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1. Introduction
The Jacobian theta function ¥(z, ¢) is defined by

o0

(L.1) Weq) = Y (-1

n=—oo

where |¢| < 1 and z # 0. Recently, H. M. Farkas and I. Kra [8] discovered two cubic theta

function identities:

(1.2) (w2, q2) + WP (g2, ¢?) + wd(wg?,q2) = 0
and

13 13 3 3
(1.3) P (wq?,q2) — 9 (w?q2,q?) = ¢9*(wq2,q?),

where w = exp(27i/3). We give short elementary proofs of these identities. In §2 we will

show how (1.2) follows easily from Jacobi’s identity

n>0
and the fact that n(n + 1)/2 # 2 (mod 3). The second identity (1.3) depends on the
following identity

(1.5) Pwgt q?) =P (WPt qF) = —39(w® ~w)P(¢F ¢ 7).
and Jacobi’s triple product identity. In §2 we give the details as well as generalizations
of (1.2) and (1.5) related to the work of Newman and Kolberg. It should be noted that
(1.3) can also be proved by applying Jacobi’s imaginary transformation to (1.2). This
observation is due to H. Farkas (private communication).

Farkas and Kopeliovich [6] have found a p-th order generalization of (1.2). It is the
case k = 1 of the identity (1.6) below. Let p be odd and suppose k = 1,3,...,p — 2 and
ged (k, 2p) = 1. We have

p—1
(1.6) ST % q) =0,
£=0

where ¢, = exp(2mi/p), and r, 1’ are any integers that satisfy

(1.7) 4r = —k* (modp), 2=k (mod p).
3



When p =3 and k = 1 (1.6) is precisely (1.2). In [7], Farkas and Kopeliovich apply their
method to prove some of Ramanujan’s modular equations. In [12], Kopeliovich shows how
the methods of [6], [7] can be extended to multidimensional theta functions and finds a
multidimensional analogue of the p-th power identity.

We were first led to (1.6) by observing (via MAPLE) that one residue class (mod p)
was missing for the exponent of ¢ in the ¢-series expansion of ¥ (q%,qg). The missing
residue class was r = —% (mod p). We also observed other relations among the other
residue classes. The general result is given in Theorem 3.4. Thus the identity (1.6) follows
from a special case of this theorem. Our method of proof is combinatorial and utilizes an
orthogonal affine linear transformation.

We find two different generalizations of (1.3). We have

p—1 (p—1)/2
(18) 3G 7(¢ aE, qB) = (—1) P 2g GRS S (st stygr(ctok gk,
=0 =0

where r, ', s are any integers that satisfy
(1.9) 8r=—k* (modp), 2r'=k (modp), 4s=—k (mod p).

We note that (1.3) follows from putting p = 3, kK = 1 in (1.8) and using (1.2) to simplify
the result.

Our second generalization is

(r—1)/2
(1.10) S (D) IR (9P 2, q5) — 9P(C et aR))
/=1

p—1 21 P

= (1" ¢" 5 9P(Gat . q?).

We note that (1.3) is (1.10) with p = 3. Our proofs of (1.6), (1.8), (1.10) and other
related identities are given in §3. For p prime we show that (1.10) follows from our main
Theorem 3.4. For general odd p we show that (1.10) follows from the k = 1 case of (1.6)
using Jacobi’s imaginary transformation. Some concluding remarks related to the work of

Borwein, Borwein and Garvan [4] are given in §4.

2. Cubic identities
In this section we give short elementary proofs of (1.2), (1.3). Generalizations of (1.2)

and other identities related to the work of Newman [13] and Kolberg [11] are given. In the
4



next section, different generalizations of (1.2), (1.3) are given together with elementary
proofs.
We need Jacobi’s triple product identity [1, p. 21],[2, p. 62],[10, p. 282]

(2.1) 9(zq2,q%) = [[(1 - q™)Q = 2¢") (1 — 2 1g" ),
n=1

Jacobi’s identity [2, (3.1.14) p. 65], [10, Theorem 357 p. 285]

(22) 10_0[(1 _ qn)3 — Z(_l)n(2n + 1)qn(n+1)/2’
n=1 n>0

and Euler’s pentagonal number theorem [1, Corollary 1.7 p. 11}, [2, (3.1.10) p. 54]

oo

(2.3) H (1—q" Z (—1)"q"BrH1/2 — 9(qF ¢3).

n=1 n=-—oo
It is well-known that (2.2), (2.3) follow easily from (2.1). We let

(2.4) Z ang” = [[(1—q")* =9*(q%.4%).

n=1

We observe that n(n + 1)/2 # 2 (mod 3), so that from (2.2) we have

(2.5) 0= Z 3agn12¢>"+? = Z (1 + w2 1 W22y
= n=0

= A(q) + wA(wq) + w?A(w?q)
e ﬁg(q%7q%) J'_ wﬂg(wzq% %) _|_ w2193(wq2 q%)

Equation (1.2) follows by multiplying both sides of (2.5) by w?.
We now prove (1.3). We define

(2.6) n(q) =9(g2,q*) = Y (-1)"q"® 2 =T[(1-q"),
n=—oo n=1

by (2.3). Since n(n +1)/2 £ 2 (mod 3) then from (2.2) we have

(2.7) n*(q) = eo(q®) + qex(q®),
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for certain power series €, €1. Now,
(2.8)
P (wq?,q2) — 93 (w?q?, q?)
=n*(w?q) —n*(wg)  (by (2.6))
= (W* —w)ger(¢®)  (by (2.7))

=@ -w) Y (CDEnt g
n>0
n=1 (mod 3)

= —3¢(w? —w) Z(—l)m(Qm + 1)g”™(m+D/2 by substituting n = 3m + 1 in
m>0 the sum)

= =3¢(w® —w)n’(¢”).

From (2.1) we have

o0

) — Z (_1)nwnqn(n+1)/2

n=o0oo

[N

(2.9) 9(wq?,q

[[a-a0 -wem(@-w g™
n=1

=(1-) ][ -d*

n=1

= (1 - w*)n(g’).
An easy calculation gives —3(w? — w) = (1 — w?)®. Thus combining (2.8), (2.9) we find
that
(2.10) P (wa?,q2) — 0 (WPa?, q?)

= =3¢ (W’ —w)n*(¢") = ¢(1 — w*)*n’(¢")

which is (1.3).
We now consider other cubic identities related to the work of Kolberg [11]. Let p > 2
be a prime. We define

he = > (=1)"(2n + 1)gz"" ) (s=0,1,...,p—1);

In(n+1)=s (mod p)
n>0



so that

> he =1%(q).

s=0
The proof of the following lemma is analogous to that of (2.7), (2.8).

Lemma 2.11. (Kolberg) If 8s+ 1 is a quadratic non-residue (mod p), then hs = 0.
If8s+1=0 (mod p), then

2

1 10,2
(2.12) he = (=1)2@7V pgs@ =D (g7,

We may cast this result in terms of theta functions.

Corollary 2.13. Let p be an odd prime, let 8s + 1 be a quadratic non-residue (mod p),
let t = (p* —1)/8, and let ¢, = exp(2mi/p). Then

p—1
210 S s o)
k=0
and
- Kt o3/ ~k(p+1)/2 L ~3k(p+1)/2, 2 1)/2.2 tq3, 22 37
(2.15) D G (e 2ge (SREEN2gn) = (1) D2p2gtgd (gt g 7).
k=0

Newman [13] has found results analogous to (2.12) or (2.15) for higher powers of 7(q).

To describe Newman’s results we need some notation. For an integer r we define p,.(n) by

(2.16) > pem)gm = [ -q"),
n=0

= n=1

so that ps(n) = a,, which was defined in (2.4). We note that p,.(n) is defined to be zero

when n is not a non-negative integer.

Theorem 2.17. (Newman) Suppose r is one of the numbers 2, 4, 6, 8, 10, 14, 26. Let
p be a prime > 3 such that r(p+1) =0 (mod 24) and let A = r(p? —1)/24. Then

(2.18) pr(np+ A) = (=p)"/D " p.(n/p).
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3. The p-th power generalizations
In this section we prove (1.6), (1.8) and (1.10), the generalizations of (1.2) and (1.3).
We also derive other analogous identities. The methods of §2 don’t suffice so we use a
different approach.
Throughout this section k, p are odd integers with p > 3 and ged(2p, k) = 1. We define
3

T(k,p,n) as the coefficient of ¢" in the series expansion of 19”(q§ ,q2); ie.

(3.1) > T(hpm)a" = Y (~)F GBI ST = gr(g3 ),
nzno nez’

where 1T = (1,1,...,1). By considering each of the transformations

(1) i — —1i,

and

(i) i+ 1,

we have

(3-2) T(=k,p,n) =T(k,p,n),

and

(3.3) T(k,p,n) =-T(k+ 2p,p,n — ”(”T"’k)) =-T(2p—k,p,n+ p(kT_p)).

Hence it is enough to consider k =1,3,...,p — 1 for fixed p. The main result is

Theorem 3.4. Let p be an odd integer p > 3. Suppose ged(2p, k) =1 andk =1,3,...,p—
2. Then

=
(35) T(k,p,pn+7‘) = (_I)ZT(ZE_k‘apapn—i_T_ ( Zk))a
where £ is any integer that satisfies % </ < 7k+12’_2, ged(20 —k,p) =1 and r = —%
(mod p); and
(3.6) T(k,p,pn+s) = (—=1)!T (20 + k,p,pn+ s — @),

where £ is any integer that satisfies = 2+1 </t < #, ged(20+ k,p) =1 and s = %
(mod p).

By taking £ = k in the theorem we obtain the following corollary which is equivalent to
(1.6).



Corollary 3.7. Let p be an odd integer p > 3. Suppose ged(2p, k) =1 andk =1,3,...,p—
2. Then

2

(3.8) T(k,p,pn+1) =0, where r = 7 (mod p).

We illustrate the theorem and its corollary for p = 3, 5 and 7. For p = 3, there is only

one relation
(3.9) T(1,3,3n+2) =0,

which is equivalent to (1.2). For p = 5, there are four relations:

(3.10) T(1,5,5n+1)=0,

(3.11) T(1,5,5n+2) =T(3,5,5n+ 1),
(3.12) T(1,5,5n+4) = =T(3,5,5n + 3),
(3.13) T(3,5,5n+4) =

For p = 7, there are 9 relations

(3.14) T(1,7,m+1)=-T(57,T — 2),
(3.15) T(1,7,"n+2) = -T(3,7,Tn + 1),
(3.16) T1,7,7n+3)=T(3,7,Tn + 2),
(3.17) T(1,7,m+4)=T(5,7,Tn+ 1),
(3.18) T(1,7,7n+5) =0,

(3.19) T(3,7,7n+3) =0,

(3.20) T(3,7,7n+4) =T(5,7,7Tn + 2),
(3.21) T(3,7, T +6) = —T(5 7,7n +4),
(3.22) T(5,7,7n+6) =

Our proof of Theorem 3.4 is combinatorial and utilizes an orthogonal affine linear trans-
formation Ly given below in (3.30). For fixed odd p > 3 we define the p x p matrix @ as

the matrix whose columns are

(3.23) T =6 — -1,



where the €; are the columns of the identity matrix so that
(3.24) Q=1—--J,

where J is the p X p matrix all of whose entries are one. The following properties of ) are

easily proved:

(3.25) Q" =Q,
(3.26) QTQ=1 (Q is an orthogonal matrix),
(3.27) QT = -1

It should be noted that @ is an example of a Householder matrix. The use of Householder

matrices is important in numerical linear algebra [L, p. 358]. For 7 € 7, we define

k., -
(3.28) () := F(ii. k) = S|IA|l* + 57 - 1,
so that
(3.29) Z (—1)ﬁ'TqF(ﬁ) =9P(q7,q%).
rez?

For any integer £ we define the affine linear transformation
D p . I
(3.30) Lg R —R by Lg(n) S Qn - ;1.

Then the following properties of L, are easily proved:

(3.31) F(Li(R), k) = F(7,20 — k) + W; ’”,

(3.32) Lo(F) = i — %(2(77 D)+ 0,

(3.33) L(A) 1= —(i-1) - ¢,

(3.34) Li=1

For e = +1 or —1, we define

(3.35) S, (N)={iez’ : N= g||ﬁ||2 + gﬁ- T and (—1)"T =}
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We turn to the proof of Theorem 3.4. First we prove (3.5) by showing that
¢ ¢ ek
(336) Lf : Sk;’p(N) I Sk",p(N + %)

is a bijection if N = —% (mod p), ged (k,2p) = 1 and ged (2¢ — k,p) = 1, and where
¢ = (—1)% and k' = 2¢ — k. Suppose N = —% (mod p), ged (k,2p) = 1 and 77 € Sf ,(N).
Then

gﬁ-fz—% (mod p),
Lo ¢ :
and i-1= 3 (mod p) since ged (k,p) = 1.

From (3.32) it follows that

If we let m := Ly(77) then

and

[Vl las}

It follows that L,(77) € Sgl,,p(N + Z(k;l))7 and the map in (3.36) is well-defined. If in

addition, ged (2¢ — k,p) = 1, then analogously we find that
Ly(m) € S ,(N)

where 7 is any element of S,ijm(N + @). Since L? = I, we see that the transformation
Ly in (3.36) defines a bijection and (3.5) follows. Equation (3.6) follows by replacing k by

—k in (3.5) and using (3.2). This completes the proof of Theorem 3.4.
11



We now turn to (1.8) and consider Ly, where £ = %. In this case we have 20 — k =p
so that Theorem 3.4 does not apply. However we are still able to identify the image of
S, (V) under Ly when N = —% (mod p). For e = +1 or —1 we define
(3.37)

(M) ={mer’ : M:g|\m\|2+§m.f, (~1)"T=¢, and m-I=-—

For ged (k,2p) =1 and N = —% (mod p) we will prove that

2

(3.38) Liip : Sli,p(N) N Rlecl,p(N—i_ (k+p)8(k—19))

k+p

is a bijection, where ¢ = (—1) 2 e. We suppose N = —%2 (mod p), ged (k,2p) = 1 and
i € Sf, ,(N). If we let 17 = Lyyp (1) then, as in the proof of (3.36), we find that
’ 2

=L@ ez, (-)™=¢, gm-m+§m-f=N+7(k+p§k_p).
In addition we find that
1= L () T=—Gi-1) = S22 = 5 (oa )
since N = f% (mod p) and ged (k,p) =1 imply 77 -1 = 7% (mod p). Hence,
= Lugs (7) € R, (N + SFREZD)

Now suppose N = f% (mod p), ged (k,2p) =1 and m € Ril)p(N + W). If we
let 71 := L%(T?L) and € = (—1)¥e’ then we find that

i-1=N.

S
Il
~
Eal
T
S
—
3
S~—
Mm
N
o he]
T
—_
S~—
31
Lt}
Il
\_m
N3
N | o

-1+

Hence i € Sf ,(N). Since L3, =1, it follows that the map in (3.38) is a bijection.
2

We now show how the bijection in (3.38) may be interpreted in terms of theta-functions

and hence prove (1.8). If (, = exp(27i/p) then

pz_:lgjk{p if k=0 (mod p),
Ik =

‘ 0 otherwise.
Jj=0

12



For 0 < j <p-—1, we define

(3.39) Gj = Gj(Q) = ( i (_1)m ;)'mqpm(m+1)/2>

m=—0o0

and

(-T—)-T=—(@-T)

so that by considering 17 — —1 — i we find that

Fj=—F, ;.
Hence
p—1
(3.40) Gi=> CF,
k=1
-1z '
= > (= H)F
k=1
We claim that
1 (p—1)/2 ‘ ‘
(3.41) Fy== > (G =¢NGk
k=1



Now

(p—1)/2 . .
> (G = )G
k=1
(p—1)/2 , 4 (p—1)/2
= G =) > (=M
k=1 /=1

(p-1)/2 [(p—1)/2 . 4 4 .
— Z Cg(f—ﬂ _ QS(J-&-Z) _ <p—k(J+€) + C}’f(]—@ F

p—1
= <p —1- Z C%j) F; (since the inner sum above is zero when £ # j)

and (3.41) follows. This means we may now interpret the bijection (3.38) as a theta-

function identity. If r = —% (mod p) then we have

(3.42) T(k,p,pN +71) = (71)k2ﬂ Coefficient ofqu“Jr(Hp)S(k_p) in Fs(q),

where s = —% (mod p). The equation (1.8) follows easily via (3.41).

Our proof of (3.41) leads one to consider the matrix
(3.43) S = (sin(27rij/p))1§i,j§p7,1.

Our result (3.41) is equivalent to

(3.44) s2="2r
4
For
(3.45) C= (cos(27rij/p))1§i7jg,%1
we find
1

4 2Py 2y

(3.46) =337

14



We note that the matrices S and C occurred in a problem in the American Mathematical
Monthly proposed by Ron Evans and Jerrold Griggs [5]. See page 64 of the January 1991
issue for the solution.

We now turn to the proof of (1.10). First we show how (1.10) follows from Theorem 3.4
when p is a prime. Then we show how, for general odd p, (1.10) follows from the k£ =1
case of (1.6) using Jacobi’s imaginary transformation.

We assume p is an odd prime. First we write (1.10) in terms of the T'(k,p,n) defined
n (3.1). For kK £ 0 (mod p) we define ¥’ (mod p) by

(3.47) K = (mod p).

2
k
By replacing ¢ by 81 and using (3.1), (3.39) we find that (1.10) may be written as

p—2

2_ k' _
(3.48) ) g 1ZT ko) (G =T )" = (-1
k:l
kodd
or
(3.49)
p—2 p—1 .
S S (T g T - g
P 9 )
n k=1 r=0 8
kodd
= (-7 ¢"F Gy
Since G is a function of ¢ we must first show that
k? -1

) =0,

(3.50) i Y () Zi/(r_(k2gl)))T(k,p,pn + 5
Koda

for 0 <r <p-—1with r # —% (mod p). We prove (3.50) by showing that each term on

the left side is either zero or can be paired with another term of opposite sign.

Let 0 < r < p—1 be fixed and suppose r # —é (mod p). We consider each of the
integers 1 < k < p — 2 with k£ odd. Each such integer & is one of two types: Type(I) or
Type(II). The types correspond to the two parts of Theorem 3.4 namely, (3.5) and (3.6).
More explicitly the types are defined as follows. First we consider such an integer k. The
sequence of consecutive integers
k—(p-2) k+(p—2)

9 S 2
15

(3.51)



represent all residue classes (mod p) except the class congruent to % (mod p). Since

r £ —% (mod p) we may choose an integer ¢; from the sequence (3.51) such that

(3.52) 0 = i(l& —(8r+1)) (mod p),
so that

2 _
(3.53) r— (k 5 1) = —% (mod p).

If 2L <4y < w we say k is of Type(I) and we let £ = ¢;. On the other hand if
kf(’2’72) < 0y < E5L we say k is of Type(IT) and we let £ = —/;.
We now fix n. We define the set

S:={1,3,...,p—2}.

For k € S we define the weight w(k) as

B K (r—(E221y) ok (r—(EEL)) k2 —1
wik) = (D) F (o T =T T ) Tk - S

),

so that (3.50) may be written as

(3.54) > w(k)=0.

keS
Equation (3.54) and hence (3.50) will follow by constructing a sign-reversing involution ®
P:S—S; w@k)=—-wk).

Our map @ is defined simply as ®(k) = 2¢ — k where ¢ = {(k) is defined above. If k is of
Type(I) then an easy calculation shows that

(3.55) K (r — (k28_1>) =(©20-k)(r— (M>) (mod p),

8

K21 -k (20-k)2—1
(3.56) et = 3 :

(3.57) (D)= () =~(-1)" =




Also we have

(3.58) r— <k28 1) = 7%@ (mod p),

by (3.52). Hence by (3.5) we have

(3.59) w(®(k)) =w(2l — k) = —w(k).

We find that

(3.60) 1<20—k<p-2,

(3.61) %Q_k <(< (%_k)%_?,

and

(3.62) r— ((26?21> = —2(26 — k) (mod p).

It follows that ®(k) € S, ®(k) is also Type(I) with the same value of ¢ as k, so that
O(D(k))=20— (20— k) =k.
Similarly, when k is of Type(II) we find that
W(®(K)) = —w(k)
using (3.6), ®(k) € S, ®(k) is of Type(II) and ®(®(k)) = k. Hence ® is a sign-reversing

involution on S as required.

From (3.49) we now see that the proof of (1.10) is reduced to proving

(3.63)
p=2 k1 k’(ro—(kz‘l)) 7k’(ro—(ﬁ)) k-1
DD E (G A T )Tk pypntro = ——)g"
n k=1
k odd
p—1 p2-1
= (_1) z g s Gy,

17



where 1 < ryp <p—1and ro = pQTfl (mod p). From (3.42) we find that the left side of

(3.63) may be written as

(3.64)
1 p=2
(-1 ¢ (45/4 - C;k/4)F(_k/4) (q) (where each —k/4 is reduced modulo p),
Kodd
T k. (since £k (k odd, k =1,3,...,p—2) forms
=(-1)7 ¢"3 Z C;ka (q) a complete non-zero residue system mod-
k=1 ulo p ),

p—1 p2-1

=17 ¢ G (by (340)),

and this gives the result (3.63) and this completes the proof of (1.10) for p prime.
We now show how, for general odd p, (1.10) follows from the k = 1 case of (1.6) using

Jacobi’s imaginary transformation formula [2, Eq. (2.2.5) p.3§]

(3.65) Z e—%<"+-”f>2”:\/§ Z e27rik9ce—7rkzs7

n=—oo k=—c
where re(s) > 0. If we let 2 = 3 + g—; and s = —i7 then (3.65) becomes
(3.66) VIS et g
k=—oc0

_ mimé s _ min# /l(’ﬂ2+ nm,)+ m2
—e 292 E e r q 2 3 8p2

n=—oo

)

where ¢ = exp(7it) ¢ = q(—1/7) = exp(—Z%) and im(7) > 0. The k = 1 case of (1.6)

T

may be written as

Pl s neG4p) b
(367 G (22(—D%¢2 1) o

£=0

n=—oo

We observe that

e . , eXp(—ﬂipné)a Z Odd7
(~1)"G * =exp(nmi{l —14£}) = min(l—p)
eXp(T)» ¢ even.

18



If we multiply both sides of (3.67) by \/—iTqﬁ, apply the transformation (3.66) with
¢ =1, and replace ¢’ by ¢g? we obtain

(3.68)
p—2 » 2 & . p . p2 iep  (0—p)2 & ) P
L DI LA IS D o i ol D P TGRS
/=1 n=—oo =1 n=-—oo
¢ odd ¢ even
2 o0 P
+e 2g ( Z e_%quzn(”Jrl)) =0.
n=—o0

On replacing ¢ by p— £ in the outer sum in the second term, then simplifying and reversing

the order of summation in the inner sum we have

(3.69)
p—2 ) R [eS) ) p > ) P
e 7Tl {( > e‘”é"qg(p”“)> ~ < e”énqg(p”“)> }
(=1 n=-—00 n=Too

R > ) P

On multiplying both sides by (—l)pTHe”/ 245 and simplifying we have
p—2 , 2 0 ) p 0o ) p
(—1) T q = {( > e—";"qz(pn+e>> _ ( e";"q’s(an)) }
/=1 n=-—oo n=-—oo
p—1 p2-1 > Tin n P
= (_1)%qp 8 Z 67 P q%(n—‘rl) 9

which is (1.10) with ¢, replaced by (;<p71)/2 which is a primitive p-th root of unity, so
that (1.10) clearly follows.

4. Concluding remarks

The following classical identity follows easily from Theorem 4 and Corollary 1 in [§]
(4.1) 0*(~1,9) = 9*(1,9) + ¢9* (=g, 9).

It is of interest that the two theta functions 9¥2(—1,q) and 9¥%(1,q) parametrize the

arithmetic-geometric mean iteration of Gauss [2, Chapter 1] whose limit is identified with
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the hypergeometric function 2y (3, ;1;+). Recently, Borwein and Borwein [3] were able
to parametrize a cubic mean iteration whose limit is identified with the the hypergeo-
metric function F (3, 2;1;-). For a survey of recent related results see [9]. Some of the
properties of the Borweins’ cubic iteration bear some striking similarities to the classical

case of Gauss. This time the parametrization is in terms of

> 2 2
(42) a(q) = Z qm +mn+n 7
and
(4.3) b(q) = Z w"_mqm2+m"+"2 where w = exp(27i/3).

m,n=—o0

The analogue of (4.1) is

(4.4) a’(q) = b*(q) + *(q),
where
o0
(45) c(q) _ Z q(m+%)2+(m+%)(n+%)—F(n-‘-%)z.

m,n=—o0

Equation (4.4) bears a striking resemblance to (1.2). It is however a different identity.
It would be interesting to investigate whether the theta-functions in (1.2) occurred in
the parametrization of some two-term iteration whose limit could be explicitly identified.
There are connections with (1.2), (1.3). From (2.7), (2.8) we have

(4.6) 1*(q) = e0(q*) + qe1 () + iPe2(q”) = eo(q®) — 3qn*(¢?),

for certain power series €;(q). The fact that ez(¢) = 0 led to identity (1.2). The identity
€1(q) = —313(¢?) led to identity (1.3). Below we identify €q(q) which leads analogously to
a third identity. We find that

(4.7) eo(a) = n(q) alq),
where a(q) is defined in (4.2). From [4] we have
_ 7’
(48) bo) = 2,
3( 3
(4.9) c(q) = 3¢° nnEZ))’
(4.10) b(q) = a(q’) — c(d”).



If we multiply both sides of (4.10) by 1(¢®) we obtain

(4.11) n*(q) = n(q*) a(q®) — 3qn*(¢”),

which gives (4.7). In [4] we showed how the cubic identity (4.4) follows easily from (4.8)
and (4.10).
Using (1.2) and (2.9) we find that (4.7) may be written as the identity

(4.12) (w2, q%) = P (wa?, q7) = D(we?,q*) ald).
It should be pointed out that Kopeliovich [12] has found a multidimensional general-
ization of the p-th power identity (1.6). It would interesting to see whether the methods

of this paper can be extended to the multidimensional case.
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