z" = apx! + a12? + asa® + azxt + - -
n=0

2 =agle' — 2%/3+2%/12 — /60 + - - -].

25, (25). 42y + 22%y — (x +3)y =0
Placing the problem in standard form yields
y'+y' /2= [1/(4x) +3/(4a”)]y = 0

so that
Po = lirr(l)x(l/Q) =0

Qo = lir%xZ[—l/(élx) —3/(42%)] = -3/4
and the indicial equation is given by
r(r—1)+0(r)—3/4=0
r?—r—3/4=0
4r? —4r —3=0
(2r+1)(2r—3)=0

with exponents of singularity r = 3/2, —1/2. We choose the larger of the
two values and write

y=> a,z"
n=0
/ = 3 n+l
Yy = Z (n+§)anx 2
n=0

> 1., 3 s
y'=> (n+5)(n+5)a.a" e
TN

and substituting into the original equation obtain

> ]- 3 1 e 3 1 0 e S B
423 (n+§)(n+§)an:c”*§ +22° ) (n+§)anx”+§—x > anz™t:—3 > a,z"t: =0
n=0 n=0

n=0 n=0
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or after simplification

N NUNT RTINS NPT & & ,
> 4(n+§)(n+§)anx"+%+z 2(n+§)anx”+%—z an:v"Jrg—Z 3a,2"2 = 0.
n=0 n=0 n=0 n=0

Performing a shift so that the exponents of the second and third series is
equal to n + g we obtain

3 ()t G)ana™ 430 2t )an gz =Y a3 e =0
n=0

n=1 n=1 n=0

Explicitly writing the first term from the first and fourth series yields

3 s 1 ) )
Yn4+2)anz™ 2 +3 20+ =)an 12" =Y a2 230027 =Y 3a,2"7 =0

- 1
1 At
3aprzi+) (n+2 5 5

n=1 n=1 n=1 n=1
[°S) 1 3 s oo 1 i3 oo s [°S) 3
Z 4(n—|—§)(n—|—§)anx 2+ 2(n+§)an,1x 2=y 2" 3a,2" T =0
n=1 n=1 n=1 n=1
Z (2n+1)( 2n+3)an$"+2+z (2n+1)a, 12" 2—2 Ay 1x"+2—z 3a,2"2 =0
n=1 n=1 n=1

> [2n+1)(2n+ 3)a, + (2n+ L)an—1 — ap_1 — 3an]x”+% =0
n=1

i [4n(n + 2)a, + 2nan_1]x”+% = 0.
n=1
From this last equation we obtain the recurrence relation
ap = —ap-1/[2(n +2)], n > 1.
From this relation we can write
n=1, a; = —ag/[2- 3]

n=2 ay=—a/[2-4 =ae/[2* 3-4]
n=3, ag= —ay/[2-5] = —ao/[2°-3-4-5]

so in general
n=k ar=(—1)%ae/[2"(k+2)!.

Thus we can write

y—Zan +2—GOZ 1" /20 (n + 2)].
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27, (27). zw”" —w' — 2w =0

Placing the problem in standard form yields
w'—w'fx—w=0
so that
Po = glcii%x(—l/x) =-1
qQo = lig(l)ﬁ[—l] =0
and the indicial equation is given by

r(r—1)—(r)=0
r?—2r=0
r(r—2)=0
with exponents of singularity » = 0, 2. We choose the larger of the two

values and write
oo
w = Z a,x" 2

Zn—l—Zan +1
n=0

=> (n+2)(n+1)a,z"

and substituting into the original equation obtain

2> (n+2)(n+ az" = > (n+2)a,a™" $Z an "t
n=0 n=0
or after simplification
Yo (n+2)(n+ Daa™™ =Y (n+2)ax Z A"t =
n=0 n=0

Performing a shift so that the exponents are equal to n 4+ 2 we obtain

[e.o] e}

> (n+3)(n+2)apx" = > (n+3)ana"t Z 12" = 0.

n=-—1 n=-—1

Explicitly writing the first two terms from the first and second series
yields

2a0z+6a12°+ Y (n+3)(n+2)a, 112" —2a0z—3a12° =Y (n+3)an 12"t Z Az
n=1 n=1
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3&1.172 + Z [(n + 3) (n + 2)an+1 - (n ‘I‘ 3)an+1 - an_l]x"+2 = O

n=1

3a12* + ) [(n+3)(n+ Dapi1 — ap—1)z"? =0

n=1

From this last equation we obtain
ap =0
ny1 = an1/[(n+3)(n+1)], n > 1.
From these equations we can write
n=1, ay=ao/[4-2] =ao/[2%-2-1] = ay/[2* 2! 1]]

n=2, az=a1/[5-3]=0

n=3, ay=ay/[6-4 =ap/[6-4-4-2] =ap/[2*-3-2-2-1] = a/[2"- 3! 2]
n=4, as=a3/[7-5] =0

n=>5, ag=a4/[86] = ao/[8:6-6-4-4-2] = ao/[2°-4-3-3-2-2-1] = a/[2°-4!-3!]
n=6, a;=as/[9-7 =0

n =7, ag=ag/[10-8] = ap/[10-8-8-6-6-4-4-2] = ay/[2%-5-4-4-3-3-2-2:1] = ay/[2%-5!-4!]

so in general, for an odd subscript, 2k + 1
agk4+1 =0
while for an even subscript, 2k

a9p — ao/[22k(k + 1)'k']

Thus we can write

[e.9]

w=> aa"" Z 2?2 127K (K 4 1)1k
n=0

29, (29). 2"+ (z — 1)y =2y =0
Placing the problem in standard form yields

y'+(1—-1/z)y —2y/z =0
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so that
Do = lir%:z:(l —1/z)=—1
qQo = lir%xQ[—Q/x] =0

and the indicial equation is given by

r(r—1)—(r)=0
2 —2r =0
r(r—2)=0
with exponents of singularity » = 0, 2. We choose the larger of the two

values and write
o
y= 3 o

[e.e]

Z (n+2)a,z

n=0

o0

Z n+2)(n+ 1)a,z"

and substituting into the original equation obtain

Y (n+2)(n+1)a, 2"+ Y (n+2)az" =Y (n+2)aa" -2 Z a, " =0
n=0 n=0 n=0

or after simplification

Z (n+2)(n+1) anx"+1+z (n+2)a,xz"? Z (n+2)a,z™* Z 2a,z""

n=0 n=0 n=0

Performing a shift so that the exponents of the first and third terms are
equal to n 4+ 2 we obtain

[e.9] o0 o0

> (n+3)(n42)ani12" P+ (n+2)a,x" = > (n+3)an 2"t Z 2a,x" % =

n=-—1 n=0 n=-—1

Explicitly writing the first term from the first and third series yields

2a02°+ ) (n+3)(n+2)ant12" 7+ (n42)a,a™ T —2a02° = (n+3)ans1z"" Z 20, 1"
n=0 n=0 n=0

> (n4+3)(n4+2)an 12"V +> 0 (n42)a,z" P => " (n43)anx"t Z 2a,x" " =

n=0 n=0 n=0
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[e.e]

S ln+3)(n+2)ants + (n+2)a, — (0 + 3)apr — 2a,)z" > =0

n=0
o0
> [(n+3)(n+ 1)ans1 + nay)z™* = 0.
n=0
From this last equation we obtain the recurrence relation

api1 = na,/[(n+3)(n+1)], n>0.

From these equations we can write
n=0, ar=0(a)/[3-1] =0

n=1, ay=1(ay)/[4-2] =0
n=2, az3=2(az)/[5-3] =0

so in general, for subscripts greater than zero,

Thus we can write
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