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Introduction

Let X be a Banach space with norm || - ||, i.e. X is a vector
space over R (in our case), and

| ]| : X — [0,00) such that
IX[[=0 <= x=0& [x+yl <Ix]+]yll
(X, ] - |I) is complete (Cauchy sequences converge)
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Introduction

Let X be a Banach space with norm || - ||, i.e. X is a vector
space over R (in our case), and

| ]| : X — [0,00) such that
IX[[=0 <= x=0& [x+yl <Ix]+]yll
(X, ] - |I) is complete (Cauchy sequences converge)

A sequence (xp) in X is called Schauder basis or simply basis
of X, if for every x € X there is a unique sequence (a,) C R so

that
o]
X = Z aan.
n=1
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Assume (xp) is a basis of X.
For n € N the n-th canonical projection is the map

n
Pr:X— X, > aixi— Y ax.
ieN i=1
Note:
e dim(Pnp(X)) = n,
® PpoPp= Pmin(m,n)
e Py(x) — x,as n— oo, x € X.
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Uniform boundedness of the P,’s: For fixed x € X, say

00 n
X = Z ajx; = lim Z axj = lim_Pn(x),
i=1 i=1
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Uniform boundedness of the P,’s: For fixed x € X, say

00 n
X = Z ajx; = lim Z axj = lim_Pn(x),
i=1 i=1

and, thus
[[1x][| = sup || Pn(x)|| < oo.
neN
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Uniform boundedness of the P,’s: For fixed x € X, say

00 n
X = Z ajx; = lim Z axj = lim_Pn(x),
i=1 i=1

and, thus
[[1x][| = sup || Pn(x)|| < oo.
neN

We can therefore use the Uniform Boundedness Principle to
get

C=sup||Pn||=sup sup |[|Pn(x)] < oc.
neN neN xeX,xeBally
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Uniform boundedness of the P,’s: For fixed x € X, say

00 n
X = Z ajx; = lim Z axj = lim_Pn(x),
i=1 i=1

and, thus
[[1x][| = sup || Pn(x)|| < oo.
neN

We can therefore use the Uniform Boundedness Principle to
get
C =sup|[Pl| =sup _sup [[Pn(x)] < oc.
neN neN xeX,xeBally
C is called Basis constant of (x,) and ||| - ||| is an equivalent
norm on X:
X[ < ll[x]I] < Clix]l.
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Conversely: Assume that X is a separable Banach space and
for n € N there are projections P, : X — X so that

e dim(Pp(X)) = n,

* PpoPp= Pmin(m,n)

o Py(x) — x,as n— oo, x € X.
e C= SUPpeN HPI"I” < 00
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Conversely: Assume that X is a separable Banach space and
for n € N there are projections P, : X — X so that

e dim(Py(X)) = n,

* PpoPp= Pmin(m,n)

o Pp(x) — x,as n— oo, x € X.
e C= SUPpen | Pnl| < o0

If we choose x, € Pp(X) nKer(Pn_1), xn # 0, (with Py = 0).
Then (x,) is a basis of X.
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Coordinate functionals:
Let X be a space with basis (x,) the n-th coordinate functional
is the map

X; X =R, Za,-x,- — an,
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Coordinate functionals:
Let X be a space with basis (x,) the n-th coordinate functional
is the map

X; X =R, Za,-x,- — an,

Since
Xp(X)Xn = Pp(x) — Pp_1(x),
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Coordinate functionals:
Let X be a space with basis (x,) the n-th coordinate functional
is the map

X; X =R, Za,-x,- — an,

Since
Xp(X)Xn = Pp(x) — Pp_1(x),

it follows that
Supne | Xall - [[X5 ]l < 2C.



Bases of Banach spaces Ramsey’s Theorem and Applications Distortion Universality Problems

Coordinate functionals:
Let X be a space with basis (x,) the n-th coordinate functional
is the map

X;:XHR, Za,-x,-n—>an,

Since
Xp(X)Xn = Pp(x) — Pp_1(x),

it follows that
SUPnel|Xnl| - [[X5 ]| < 2C.

or

. Pn(x) — Pp—1(x 2C
”XnH = sup H n( ) n 1( )H < ’
xeBall(X) [ Xnll [ Xnll
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Coordinate functionals:
Let X be a space with basis (x,) the n-th coordinate functional
is the map

X;:XHR, Za,-x,-n—>an,

Since
Xp(X)Xn = Pp(x) — Pp_1(x),

it follows that
SUPnel|Xnl| - [[X5 ]| < 2C.

or

. Pn(x) — Pp—1(x 2C
”XnH = sup H n( ) n 1( )H < ’
xeBall(X) [ Xnll [ Xnll

Using the coordinate functionals we can write every x € X as

X=X (x)x;.

ieN
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Let X be a Banach space with basis (x;).
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Let X be a Banach space with basis (x;).
Every element x = "7, ajx; can be identified with the
sequence of its coordinate (a;).
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Let X be a Banach space with basis (x;).
Every element x = "7, ajx; can be identified with the
sequence of its coordinate (a;).

Coo := {(aj) : supp(a;) = {i € N : a; # 0} is finite }.
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Let X be a Banach space with basis (x;).
Every element x = "7, ajx; can be identified with the
sequence of its coordinate (a;).

Coo := {(aj) : supp(a;) = {i € N : a; # 0} is finite }.
Let (&) be the usual vector space basis of ¢y, i.e.

e =(0,0,...0,_1 ,0,0...),
~~
n—th
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Let X be a Banach space with basis (x;).
Every element x = "7, ajx; can be identified with the
sequence of its coordinate (a;).

Coo := {(aj) : supp(a;) = {i € N : a; # 0} is finite }.
Let (&) be the usual vector space basis of ¢y, i.e.

e =(0,0,...0,_1 ,0,0...),
~~
n—th

Identify x, with || x,|| - €,. X is then the space of sequences

(&) = (aillxill)

n
sothat )¢ e converges in X.

i=1
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Let X be a Banach space with basis (x;).
Every element x = "7, ajx; can be identified with the
sequence of its coordinate (a;).

Coo := {(aj) : supp(a;) = {i € N : a; # 0} is finite }.
Let (&) be the usual vector space basis of ¢y, i.e.

e =(0,0,...0,_1 ,0,0...),
~~
n—th

Identify x, with || x,|| - €,. X is then the space of sequences

(&) = (aillxill)

n
sothat )¢ e converges in X.
i—1

Thus X is the completion of cyg with respect to || - || with
leill=1,i=1,2....
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Often we define a separable Banach space, by defining a norm
|| - || on coo, SO that there is a constant C (usually C = 1) so that
forallne Nand (a)7_,andall m<n.

m n
HZa,-e,- < CHZ&,’Q,’H.
i=1 i=1
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Often we define a separable Banach space, by defining a norm
|| - || on coo, SO that there is a constant C (usually C = 1) so that
forallne Nand (a)7_,andall m<n.

m n
HZa,-e,- < CHZ&,’Q,’H.
i=1 i=1

In this case the completion of cyo with respect to || - ||, i.e. the
vector space X of all sequences (a;) for which

(ia;eizneN)

is Cauchy, is a Banach space and ¢y is dense in X.
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Often we define a separable Banach space, by defining a norm
|| - || on coo, SO that there is a constant C (usually C = 1) so that
forallne Nand (a)7_,andall m<n.

m n
HZa,-e,- < CHZ&,’Q,’H.
i=1 i=1

In this case the completion of cyo with respect to || - ||, i.e. the
vector space X of all sequences (a;) for which

(ia;eizneN)

is Cauchy, is a Banach space and ¢y is dense in X.
Moreover, if ||ej]| = 1 (or more generally 0 < a < ||| < b)), X
is a subset of the space of all sequences converging to 0.
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Examples

e For1<p<w
o . o0 1/
tp={(€) 3167 < oo} with [(€)lo = (2 leP)
i=1 i=1

(&) is basis of ¢, (“Usual unit vector basis of ¢,”).
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Examples

e For1<p<w
o . o0 1/
to={(€): 1P < oo} with [(€)o = (2 l&P)
i=1 i=1

(&) is basis of ¢, (“Usual unit vector basis of ¢,”).
e Similarly

co={(&): Jim & = 0} with [[(&)ll = max I€i]-
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e For a separable probability space (2, M,u)and 1 < p < oo

1/p
Lo = {f: 2= R o= ( [ 1#P0) " < oo}

Choose sequence (A;) of measurable sets with positive
measure so that

1. A1=Q,
2. forn> 0and all m < n, either A, C An and Ay \ A, also
has positive measure, or A, N Ap = 0.
3. {An: n € N} generates M
Let M, = o(Ay,...,An), and Py(f) = E(f|M)).
Choose hp € Pp(Lp(p) N Ker(Pp_1), [|hnl| = 1.
(hn) is called Haar basis of L.
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Existence of Bases

Enflo 1973: Not every separable Banach X space has a basis.
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Existence of Bases

Enflo 1973: Not every separable Banach X space has a basis.
Ovsepian & Pelczynski 1975: Every separable Banach space
X admits a bounded, total, biorthogonal system
(e, ) C XxX*,

e span(e;: i € N) = X,

* (&) = iy

e VxeX(VieN ef(x) =0= x=0),

® SUPpen ||e;k|| |l &i]] < oo.
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Existence of Bases

Enflo 1973: Not every separable Banach X space has a basis.
Ovsepian & Pelczynski 1975: Every separable Banach space
X admits a bounded, total, biorthogonal system
(e, ) C XxX*,

e span(e;: i € N) = X,

* (&) = iy

e VxeX(VieN ef(x) =0= x=0),

® SUPpen ||e;k|| |l &i]] < oo.
Every Banach space contains basic sequences (sequences
which are a basis for their closed linear span).
Every normalized weakly null sequence has a subsequence
which is basic.
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Block bases

Many structural problems in infinite dimensional Banach space
are of the form:
e Does every/certain infinite dimensional Banach spaces

have an infinite dimensional subspace with some property
(P)?
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Block bases

Many structural problems in infinite dimensional Banach space
are of the form:

e Does every/certain infinite dimensional Banach spaces
have an infinite dimensional subspace with some property
(P)?

If the property passes to subspaces and is stable "under small
perturbation” the question becomes a question on block bases:
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Block bases

Many structural problems in infinite dimensional Banach space
are of the form:

e Does every/certain infinite dimensional Banach spaces
have an infinite dimensional subspace with some property
(P)?

If the property passes to subspaces and is stable "under small
perturbation” the question becomes a question on block bases:
If (xn) is a basis a sequence (yn) C span(x, : n € N)\ {0} is
called block basis of (x,) if

Kn
Yo=Y ax, with(a) CRand0 =Ky < ki <Kkz...
j=kKn_1+1
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e Every infinite dimensional Banach space contains a basic
sequence,

e and to every infinite dimensional subspace Y of a space X
with basis (x,) there is a block basis (y;) of (x;) whose
span is “almost in Y7, i.e. for given ¢, \, 0

sup {dist(z, Y) : z € span(y; : i > n),||z|| =1} <ep.

Thus aforementioned question takes the following form:

e Does every/certain basic sequences have a block basis
with property (P)?
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Equivalence Relations for Bases

Definition
Let (yn) and (x,) be two normalized basic sequences, we say
(xn) C- dominates (yp), if

H Z ayi

and write (yn) <¢ (Xn).
We say (yn) and (x,) are C-equivalent, and write (x,) ~¢ (Vn),

if (Xn) <c (¥n) and (yn) =¢ (Xn)-

) < CH ZaiXiHa (ai) € coo,
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It is easy to see that the ¢, and ¢ unit vector basis is equivalent
to all of its normalized block bases.
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It is easy to see that the ¢, and ¢ unit vector basis is equivalent
to all of its normalized block bases.

Theorem (Zippin 1966)

If (xn) is equivalent to all of its normalized blocks, then (x,) is
equivalent to the (, or ¢y unit vector basis.
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It is easy to see that the ¢, and ¢ unit vector basis is equivalent
to all of its normalized block bases.

Theorem (Zippin 1966)

If (xn) is equivalent to all of its normalized blocks, then (x,) is
equivalent to the (, or ¢y unit vector basis.

Nevertheless, the following is open:

Problem

If the span of the blocks of a basis of a Banach space X are
isomorphic to X, does it follow that X is isomorphic to {;,?
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It is easy to see that the ¢, and ¢ unit vector basis is equivalent
to all of its normalized block bases.

Theorem (Zippin 1966)

If (xn) is equivalent to all of its normalized blocks, then (x,) is
equivalent to the (, or ¢y unit vector basis.

Nevertheless, the following is open:

Problem

If the span of the blocks of a basis of a Banach space X are
isomorphic to X, does it follow that X is isomorphic to {;,?

Theorem (Komorowski and Tomczak-Jaegermann (1995)
and Gowers (1996))

An infinite dimensional space which is isomorphic to all its
infinite dimensional subspaces is isomorphic to Hilbert space.
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Shrinking and Boundedly complete bases

Let X be a Banach space and X* the continuous linear
functionals on X. Canonical embedding (By Hahn Banach an
isometric embedding):

J: X = X x— j(x), with j(x)(x¥) = x*(x).

X is called reflexive if j(X) = X**.
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Shrinking and Boundedly complete bases

Let X be a Banach space and X* the continuous linear
functionals on X. Canonical embedding (By Hahn Banach an
isometric embedding):

J X —= X, x e j(x), with j(x)(x*) = x*(x).
X is called reflexive if j(X) = X**.

Proposition

X reflexive <— X* reflexive <—
(Bally, w) compact. < all closed subspaces are reflexive.



Bases of Banach spaces Ramsey’s Theorem and Applications Distortion Universality Problems

Assume X has a basis (x,). What properties of (x,) ensure that
X is reflexive ?
Let X be reflexive with a normalized basis (xy).
e (xp) is weakly null. Since every block basis is a basis of a
subspace, every normalized block basis is weakly null.
(xp) is shrinking.
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Assume X has a basis (x,). What properties of (x,) ensure that
X is reflexive ?
Let X be reflexive with a normalized basis (xy).

e (xp) is weakly null. Since every block basis is a basis of a
subspace, every normalized block basis is weakly null.
(xp) is shrinking.

e Assume that (a;) C R, such that sup,cy H S, aix;

< 00.
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Assume X has a basis (x,). What properties of (x,) ensure that
X is reflexive ?
Let X be reflexive with a normalized basis (xy).

e (xp) is weakly null. Since every block basis is a basis of a
subspace, every normalized block basis is weakly null.

(xp) is shrinking.
e Assume that (a;) C R, such that sup,cy H ST aix|| < oo

Thus, the partial sums (37, ajx; : n € N) have a
convergent subnet (actual subsequence).
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Assume X has a basis (x,). What properties of (x,) ensure that
X is reflexive ?
Let X be reflexive with a normalized basis (xy).
e (xp) is weakly null. Since every block basis is a basis of a
subspace, every normalized block basis is weakly null.
(xp) is shrinking.

< 00.

e Assume that (a;) C R, such that sup,cy H S, aix;

Thus, the partial sums (37, ajx; : n € N) have a
convergent subnet (actual subsequence).
Limit point y has to be of the form y = "%, b;x;.
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Assume X has a basis (x,). What properties of (x,) ensure that
X is reflexive ?
Let X be reflexive with a normalized basis (xy).

e (xp) is weakly null. Since every block basis is a basis of a
subspace, every normalized block basis is weakly null.
(xp) is shrinking.

e Assume that (a;) C R, such that sup,cy H ST aix|| < oo

Thus, the partial sums (37, ajx; : n € N) have a
convergent subnet (actual subsequence).

Limit point y has to be of the form y = "%, b;x;.
Applying coordinate functionals: y = >, a;x;.

Thus the partial sums converge. (boundedly complete)
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These two properties characterize the basis of a reflexive
space:

Proposition

Let X be a Banach space with a basis (x,). Then X is reflexive
if and only if (xn) is boundedly complete and shrinking.
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Unconditional Bases

The basis (x,) of a Banach space X is called unconditional if
for every

o0
X = Z ajXj € X
i=1
the convergence is unconditional.

<« 3¢, forall(a;) € cyo V(;) € {—1,+1}

o oo
H Z €igjXi Z ajXi )
i=1 i=1

= Jcgy forall(aj) € coo V() € {0, +1}

o0 oo
H Z €idgjXi Z ajXi ’
i=1 i=1

<cy

<y
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James 1950: Let X be a Banach space with unconditional
basis. Then X is reflexive, or contains ¢; or /4;.
Two steps:

e If (x;) is not boundedly complete, X contains ¢;.
e If (x;) is not shrinking, X contains /4.

Example

The unit vector bases of ¢y and ¢, 1 < p < oo are
unconditional. The summing basis (s,) of ¢y is not
unconditional.

sn=(1,1,...1,0,0,...).
%/—/
ntimes

(IIs1 +S2...8n|| = n, but ||$; — So + S3,... £ 8p| = 1)
The Haar basis of Ly, 1 < p < oo, is unconditional. For p = 1
this is not true. Actually L; has no unconditional basis.
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The unconditional Basis problem: Does every infinite
dimensional Banach space contain an infinite dimensional
subspace which has a unconditional basis.
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dimensional Banach space contain an infinite dimensional
subspace which has a unconditional basis.

Gowers and Maurey 1993: No
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The unconditional Basis problem: Does every infinite
dimensional Banach space contain an infinite dimensional
subspace which has a unconditional basis.

Gowers and Maurey 1993: No

Does every infinite dimensional Banach space have an infinite
dimensional subspace which is either reflexive, ¢y, or /1 ?
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The unconditional Basis problem: Does every infinite
dimensional Banach space contain an infinite dimensional
subspace which has a unconditional basis.

Gowers and Maurey 1993: No

Does every infinite dimensional Banach space have an infinite
dimensional subspace which is either reflexive, ¢y, or /1 ?
Gowers 1994: No
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Ramsey’s Theorem

Ramsey’s Theorem is usually used in Banach space theory for
the following type of problem:

Problem

Let (xn) be a basic/normalized weakly null/ normalized weak
Cauchy sequence etc. Is there a subsequence with a certain

property (P)?
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Ramsey’s Theorem

Ramsey’s Theorem is usually used in Banach space theory for
the following type of problem:
Problem

Let (xn) be a basic/normalized weakly null/ normalized weak
Cauchy sequence etc. Is there a subsequence with a certain

property (P)?

Often a result of this type involves Ramsey’s theorem.
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Let [N]* = {N C N : |N| = oo}, more generally
[M]“ ={LC M: |M| =}
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Let [N]* = {N C N : |[N| = oo}, more generally

[M]“ ={LC M: |M| =}

Consider on [N]“ the product topology, i.e. identify [N]* with a
subset of {0, 1} via N — .
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Note that for a net {N; : i € I} in [N]*,

IirrllN,- =N < VneNdi,elVi>i
e

{1,2,...n}nN;={1,2,...n} NN
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Let [N]* = {N C N : |[N| = oo}, more generally

[M]“ ={LC M: |M| =}

Consider on [N]“ the product topology, i.e. identify [N]* with a
subset of {0, 1} via N — .

Note that for a net {N; : i € I} in [N]*,

IirrllN,- =N < VneNdi,elVi>i
e

{1,2,...n}nN;={1,2,...n} NN

Theorem (Ramsey 1930, Silver 1970, Galvin&Pikry 1973,
Ellentuck 1974)

Assume A C [N]¥ is analytic (or closed).
Then there is an infinite N C N so that

Either [N]* c A or [N]* N A = 0.
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Corollary

If(A;:i=1,2...n)is a finite partition of [N]* into Borel sets,
then there is aniy € {1,2...n} and an N € [N]“ so that
[N]w C ./4,'0.
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Corollary

If(A;:i=1,2...n)is a finite partition of [N]* into Borel sets,
then there is aniy € {1,2...n} and an N € [N]“ so that
[N]"” C .A,'O.

Corollary ("Ramsey for analysts")

Let (K, d) be compact and metric and let f : [N]* — K be Borel.
Leten N\, 0.

Then there exists an xo € K andan N = {ny < np,...} € [N|¥
so that

d(f(M), xo) < ex whenever M e [{ny, N1 ...}]“.
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Spreading Models

Definition
A basic sequence (&) is called spreading if for some constant
C > 1 so that for all (a;) € cyo

Sl < [ S <o

it is called subsymmetric if it is unconditional and spreading.

)



Bases of Banach spaces Ramsey’s Theorem and Applications Distortion Universality Problems

Spreading Models

Definition
A basic sequence (&) is called spreading if for some constant
C > 1 so that for all (a;) € cyo

Sl < [ S <o

it is called subsymmetric if it is unconditional and spreading.
Let X be a Banach space and (x;) be a sequence. A spreading
sequence (¢g)) is called the spreading model of (x,) if for all
keNand (&),

)

k
lim lim ... lim HZa,-xn, .
i=1

Ny —00 Np—00 Ng—00

k
=X ae
i=1
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Proposition (Brunel and Sucheston, 1973)

Every non compact seminormalized sequence (x,) in a Banach
spaces X has a subsequence with a spreading model (e;).
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Proposition (Brunel and Sucheston, 1973)

Every non compact seminormalized sequence (x,) in a Banach
spaces X has a subsequence with a spreading model (e;).
Moreover, for any e, \,0 there is a a subsequence (n;) so that

k k
(13200, - [ 3 e
i=1 i=1

whenever k € N, k < 4 < lp < ... < g, and (g)f_, C R,

< €k,
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Proposition (Brunel and Sucheston, 1973)

Every non compact seminormalized sequence (x,) in a Banach
spaces X has a subsequence with a spreading model (e;).
Moreover, for any e, \,0 there is a a subsequence (n;) so that

k k
(13200, - [ 3 e
i=1 i=1

whenever k € N, k < 4 < lp < ... < g, and (g)f_, C R,

< €k,

Proof: Apply “Ramsey for Analysts” to the functions

fic - [NJ¥ > My = {s: RX — [0, o0) seminorm}

k
(m. ) = @)y = 1Y axal]-
i=1
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Proposition

If (xn) is @ semi normalized weakly null sequence, it has a
subsequence which has an unconditional spreading model.
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Rosenthal’s /1 Theorem

Universality Problems

Theorem

Let (xn) be a bounded sequence in a Banach space X. Then
(xn) has a subsequence (yn) so that,

either (yn) is w-Cauchy

or (yn) is equivalent to the ¢y unit vector basis.
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Consider X ¢ C(Ball(X*), w*) = S. The Crucial Lemma

Lemma

Let (An, Bn) with Ap, B, C S disjoint for n € N. Then there is a
subsequence (An,, Bn,) which is
Either Boolean independent, i.e.

() Ain () Bi # 0 whenever Iy, I C N are disjoint

i€l i€l

Or convergent

VseS {ieN:se Ay} or{ieN:sce B} finite.
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Partial Unconditionality

Example (Maurey Rosenthal 1977)

There is a normalized weakly sequence which has no
unconditional basic subsequence.

(proof uses idea of coding)
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Partial Unconditionality

Example (Maurey Rosenthal 1977)

There is a normalized weakly sequence which has no
unconditional basic subsequence.

(proof uses idea of coding)

Problem

Given a basic sequence (x;). Can we pass to a subsequence,
so that there is a constant C so that

||§;a,yi < ¢||> aw

for certain E’s and/or certain coefficients ?
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Theorem (Elton 1980)

Foreach 1 > § > 0 there exists K(§) < oo (actually
K(0) ~¢ log(1/d)) with the following property.
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Theorem (Elton 1980)

Foreach 1 > § > 0 there exists K(§) < oo (actually
K(0) ~¢ log(1/d)) with the following property.
Let (xn) be a normalized weakly null sequence.
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Theorem (Elton 1980)

Foreach 1 > § > 0 there exists K(§) < oo (actually

K(6) ~¢ log(1/0)) with the following property.

Let (xn) be a normalized weakly null sequence.

Then there exists a subsequence (yn) of (xn) such that if
(@) C[-1,1]and | C {i:|aj]| > 0} then

1> awill < KON aill
/
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Theorem (Elton 1980)

Foreach 1 > § > 0 there exists K(§) < oo (actually

K(6) ~¢ log(1/0)) with the following property.

Let (xn) be a normalized weakly null sequence.

Then there exists a subsequence (yn) of (xn) such that if
(@) C[-1,1]and | C {i:|aj]| > 0} then

1> awill < KON aill
/

Problem:Is K(9) independent of §?
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Theorem (Elton 1980)

Foreach 1 > § > 0 there exists K(§) < oo (actually

K(6) ~¢ log(1/0)) with the following property.

Let (xn) be a normalized weakly null sequence.

Then there exists a subsequence (yn) of (xn) such that if
(@) C[-1,1]and | C {i:|aj]| > 0} then

1> awill < KON aill
/

Problem:Is K(9) independent of §?

Dilworth, Kalton and Kutzarova 2003: Yes, if (x,) does not
have a subsequence whose spreading model is equivalent to
the ¢p-unit vector bases.
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Theorem (Odell 1993 “Schreier Unconditionality”)

If (xn) is @ normalized weakly null sequence and ¢ > 0 then
there is a subsequence (yn) which is (2 + ¢)-Schreier
unconditional : for each

Ec{FCN:minF > |F|} = &

so that

<(2+ 5)” > ayi

H Z aiyi
i€E
Remark: Statement becomes wrong if one replaces Sy by

n
ng{UE,-:ngminE,-&E,-e&}.
i=1
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Theorem (Argyros, Mercourakis and Tsarpalias 1998)

Every normalized weakly null sequence (x,) has a convexly

unconditional subsequence (yn), meaning that for all 6 > 0
there is a cs so that:

If F C N finite and ()\)en Such that

0 < HZ)\,}/, < Z|)\,| =1.
ieF ieF

Then

H > )\iJ/iH > Gs.
=1
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Problem

Does Ramsey’s Theorem extend to Banach spaces? Let

A C Sx, dim(X) = occ.

Is there an infinite dimensional subspace Y so that Sy C A or
ANSy =07
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Problem

Does Ramsey’s Theorem extend to Banach spaces? Let

A C Sx, dim(X) = occ.

Is there an infinite dimensional subspace Y so that Sy C A or
ANSy =07

Answer: of course not!
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Problem

Does Ramsey’s Theorem extend to Banach spaces? Let

A C Sx, dim(X) = occ.

Is there an infinite dimensional subspace Y so that Sy C A or
ANSy =07

Answer: of course not!

Example

(x;) basis of X. For x = >"7°; xj"(x)X; € Sx let jp(x) € N be the
minimum of all /’s in N for which |x7*(x)| = max;cy X (X)|.
Then let

A= {x € Sx: Xi((x) >0} and B = {x € Sx : X;;(,(x) < 0}.
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More sensible question:

Problem

Assume A C Sy ande > 0.
Is there a infinite dimensional subspace Y C X, so that

Sy C A. or Sy C (Sx \ A)?
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More sensible question:

Problem

Assume A C Sy ande > 0.
Is there a infinite dimensional subspace Y C X, so that

Sy C A. or Sy C (Sx \ A)?

Equivalently, let f : Sx — R be Lipschitz/uniformly continuous,
and e > 0, is there an infinite dimensional Y C X so that

osc(f,Sy) = sup [f(z) —f(y)| <¢e?
y,Z€Sy
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More sensible question:

Problem

Assume A C Sy ande > 0.
Is there a infinite dimensional subspace Y C X, so that

Sy C A. or Sy C (Sx \ A)?

Equivalently, let f : Sx — R be Lipschitz/uniformly continuous,
and e > 0, is there an infinite dimensional Y C X so that

osc(f,Sy) = sup [f(z) —f(y)| <¢e?
y,Z€Sy

How about, if f is an equivalent norm?
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Definition
Let X be a separable Banach space with norm || - ||. Let ||| - |||
be an equivalent norm, A > 1.
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Definition

Let X be a separable Banach space with norm || - ||. Let ||| - |||
be an equivalent norm, A > 1.

We say that ||| - ||| is a A-distortion of || - || if for all infinite

dimensional subspaces Y C X,

[yl
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Definition

Let X be a separable Banach space with norm || - ||. Let ||| - |||
be an equivalent norm, A > 1.

We say that ||| - ||| is a A-distortion of || - || if for all infinite

dimensional subspaces Y C X,

[yl
112l

sup { ot Iyl = lyall = 1} 2 A

We say that X is \-distortable if such an equivalent norm exists
and

that X is distortable if there is a A > 1 for which X is
A-distortable,

and we say that X is arbitrary distortable if forall A > 1 X'is
A-distortable.
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Theorem (James 1964)

co and ¢4 are not distortable.

Idea of proof (for ¢4)
Let ||| - ||| equivalent norm on ¢4

r= nlim inf{|||x||| : x € span(e; : i > n),||x|| =1} >0,

choose block basis (y;) with |||y;||| ~ r. Then

H’Za/y/m ~ r whenever i’ai| -1
P
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Tsirelson’s space

Theorem (Tsirelson 1974)

There is a separable space T which does not contain any copy
of lp, 1 < p < o0, Or Cp.

Remark

This space was the first space known to be distortable. We will
present the construction of its dual which was considered by
Figiel and Johnson, 1974.
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There is a norm on ¢y Which satisfies the implicit equation

[IXIl = lixlle, v sup Z IEi

E1 <E2< En

Where:

For E C Nfinite and x = " aje; € coo: E(X) = )¢ i€,
n<Ei<E..Epmeansn<minE; <maxE;<mink,...

Indeed define by induction: ||x||p = max |x;| text and

IXllnt1 = lixlln v sup ZHE ()l

n<Ei<BEx<...

Then take || x|| := max||x||n-
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1[7
X =lxlle v sup > |IE)-
i=1

n<Ei<Ex<...Ep

Sketch
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[IXIl = lixlle, v sup Z IEi

n<Ei<Ex<...

Sketch
1. ¢4 is finitely block represented in any block space Y of T, i.e.

Ve>0,neN 3block(yi)Ly (¥i)fL1 ~(14e) £un.vect.basis.
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[IXIl = lixlle, v sup Z IEi

n<Ei<Ex<...

Sketch
1. ¢4 is finitely block represented in any block space Y of T, i.e.

Ve>0,neN 3block(yi)Ly (¥i)fL1 ~(14e) £un.vect.basis.

2. For/eN

Hxlle=

I\) \

el
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[IXIl = lixlle, v sup Z IEi

n<Ei<Ex<...

Sketch
1. ¢4 is finitely block represented in any block space Y of T, i.e.

Ve>0,neN 3block(yi)Ly (¥i)fL1 ~(14e) £un.vect.basis.

2. For/eN

1 n
Xl|ll,= max = Ei(x
lixllle = max _ 53 &)

i=1

38.1fn>>¢andy =137 . x, (x;) block then |||y|[|, < 1/2
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4.1 x = LS50 X;, (X;) ~14 £fun.vect.basis,then

1
N1 ~ —
[Ix]] ~ 1 and [[[x][]2 ~ 5
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4.1 x = LS50 X;, (X;) ~14 £fun.vect.basis,then

1
x| ~ 1and [[[x]|l2 ~ 5

5H If x = 257y X, and y = 2 372, X, with np >> max suppx,
then

3
X +yll ~ 5 and [[[x + y[[| ~ 1.
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Example (Sch, 1991)

Consider the norm on ¢y given by the following implicit norm

1
x|l = ||x]|g V su _— Ei(x)].
sy DI Q]

Then the completion of ¢y under that norm is arbitrary
distortable.
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Theorem (Milman 1971)

Every Banach space not containing ¢, or ¢y has a distortable
subspace.
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Theorem (Milman 1971)

Every Banach space not containing ¢, or ¢y has a distortable
subspace.

Theorem (Odell and Sch 1994)

lp, 1 < p < o0, is arbitrary distortable.
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Theorem (Milman 1971)
Every Banach space not containing {, or ¢y has a distortable
subspace.

Theorem (Odell and Sch 1994)

lp, 1 < p < o0, Is arbitrary distortable.

Problem

Are there spaces which are distortable but not arbitrarily
distortable? Is Tsirelson’s space such a space?
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Example (Argyros and Deliyanni 1997)

There is an arbitrary distortable Banach space, the spreading
models all of its block bases are (uniformly) equivalent to /4.
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Remark

The fact that {p , 1 < p < o0, is distortable, implies that there is
also a Lipschitz function on ¢4y which does not stabilize on an
infinite dimensional subspace.

But
Theorem (Gowers 1992)

Every Lipschitz function on S, stabilizes on infinite dimensional
subspaces.

Proof uses a “vector space” version of Glaser’s theorem that
compact semi groups have idempotent elements.



Bases of Banach spaces Ramsey’s Theorem and Applications Distortion Universality Problems

Gowers’ dichotomy Theorem

Restatement of Ramsey’s Theorem:

Consider game between two players: Let A C [N]“ closed
Player | chooses Ny € [N]“, Playerll: ny € N

Player | chooses N, € [N]¥, Player Il: n, ¢ N

Player | wins if {n; : i € N} € A.
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Gowers’ dichotomy Theorem

Restatement of Ramsey’s Theorem:

Consider game between two players: Let A C [N]“ closed
Player | chooses Ny € [N]“, Playerll: ny € N

Player | chooses N, € [N]“, Player Il: n, € N

Player | wins if {n; : i € N} € A.

One way to interpret Galvin & Pikry’s proof:

Either AN € [N]“VM € [N]“ Player | has winning strategy on M
In that case there is IN'€[N]¥ [N']¥ C A.

Or VN € [N]“3M e [N]“ Player Il has winning strategy.

Then VYN e [N]“3IM € [N} AN MY = 0.
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Gowers

2002: For bases and block bases only the “Either” is true.
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Gowers

2002: For bases and block bases only the “Either” is true. We

consider similar game: A C S§ = seq in Sy Borel.

Player | chooses X; C X, block subspace Player Il: x; € Sy,
Player | chooses X, C X, Player Il: x; € Sy,

Player | wins if {x; : i € N} € A.
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Gowers

2002: For bases and block bases only the “Either” is true. We

consider similar game: A C S§ = seq in Sy Borel.

Player | chooses X; C X, block subspace Player Il: x; € Sy,
Player | chooses X, C X, Player Il: x; € Sy,

Player | wins if {x; : i € N} € A.
Forz = (¢;) € (0,1), we put

Az ={(z) C Sx:3(x))eA: ||xi—z| <ei}.
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Theorem (Gowers 2002)

If on each infinite dimensional subspace Y and for any

g = (e1) € (0,1), Player | has a winning strategy for Az,

then for each z = (¢;) C (0,1) there is a block space Y so that
every normalized block of Y is in Az.



Bases of Banach spaces Ramsey’s Theorem and Applications Distortion Universality Problems

Problem (Universality Problem)

Given a class C of separable Banach spaces (we can think of it
as a subset of all the subspaces of C|[0, 1]).

Is there an element X in C, or in some related class C’, so that
X is universal for C, i.e. every Y in C embeds (isomorphically)
in X?
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Problem (Universality Problem)

Given a class C of separable Banach spaces (we can think of it
as a subset of all the subspaces of C|[0, 1]).

Is there an element X in C, or in some related class C’, so that
X is universal forC, i.e. every Y in C embeds (isomorphically)
in X?

Often this problem is easier to solve if one restricts one self to
spaces with bases or, more generally with finite dimensional
decompositions.
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Problem (Universality Problem)

Given a class C of separable Banach spaces (we can think of it
as a subset of all the subspaces of C|[0, 1]).

Is there an element X in C, or in some related class C’, so that
X is universal forC, i.e. every Y in C embeds (isomorphically)
in X?

Often this problem is easier to solve if one restricts one self to
spaces with bases or, more generally with finite dimensional
decompositions.

Definition (Finite Dimensional Decompositions)

A sequence of finite dimensional subspaces E, of a Banach
space X is called Finite Dimensional Decomposition of X
(FDD) if for all x € X there is a unique sequence (x;), with
X; € Ej, sothat X =" x;.
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Assuming a universality problem was solved within the class of
Banach spaces with bases/FDDs, the general universality
problem becomes an Embedding Problem.
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Assuming a universality problem was solved within the class of
Banach spaces with bases/FDDs, the general universality
problem becomes an Embedding Problem.

Problem (Embedding Problem)

Assume X is a Banach space in some class C, can it be
embedded into a space Z in C, or some related class C', with a
basis/FDD?
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Examples

The space of continuous functions on [0, 1], C[0, 1], is universal
for all separable Banach spaces (Banach).

Petczynski’s: ('69) There is a Banach space having a
basis/unconditional basis, which is complementably universal
for all Banach spaces having basis/unconditional bases.
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Szlenk 1968: There is no reflexive, separable space universal
for all reflexive separable spaces.

Sketch of Szlenk’s argument: Define an “index” which assigns

to each reflexive separable space X an ordinal o = Sz(X) < wq
so that

e Sz(X) invariant under equivalent renormings,
e Sz(X) is monotone,
o for all @ < wy there is a reflexive X so that Sz(X) > a.

Bourgain 1980: actually every separable space which is
universal for all reflexive spaces must contain CJ0, 1], and, thus,
must contain all separable Banach spaces.
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Problem (Bourgain 1980)

Is there a separable reflexive space which is universal for all
separable uniform convex (super reflexive) spaces?
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Problem (Bourgain 1980)

Is there a separable reflexive space which is universal for all
separable uniform convex (super reflexive) spaces?

e Pruss 1980, yes for spaces with FDDs.
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Problem (Bourgain 1980)

Is there a separable reflexive space which is universal for all
separable uniform convex (super reflexive) spaces?

e Pruss 1980, yes for spaces with FDDs.

e Odell & Sch 2005. yes in general (proving embedding)
actually there is a space X universal for all super reflexive
spaces so that Sz(X) v Sz(X*) = w?
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Problem (Bourgain 1980)

Is there a separable reflexive space which is universal for all
separable uniform convex (super reflexive) spaces?

e Pruss 1980, yes for spaces with FDDs.

e Odell & Sch 2005. yes in general (proving embedding)
actually there is a space X universal for all super reflexive
spaces so that Sz(X) v Sz(X*) = w?

e Odell, Sch & Zsak 2006: For any a < w there is a space
X universal for the class of spaces Y with
Sz(Y)V Sz(Y*) < w
Moreover Sz(X) Vv Sz(X*) < w1 (and this is best
possible)
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Key observation: Let Z be a Banach space with FDD (E;) and
let
AcC Ss={(z):2z € Sz}

Define for € = (¢5) C (0, 1) the &-fattening of A

Az ={(yi) : Hz)e A |zi — yill <ei}
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Consider the following infinite asymptotic game :
Player | chooses ny € N, Player Il: zy € S; n&2,, E;
Player | chooses n, € N, Player Il: 12 € S; N &2, E;

Player | has won if (z;) € A

Assume A is closed (Odell & Sch, 2002) or only co-analytic
(Rosendal, 2006)

The following are equivalent:

¢ Vz Player 1 has a winning strategy for Az

e vz there is a blocking (F;) of (E;) so that every skipped
block basis (x;) with respect to (F;) is in Az.
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Set theoretic approach to universality problems

Bossard 1995 considered the Effros Borel space of separable
infinite Banach spaces

Subs = {X C CJ[0,1] : X is closed linear sub space},
and if X € Subs

Subs(Y) = {Y : Y is closed linear sub space},



Bases of Banach spaces Ramsey’s Theorem and Applications Distortion Universality Problems

e Subs(X) is a Borel subset in 7(X) = {F C X : F is closed}
Thus Subs(X) is a standard Borel space.

e Subse(X) = {X € Subs : dim(X) = oo} is a Borel subset in
F(X).

e The relation {(Y, X) : Y is a closed subspace of X} is
Borel in Subs x Subs.

e For X € Subs the set {Y € Subs : Y embeds into X} is
analytic.

e The isomorphism relation ~ is analytic but non Borel, i.e.
the set {(X,Y) : X, Y € Subs, X ~ Y} is analytic in
Subs x Subs but not Borel.
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Bossard proved the following generalization of Bourgain’s result

Theorem (Bossard, 2002)

If A is an analytic class in Subs which contains all reflexive
spaces, then A contains a copy of C[0,1].



Bases of Banach spaces Ramsey’s Theorem and Applications Distortion Universality Problems

The Connection of Brossard’s approach to universality
problems was observed by Argyros and Dodos.

Definition (Argyros & Dodos, 2005)

A class C of separable Banach spaces (identified with subsets
of Subs) is said to be strongly bounded if for every analytic set
A C C (analytic in Subs) there is an element in C which is
universal for A.

Theorem (Argyros & Dodos, 2005)

The class of separable reflexive spaces with basis is strongly
bounded.
The class of spaces with separable dual and basis is strongly
bounded.
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Theorem (Dodos & Ferenczi, 2007)

The class of separable reflexive spaces are strongly bounded.

The class of spaces with separable dual and basis is strongly
bounded.
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Theorem (Dodos & Ferenczi, 2007)

The class of separable reflexive spaces are strongly bounded.

The class of spaces with separable dual and basis is strongly
bounded.

Corollary (Dodos & Ferenczi, 2007)

e Another proof of Bourgain’s conjecture.

e For every countable £ < wy there exists a space X: having
countable Szlenk index which is universal for all the spaces
with Szlenk index < €.
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Problems

e How different are the two approaches? Really different or
the same proof in two different languages?

e Is there a set theoretic approach to get the more
quantitative results?
o |s there a set theoretical approach to get the universality

result for
Sz(X) Vv Sz(X*)?
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