A PROOF OF THE MACDONALD-MORRIS
ROOT SYSTEM CONJECTURE FOR Fj

F.G. GARVAN{

ABSTRACT. We give a proof of the Macdonald-Morris root system conjecture for
F4 that draws on ideas from Zeilberger’s recent proof of the Gy case and Kadell’s
proof of the ¢-BC), case. Our proof depends on much computer computation. As in
Zeilberger’s proof the problem is reduced to solving a system of linear equations. A
FORTRAN program generated the equations which were solved using the computer
algebra package MAPLE.

1. Introduction.
The Macdonald-Morris root system conjecture for Fj is
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Here C.T. means constant term of the Laurent polynomial in zy,z; ", ..., x4, 2, .
We refer to the reader to Macdonald [10] for more general statements of the root
system conjectures. The A, B,,C,,D,, BC, and G5 cases of the Macdonald-
Morris root system conjectures have been proved. The conjectures have remained
open for the Fy, Fg, F7, Eg cases. The best proof of the A, case is due to Good
[6]. Macdonald [10] noticed that the BC), case (and hence the B,,C,, and D,
cases) follow from Selberg’s [12] integral. The G2 case was proved independently
by Habsieger [7] and Zeilberger [13]. There are g-analogs of these conjectures.

1991 Mathematics Subject Classification. Primary: 33A15, Secondary: 33A75, 17B20.

Key words and phrases. Macdonald-Morris root system conjectures, Aomoto’s proof of Sel-
berg’s integral.
tSchool of Mathematics and Physics, Macquarie University, New South Wales 2109, Australia.
This research was done at the University of Wisconsin, Madison, and later while the author
was a postdoctoral member of the Institute of Mathematics and Its Applications, University of
Minnesota, Minneapolis, Minnesota.

Typeset by ApS-TEX



2 F.G. GARVAN{

We refer the reader to Macdonald [10] and Askey [2] for more details. Recently,
Zeilberger [14] has proved the Gy case and Kadell [9] has proved the ¢-BC,, case.

The goal of this paper is to prove the Fy case, namely (1.1). Kadell’s paper
[9, §2] also contains a new proof of the (¢ = 1) BC,, case of the Macdonald-
Morris root system conjecture that avoids integrals. This new proof is analogous
to Aomoto’s [1] proof of Selberg’s integral in the following sense: It involves adding
extra factors to the Laurent polynomial as opposed to adding extra factors to the
integrand of Selberg’s integral and Aomoto’s integration by parts is replaced by
the fact that the derivative of a Laurent polynomial has no residue. We extend
Kadell’s proof to the Fj case but another idea is needed. The extra idea comes
from Zeilberger’s [14] proof of the G case of the g-analog of Macdonald-Morris
root system conjecture. As in Zeilberger [14] the problem is reduced to finding and
solving a system of linear equations whose unknowns are constant terms of certain
Laurent polynomials. These equations are generated with the aid of a FORTRAN
program. Finally the equations are solved using the computer algebra package
MAPLE.

After some preliminaries in §2 an idea of the proof is given in §3. The results
behind the FORTRAN program that generates the desired equations are given in
§64-6. The proof is completed in §7.

We have been able to verify the results of this paper by another method. Recently
we [5] have found a new proof of the G2 case of the Macdonald-Morris root system
conjecture which is solely in terms of integrals. Our proof was motivated by some
conjectures of Askey [2], that have to do with adding roots to the G2 case of the
Macdonald-Morris root system conjecture, and is analogous to Aomoto’s [1] proof of
the Selberg’s integral. We have been able to extend our integral proof of the G2 case
to the I case. However, this other proof involves finding equations between certain
integrals and converting these into equations involving constant terms. The proof
then proceeds as usual by solving a system of linear equations. We have omitted
this other proof, finding the approach of working with Laurent polynomials rather
than with integrals more straightforward.

In §8 we give some other results that involve adding extra factors to the Fj
case of the Macdonald-Morris root system conjecture. The results are analogous to
Askey’s [2] conjectures for G5. Although many of these results can be written as
products of factorials we are unable to generalize them to all root systems. These
other results may indicate that a simpler proof of the Fj case is possible.

All computer programs used in this paper are available from the author on
request. Some preliminary calculations were done using REDUCE at the University
of Wisconsin, Madison. The final FORTRAN and MAPLE programs were run on
an APOLLO DN-5800 at the I.M.A., University of Minnesota, Minneapolis.

2. Some Preliminaries.

In this section we prove some properties of the root system Fj that will be needed
later. We assume that the reader is familiar with the basics of root systems and
their Weyl groups. See Bourbaki [3], Carter [4] and Humphreys [8] for treatments
of root systems and Weyl groups.

Let {e1,e2,e3,e4} be the standard basis of RY. The roots of Fj are usually
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written as
(2.1) +e;, (1<i<4), *e; T ej (1<i<j<4),
% (:|:61 + €2 + €3 + 64).

See, for example Bourbaki [3, p. 272]. We call this set of roots @) (F}). It is clear
that the long roots of F}; are isomorphic to D,4. In this paper we shall use two other
ways of writing the roots of Fj.

Firstly, we rewrite the roots of Fy in a way that makes it clear that the short
roots of F} are isomorphic to D,4. Let (I>(2)(F4) be the set of vectors:

(2.2) 12, (1<i<4), eite; (1<i<j<4),
(e1 £exte3tey).

®?)(Fy) and &) (Fy) are isomorphic as root systems. The isomorphism is given
by

(2.3) A: oM (Fy) — P (Fy)
where A is the transformation with matrix

0 1 0 1

1 0 1 0
(2.4)

1 0 -1 0

0 -1 0 1

with respect to the standard basis of R*. This is a root system isomorphism since
A*A = 2I. As an immediate consequence we have

Lemma 2.5. Short roots of Fy = Dy.

Secondly, we may write the roots of F, (as given in (2.2)) as Z-linear combina-
tions of aq, as, az, ay where

(2.6) ] = €] — €2, Qg = €3+ €4, k3 = €3 — €4, (Vg — €2 — €3.

These Z-linear combination are given Appendix A. The «; come from the Dynkin
diagram for D4 which is given below in Figure 1.

Figure 1 Dynkin diagram for D,
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From the symmetry of the Dynkin diagram we see that any permutation of
a1, ag, a3 leaves the root system of D, invariant. It is interesting to note that

any such permutation also leaves the root system of Fj invariant. Let m € S3 and
4

suppose o = Z kia; € P (Fy) where k; € Z (1 < i < 4). Then we define
i=1

(27) T = klaw(l) + ko O (2) T ]{Jgaw(g)) + kgouy.
We have

Lemma 2.8. For 7 € S, (@3 (Fy)) = @) (Fy).

For a root system R we denote its Weyl group by W(R). We need a nice way
to code the elements of W (Fy). By Bourbaki [3, p. 257] W(D,) consists of all
signed permutations with an even number of signs, that act on the coordinates
e1,e2,e3,e4. Let H denote the set of all signed permutations that act on the
coordinates e, eo,e3,e4. For a € R we denote by w, the reflection through the
hyperplane orthogonal to a.. Since wa., € W(Fy) (1 <i < 4) we have

(2.9) W(D,) ¢ H C W(E).

We introduce some notation to describe the elements of H. We denote the
permutations on the coordinates ey, eo, e3,e4 using the usual cycle notation. We
define the sign changes as follows: For 1 <1 < 4 let s; denote the transformation
given by
(2.10) s;: Rt — R? e — —é€; and ej—e; (§#1).

For example,
$1(34) (e1 + ex + 2e3 — e4) = —e1 + €2 — e3 + 2ey.
Lemma 2.11. Every w € W(F}) can be written

w = (r0)* h

where k =0,1,2 he€ H and 7 = wae, and 0 = We, —cy—c5—e, -

Proof. |H|=2%41=273
| W(F,) | = 27.32 (Bourbaki [3, p.273 (X)]).
The result follows since 70 ¢ H and (to)3 =1. O
Let,
(2.12)

C ={(z1,x2,23,24) ER: x1 > 29 > 23 >124 >0,

To+x3+ T4 > x1, T1 + T4 > T2+ T3}
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Lemma 2.13. For every z € R?* there is a unique v € C such that x can be
transformed into v by some element of W (Fy).

Proof. From Bourbaki [3, p. 272 (II)] the following vectors form a base for Fj:

(2.14) €9 — €3, €3 — €4, €4, % (e1 —eq —e3 —ey),

with the roots written in the usual way (i.e: as elements of ®)(Fy)). In our
representation of Fy (i.e: as elements of ®)(F})) this corresponds to

(2.15) €1 —eg+e3—ey, —€1 +e3— €3 —ey, €1 +e4, —€1 + 3.

By applying the relevant signed permutation we find that the following vectors also
form a base for Fy:

(2.16) —e1+eg+e3+eyq, 61—y —e3+ ey, €3 — €4, —€3+ €9,

by Carter [4, Theorem 2.2.4]. The closure of the chamber, C, corresponding to this

base is given in (2.12). The result follows from Carter [4, Proposition 2.3.4]. [
Let,

(2.17) funch: R* — C  funch (z) = v

~

4
with z, v as in Lemma (2.13) above. For a = Z kie; (ki € Z) we let

=1

(2.18) x” =[] =k

The elements w of the Weyl group act on monomials by
(2.19) w(z®) = 2,

and by linearity on Laurent polynomials that are linear combinations of the z®.
Let

(2.20) F(g, a,b) = H (1 — z)ke

acd® (Fy)
a, if «a is a short root,
where ko = . :
b, if a is a long root.

We note that F(z;a,b) is the Laurent polynomial on the left hand side of (1.1).
Lemma 2.21. For w € W(Fy),
CT.2* F=CT. z"™F

where F' is defined in (2.20).

Proof. The result follows from the fact that F' is symmetric with respect to the
Weyl group and w does not change the constant term. [
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3. The idea of the proof.
Let,

(3.1) f'(a,b) = C’.T.F(g; a,b)

where F' is defined in (2.20). Our goal is to prove that f'(a,b) = f(a,b) for all
a,b > 0. The idea is to proceed by induction on a. That is, we want to prove that

flla+1,)  fla+1,b)
fla,b)  fla,b)

This will be enough because the case a = 0 is already known since

(3.2)

(3.3) Long roots of Fy & Dy.

The flavor of our proof is similar to Zeilberger’s [14] proof of the G case of the
g-version of the Macdonald-Morris root system conjecture. Let L be the lattice
generated by o (a € Fy). Now,

(3.4)
f'la+1,0)=C.T. F(z;a+1,b)

=C.T. H (1 —-2%) F(z;a,b)
a€ short Fy ~
=CT. [ (1—2")F(x;a,b) (by Lemma (2.5))
a€D4 ~
=C.T. Z aor*F(z;0,D) (for some L' C L)
aclL’ -
=C.T. Z Aozt Bz a,b) (by Lemma (2.13), (2.17) and Lemma (2.21))
aclL’
=C.T. Z a.z® F(x;a,b)
acsS -
for some finite subset S of C, which is defined in (2.12). [] (1—2%) was multiplied
OL€D4
at utilizing a FORTRAN program, funch(«) was calculated for each monomial z®

that arose in each stage of the multiplication. The 37 vectors that arose, v(i) (1 <
i < 37), are listed in Appendix B. S = {v(i) : 1 <i <37} and

(3.5) 3 ala = 192" —7682°?) 4 - 4 1922°C7),
aesS

The complete list of coefficients in (3.5) is given in Appendix B. Let,
(3.6) an(i) = C.T. z°DF(z;a,b) (1 <i<37).
The problem is to get an(i) (2 <4 < 37) in terms of an(1) = C.T. z*M F(x;a,b) =

C.T. F(z;a,b) = f'(a,b). Once we have done this (3.2) should follow from (3.4)
and (3.5).
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Hence we need to find 36 independent equations in the unknowns an(i) (1 <
i < 37). Our goal is to write a FORTRAN program that will generate equations.
The input of this program is a 4-tuple k = (k1, ko, ks, ks) € N* and the output

will be either a homogeneous linear equatlon in the an(i) (1 <i < 37) or an error
message, which says such an equation is not possible. It will turn out that when
k = v(i1) (2 <14 < 37) that the corresponding outputs will be the required 36

independent equations in the an(i) (1 < i < 37). See §6 for more details. We
describe how we came by this program in 4 steps:

STEP 1: Use

(3.7) CT. x; 8i b gk g gk F(x;a,0) =0.
T

As noted before this idea was used by Kadell [9] in his proof of the ¢-BC,, case.
This gives rise to an equation involving constant terms of rational functions in
T1,To, X3, s times F.

STEP 2: Use the Weyl group to reduce the number of types of terms arising in STEP 1.

STEP 3: Use the Weyl group to write the constant terms that arise in STEP 2 as
constant terms of Laurent polynomials times F'.

STEP 4: Use the Weyl group to write the constant terms that arise in STEP 3 in
terms of the an(i) (1 <1 < 37), if possible.

In this way, for certain k: (3.7) can be written as a linear homogeneous equation
in the an(i) (1 <i < 37)

4. Steps 1 and 2: An Equation involving constant terms with denomi-
nators.

In this section we describe the first two steps, mentioned in §3, that are needed
in turning the equation (3.7) into an equation involving the an(i). (3.7) is

(4.1)

0=CT< Kk +az I ) Ty Zj i /wy N z; /71
1 -2z l—xflaj.’l 1 — a1/ 1—aj/x1

j
—2x% 2x1_2
1 L

—r1ryry’ eyt oy tahz ol
0 Z 1~ capaiay 1 —a tahals ol
’I"2,7’3,7”4::|:1 1 2 3 4 1 2 3 4

. E F(:I;;a,b)},
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where k = (k1, ka2, k3, k4). Hence,

(4.2) CT. ki oX F
4 Z1
14+ 212 L+
=C.T. J J
= J
Lo (D)
(1—23)
1+ zx?agay’ k
b .a~ F.
+ Z 1 —zx?agayt .

T2,7’3,T4:ﬂ:1

This completes STEP 1.
In STEP 2 we reduce the number of different denominators appearing in STEP
1 to two (one for each root length). The reason this can be done is that each term
on the right hand side of (4.2) is of the form .
— :L*a

can be converted to one of two types by using the fact that the Weyl group acts
transitively on roots of equal length and by using Lemma (2.21). Hence for each
a € Fy we need to find a w € W(Fy) such that

(@) e1 — €3, « short,
w(a) =
e1 — e + ez + ey, a long.

for some @ € Fy, and so

It is clear that for o of the form e; £ e, e; £ ex £ e3 £ e4 we may take w € H,
the set of signed permutations (defined in §2), and w is easy to calculate. All that
remains is to find a w € H such that w(2e;) = e; —ex +e3+e4. Let SYM denote
the reflection through the hyperplane orthogonal to e; — e — e3 — e4 then

(13) SYM s
2e1 — 2e3 — 61—€2+63—€4—4> €1 —egt+e3+eyg.

Hence we find that (4.2) may be written as

(4.3) 0=CT. {kle

(r1+x3) , & k k
+a —% (x~+ (23)x~ + (34)x~
(@1 —3) ( (23) (34)
k k k
+ sgx~ + (23)sox~ + (34)s42~)
(x2 + x17324)

+b
(x12324 — T2)

(2 54 SYM (13)2%

k k k
+ SoX™~ + 8482~ + S983X~

k k k
+ 828384~ + T~ + sS4~

+ s:;xg + 8384$E)} F(z;a,b).
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5. STEP 3: Getting rid of denominators.
The constant term expressions that arise in STEP 2 can be written as either

1 Cc.T pl(f) F b
(5.1) TS Fza)
or
p2(z)
(5.2) CT. ———— F(x;a,b),

L1T3T4 — X2

where p;(x) (i = 1,2) are Laurent polynomials. In this section we show how each

of these expressions can be written in the form

C.T.p(z) F(z;a,b),

for some Laurent polynomial p(x), and how such an expression can be computed.

(5.1) is easy to handle. Since F(z;a,b) is symmetric in z1, z3 we have

pi(z) 1 pi(z) — (13)pa(z)
(5.3) C.T. F(z;a,b) = = C.T. ( ) F(z;a,b)
r1—x3 2 r1 — X3 ~
pi(z) — (13)p1(z)
and it is clear that —— =~ is a polynomial.

Iy — T3
Before we can handle (5.2) we need to define an algorithm, FUN, whose input is
a vector given in terms of the e; (1 < i < 4) and whose output is the same vector
given in terms of the a; (1 < i < 4), defined in (2.6). FUN : R* — R* is a linear

transformation whose matrix is

1% % 1

0 3 3 1
(5.4)

0 3 1 0

0 2 -3 0

with respect to the bases {e; : 1 <7 <4}, {a;:1<1i<4}. The inverse of FUN is
UNFUN with matrix

(5.5)
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4
For a = > lia; (0; € Z) we let
i=1

4
(5.6) v =11 v
=1

FUN acts on monomials by
(5.7) FUN (2%) = yFUN (@)

and by linearity on Laurent polynomials that are linear combinations of the x¢.
For example,

L1X3T4

FUN ( ) = FUN (g1 —c2testen)

T2
— yFUN (61—62+63+64)
=Y
=Wny2 .

aytaz

Alternatively, we could describe the action of FUN as replacing x; by y1,x2 by

VY1Y2Y3Ya , T3 by \/y1y2y3/ya and x4 by y1ys2.

From Lemma (2.8) it follows that

(5.8) F'(y;a,b) = FUN (F(2;a,b))
is symmetric in yq, y2,y3. Now we can handle (5.2).
p2(z)
(5.9) CT. ————— F(z;a,b)
L1TX3T4 — T2 ~
(12)p())
=C.T. ——— F(x;a,b) (by Lemma (2.21))

ToX3Ly — X1 ~

xl_l(lz)Pz(fL’)
:C.T.(—I ) F(z;a,b)
IOQ [€ % ~

q(y)
=C.T. = F'(y;a,b) (by applying FUN)
Y2 — Y1 ~

where ¢(y) is the Laurent polynomial

~

(5.10) q(y) =y FUN (z7 1 (12)p2()).
Hence,

p2(z)
(5.11) CT. ———— F(z;a,b)

L1X3T4 — T2 ~

) a(y) - (12)aly) \
=3 C.T.< p— > F'(y;a,b)
. a(y) = (12)aly)
= C.T. UNFUN ( — ) F'(x;a,b)
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q(y) — (12)q(y)

and UNFUN ( = = ) is a Laurent polynomial in z; (1 < i < 4) as
Y2 — U1
required.
pi(z) — (13)p1(x) q(y) — (12)q(y)
We note that —— = and similarly UNFUN ( = = )Can
r1 — T3 Y2 —W

be easily computed by observing that if py(z) = 3 ¢ 2% = 3 caxit Ty xgiay

then
(5.12)
pi(z) — (13)p1(x) a1
~ ~ = Z sgn (Cll—a,3)caxg2x24 Z xlfnn(al’a3)+€$§’lax(a1’a3)_g_1.
xr1 — I3 - a 2

6. STEP 4: Obtaining equations in the an(i).

In this section we describe the final step needed in converting the constant term
equation, (3.7), into an equation involving the an(i). An examination of STEPS
1-4 will then yield an algorithm whose input is a 4-tuple k = (ky, ko, k3, k) € N*

and whose output is an equation involving the an(i), or an error message.
By STEP 3 we can write the constant term equation (3.7), in terms of constant
terms of certain Laurent polynomials times F'(z;a,b). In STEP 4 we would like

to find such expressions in terms of the an(i). To do this we use funch, defined in
(2.17). Suppose we are given such an expression, say p(x) F(x;a,b), where

(6.1) p(x) = Z an (for some finite set L').
- acL’

Then,

(6.2)

CT. p(x)F(z;a,b)

(by Lemma (2.13), (2.17) and

_ funch(a) .
C.T. Z aqT F(f,a, b) Lemma (2.20))

aclL’
_ I . (where S C funch (L) € C de-
= oL ; @o” F(z;a.b) fined in (2.12))
37
= Z iy an(i) (where an(i) is defined in (3.6).
i=1

Note that here we are assuming S C {v(i)}3, which may not necessarily be the
case. However, for all values of the input k, that we use, this condition is satisfied.

We leave it to the reader to write a subroutine that will do the reduction described
in (6.2). This subroutine should check whether S C {v()}37,. If this condition is
not satisfied the output of the subroutine should be some error message.

7. STEP 5: Generating the equations and completing the proof.
In the previous section we noted that STEPS 1-4 yield an algorithm whose input
is a 4-tuple k = (ky, ko, k3, ks) € N* and whose output is an equation involving
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the an(i). We have written a FORTRAN program that incorporates this algorithm.
We leave it to the reader to use equation (4.3) and STEPS 3 and 4 to write such
a program. We have found that the set of inputs k£ = v(7) (2 < i < 37), given in

Appendix B, yield a system of 36 independent equations in the an(i), as required.
In fact a certain sequence of such inputs will yield a certain sequence of equations
that can be solved easily using an algebra package like MAPLE. Our sequences
have the following form:

INPUT OouTPUT

ki =v(2) an(2) = m an(1)

ko = v(3) an(3) = Batsbt1) {b an(1) + 3a an(2)}

s = v(4) an(4) = m {2(a + b)an(2) + a an(3)}

ky = v(5) an(5) = m {(a + 2b)an(2) + 2a an(3)
+4(a+b) an(4)}

ks = v(7) an(7) = m {a an(1) + 2a an(2)
+6b an(3) + 4a an(4)}

ks = v(37) an(37) = m {a an(4) + 2a an(6)

+.o +a an(36)}

We note that each input v(ip) produces an equation whose left hand side is
an(ip). Each equation in the output is a linear equation in the an(i) (1 < i < 37)
and the an(7) that appear on the right hand side occur as left hand sides of equations
that appear earlier in the output sequence. In other words, the system of equations
is triangular in shape. Since this paper was first written we have found that this
triangularity extends to all root systems. In fact, if the set of inputs has the
following form:

{vivy=<ninLndC,

then the corresponding system of equations is triangular with respect to any order
that preserves the root order. Here < is the usual root order, v € LN C, L is the
root lattice and C' is the fundamental chamber.

Below we give our complete sequence of inputs:
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ki=wv(2), ka=wv(3), ks=v(4), ki=wv(5), ks=u0(7),

ke = v(8), k7 = v(6), kg = v(11), ko = v(14), k1o = v(9),
Ell = v(10), !Elg = v(12), ljlg = v(13), 514 =v(15), §15 =v(16),
k16 = v(17), kir = v(18), ks = v(19), k19 = v(20), koo = v(21),
ko1 = v(22), koo = v(23), ka3 = v(24), Koy = v(25), ks = v(29),
kag = v(26), ka7 = v(27), kas = v(28), ka9 =v(30), kso = v(31),
kg = v(32), ksgy = v(33), ks = v(34), ks = v(35), ks = v(36),
ljgg = v(37).

We can now complete the proof. From (3.4) and (3.5) we have
(7.1) f(a+1,0) =192 an(1) — 768 an(2) +...... + 192 an(37)

(a complete list of the coefficients is given in Appendix B)

(3a +2)(3a+1)(2a + 1)(6a + 6b + 5)(4a + 4b + 3)
(3a + 4b+ 3)(3a + 5b + 3)(5a + 6b + 5)(2a + 3b + 1)(3a + 5b + 2)

= 18432

(2a +6b+ 1)(4a +2b+ 3)(4a+ 4b+ 1)(6a + 6b+ 1)(2a + 4b + 1)
(5a 4+ 6b + 3)(5a + 6b + 4)(3a + 4b + 2)(5a + 6b + 1)(5a + 6b + 2)

(4a +2b+1)(2a + 2b + 1)% an(1) ,
. MAPLE
(Batdb+)(Bat bt D2at3br @ )

_fla+lb) o
= gy /@b

which is (3.2) as required.

8. Other results.

In this section we give other results that have to do with adding roots to the F}
case of the Macdonald-Morris root system conjecture. Recently we [5] have found
a new proof of the G5 case of the Macdonald-Morris root system conjecture that is
solely in terms of integrals. Our proof was motivated by some conjectures of Askey
[2], that have to do with adding roots to the G2 case, and is analogous to Aomoto’s
[1] proof of Selberg’s integral. We have been able to extend our integral-type proof,
mentioned above, to the I case. This proof involves converting equations involving
integrals into equations analogous to (4.3) given in STEP 3 and then the proof is
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completed by proceeding as in STEPS 4 and 5. The proof given in this paper is
more straightforward and direct.

We consider sets of the form S = T U —T where T is a subset of the short
roots of Fy (i.e: Dy). We call two such subsets S; and S equivalent if there is a
w € W(Fy) such that Sy = w(S7). This defines an equivalence relation on such
sets. By utilizing a FORTRAN program we have found all the equivalence classes:

5]

S # of equivalence classes representative of each equivalence class

1 1 +{6:}

2 2 +{B1, B2}, £{B1, s}

3 4 +{B1, B2, B3}, £{B1, B2, Ba}
+{B1, B4, Bs}, £{B2, B, B5}

+ 6 +{51, B2, B3, Ba}, £{P1, B2, Ba, B}

+{B2, B3, Ba, Bs }, T4 61, B2, 85, B }
+{51, B3, 85, Bs }» £{ B4, B3, Bo, Bio}

5 7 +{B1, B2, B3, Ba, Bs }, {51, B2, B3, B, B6 }
+{51, B2, Ba, Bs, B }» {51, B3, Ba, Bs, B }
+{33, B4, B5, B6, B }» {51, B2, B3, B7, Bs, }
+{51, B4, Bs, Bo, Bro}

6 9 i{ﬁl?ﬁ%ﬁ?’;ﬁﬁbﬁ&ﬁﬁ};i{61752753755,66757}

1{617627547 65766758}7 i{ﬂl?ﬁ& 647ﬁ57567 ﬁS}
+{B1, B2, B3, Ba, Br, B}, £{ B2, B3, B, Bs, Br, Bs }
{532, 83, B, B7, B8, Bo }, £{B1, B2, Ba, Bs; B, B0}

i{ﬁl? 647 55; /687 697 BIO}

Here the () are given in Appendix A. The results for 6 < @ < 12 follow easily
from the results in the table by taking complements. We denote

(8.1) [ =(1—2*)(1—27%).
We have calculated

(8.2) cr. 1] =] F(z;a,b)

aeT

for all possible subsets 1" of the short roots of F} such that TN —T = ¢. By Lemma
(2.21) it is enough to consider only those T' where S = T'U—T is a representative of
an equivalence class. The same FORTRAN program, that calculated f'(a+1,b) in
terms of the an(7) (see (3.4), (3.5)), was used to calculate (8.2) in terms of the an(i)
and hence as a product of a rational function of a and b, and f(a,b). To our surprise
many of these rational functions factored completely into linear functions. In fact,
for each 1 < k < 11 there exists at least one T' with |T'| = k such that the expression
(8.2) factors completely into linear factors. Most of these linear factors seem to glue
onto f(a,b) to become factorials. Askey [2] observed a similar phenomenon in Gs.
We do not see how to generalize these results to all root systems. At the very
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least our results seem to indicate that an easier non-computer proof of F; may be
possible. The results that only involve linear factors are given below.

For 1 <1i; <12 we define

k
(8.3) [@@V”JA:IH@J
(8.4)
_ (6a+6b+1)
C.T.[1)F = 2mf(a,b),
(8.5)

(4a + 4b+1)(6a + 6b + 1)
T.[1,2]F =4
(8.6)
o, aF = pat 4+ D(6a+6b+ 1)(5a+10b + 2)

Ba+ab+1)(Bat5b+ )Bateo+1) ) @0

(4a+ 2b+1)(4a + 4b+ 1)(6a + 6b + 1)

01,2, 3|F =8 b

C.T.1,2,3] (3a+4b+1)(3a+56+1)(5a+6b+1)f(a, );
(8.8)

CT[1.4 5]F_12(4a+4b+1)(4a+2b+1)(2a—l—6b+1)(6a+6b—|—1)

(5a 4+ 6b+2)(3a + 4b+ 1)(3a + 5b + 1)(5a + 6b + 1)

f(a,b),

(8.9)
C.T.[1,2,4,5|F
(2a + 6b + 1)(4a + 2b + 1)(4a + 4b + 1)(7a + 8b + 3)
(2a +3b+ 1)(ba + 6b+ 2)(3a +4b+ 1)(3a + 5b + 1)
(6a + 6b+ 1)

Gaxoorn)! @0

(8.10)
C.T.[4,8,9,10|F
(3a+1)(6a+6b+1)(4da+ 4b+ 1)(4a + 2b+ 1)
(5a 4+ 6b+2)(3a + 4b+ 1)(3a + 5b + 1)(ba + 6b + 1)

f(a,b),
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(8.11)
C.T.[1,4,8,9,10|F
(B3a+1)(2a+2b+1)(4a + 20+ 1)(6a + 6b+ 1)
(5a +6b+3)(2a+3b+1)(5a + 6b+2)(3a + 40+ 1)
(4a +4b+1)(Ta + 120+ 4)

Batsbr)GatoorD) @Y

(8.12)
C.T.1,2,4,5,6,8]F

(3a+1)(6a + 6b+ 1)(2a 4+ 6b+ 1)(2a + 2b + 1)
(5a + 60+ 3)(3a + 5b + 2)(2a + 3b + 1)(5a + 6b + 2)
(4a + 4b + 1)(2a + 4b + 1)(4a + 2b + 1)

" Ba+db+ 1)(3a+5b+ D(atobr 1) )

= 288

(8.13)
C.T[1,2,7,9,10,11,12]F
(Ba+1)(2a+2b+1)(2a + 40+ 1)(2a + 6b + 1)(5a + 5b + 3)
(3a +4b+ 2)(5a + 6b + 3)(3a + 5b + 2)(2a + 3b + 1)(5a + 6b + 2)
(4da+4b+1)(6a+6b+1)(4da+2b+1)

. (3a+4b+1)(3a+5b+ 1)(5a + 6b+ 1) f(a,b),

(8.14)
C.T.[1,2,3,5,6,7,11,12]F

1152 (3a+2)(3a+ 1)(4a + 4b + 3)(2a + 2b + 1)(4a + 6b + 3)

(ba + 6b+4)(3a + 4b+ 2)(5a + 6b + 3)(3a + 5b + 2)(2a + 3b+ 1)

(4a+4b+ 1)(4a—|—2b—|—1)(6a+6b+1)(4a+26+3)f( )
(5a+6b+2)(3a+4b+ 1)(3a+ 56+ 1)(5a + 66+ 1)’ "

(8.15)
C.1T]1,6,7,8,9,10,11,12]F

(3a+1)(4a + 2b+ 1)(2a + 4b + 1)(da + 4b + 3)(2a + 2b + 1)
(ba + 6b+4)(3a + 4b+2)(5a + 6b + 3)(3a + 50+ 2)(2a + 3b+ 1)
(6a + 6b + 1)(2a + 6b + 1)(4a + 4b + 1)(13a + 10b + 7)

" (5a+6b+ 2)(3a + 4b+ 1)(3a + 5b + 1)(5a + 6b + 1) f(a,b),

= 384

(8.16)
C.T.[2,4,7,8,9,10,11, 12]F

(3a+1)(6a + 6b + 1)(2a + 6b + 1)(4a + 2b+ 1)(4a + 4b + 3)
(5a 4+ 6b 4+ 4)(3a + 4b + 2)(5a 4 6b + 3)(3a + 5b + 2)(2a + 3b + 1)
(da+4b+1)(2a+4b+1)(2a +2b+ 1)(Ta + 4b + 4)

. (5a+6b+2)(3a+4b+1)(3a+5b+1)(5a+6b+1)f(a,b),

= 768
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(8.17)
C.T1,3,6,7,8,9,10,11,12|F
(3a+1)(2a + 4b + 1)(6a + 6b + 5)(4a + 4b + 3)(2a + 6b + 1)
(5a + 6b+ 4)(3a + 5b + 3)(3a + 4b + 2)(5a + 6b + 3)(3a + 5b + 2)
(4a +4b+ 1)(6a + 6b + 1)(4a + 2b + 1)(2a + 2b + 1)?
(2a +3b+ 1)(5a + 6b+ 2)(3a +4b+ 1)(3a + 5b+ 1)(5a + 6b + 1)
’ f(a,b),

= 2304

(8.18)
C.T.[3,5,6,7,8,9,10,11,12]F

(3a+1)(4a +2b+ 1)(2a + 6b + 1)(6a + 6b + 1)(6a + 6b + 5)
(5a 4 6b + 4)(3a + 5b + 3)(3a + 4b + 2)(5a + 6b + 3)(3a + 5b + 2)
(4a + 4b + 1)(4a + 4b + 3)(2a + 4b + 1) (2a + 2b + 1)(Ta + 4b + 4)
(20 + 3b+ 1)(5a + 6b + 2)(3a + 4b + 1)(3a + 5b + 1)(5a + 6b + 1)
’ f(a,b),

= 768

(8.19)
C.T.[4,5,6,7,8,9,10,11,12]F
(3a+2)(3a+1)(6a+ 5+ 6b)(4a + 4b + 3)(6a + 6b + 1)

(5a 4+ 6b + 5)(5a + 6b + 4)(3a + 4b + 2)(5a + 6b + 3)(3a + 5b + 2)
(4a+4b+1)(2a +6b + 1)(2a + 2b + 1)(4a + 2b + 3)(4a +2b + 1)
(2a +3b+1)(5a + 6b+ 2)(3a + 4b+ 1)(3a + 5b+ 1)(5a + 6b + 1)

’ f(a,b),

= 2304

(8.20)
C.T.12,3,5,6,7,8,9,10,11,12]F

(3a+1)(2a +4b+1)(6a + 60+ 5)(4a +2b+1)(2a + 6b + 1)
(2a 4+ 3b+2)(5a + 6b + 4)(3a 4+ 5b + 3)(3a + 4b + 2)(5a + 6b + 3)
(6a+6b+1)(4a +4b+1)(4a +2b + 3)(4a + 4b + 3)(2a + 2b + 1)°
(3a+5b+2)(2a+3b+1)(5a + 6b+2)(3a+4b+1)(3a + 5b + 1)

f(a,b)

(5a +6b+1)’

= 2304

(8.21)
C.T.[3,4,5,6,7,8,9,10,11, 12| F
(3a +2)(3a+1)(6a+ 6b+ 1)(4da + 4b+ 1)(2a + 6b + 1)

(5a + 6b + 5)(5a + 6b+ 4)(3a + 5b + 3)(3a + 4b + 2)(5a + 6b + 3)
(4a+2b+1)(2a+4b+1)(6a + 6b+ 5)(4da+ 20+ 3)(2a +2b+ 1)
(304 5b+ 2)(2a + 3b + 1)(5a + 6b + 2)(3a + 4b + 1)(3a + 5b + 1)
N
(

= 4608

4a + 4b + 3)
AT b,
e EACL
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(8.22)
C.T.1,2,3,4,5,6,7,8,9,10,11]F
(3a+2)(3a + 1)(6a + 6b+ 5)(2a + 4b + 1)(6a + 6b + 1)
(3a 4+ 5b+ 1)(5a + 6b + 1)(3a + 4b + 2)(5a + 6b + 3)(3a + 5b + 2)
(4da+4b+1)(4a+2b+ 1)(2a + 6b+ 1)(4a + 4b + 3)(4a + 2b + 3)
(2a + 3b+ 1)(ba + 6b + 2)(3a + 4b + 1)(5a + 6b + 5)(5a + 6b + 4)
(2a +2b+1)%(Ta + 96+ 7)

" (3a+5b+ 3)(2a + 3b + 2)(3a + 4b + 3)f(a,b).

= 3072

It is a little unsettling that not all of the above results can be written as factorials.
Since this paper was first written we have found nicer results. In fact, if we restrict
to subsets of positive roots there is a chain of subsets in which each corresponding
constant term formula can be written as a product of factorials. This chain seems
to be related to the root order but we have been unable to generalize to other root
systems.
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APPENDIX A

We write the roots of ®(2) (Fy4) as Z-linear combinations of ; (1 < i < 4) defined
in (2.6).

B1=a; =e; — e, Bs =1 + g =e; — es, Bs = a1+ ag + ag = e + ey,
P2 = ay = ez + ey, Be = a2 + ay = ea + ey, Bog=a1+az+os =€ — ey,
B3 = a3 = e3 — ey, Br = as + oy = ex — ey, Bio = ag + a3 + g = ez + e3,

Ba=ag=e€3—e3, PBruu=o1+ar+as+as=e1+e3, [i2=0a1+ax+az+20as=e;+ey,

a1 +ag =e; — extes + ey, ] — Qg = €1 — ey — €3 — €4,
a1 + o3 = e1 — ezxtes — ey, Q] — Q3 = €1 — €z — €3+ ey,
a9 + az = 2eg, Qg — a3 = 2ey,
a1 + as+2a4 = €1 + €9 — e3 + €4, 2001 + as + ag + 204 = 2eq,
a1+ agt+2a4 = €1 + e3 — ez — ey, o1 + 200 + ag + 204 = €1 + €3 + €3 + ey,
Q9 + az+2a4 = 2es, a1+ ag + 203 + 2004 = €1 + €3+ 3 — €4.
APPENDIX B
The vectors v(i) (1 < i < 37) that appear in (3.5) are listed below.
(1) = (0,0,0,0) v(14) = (2,2,2,2) v(27) = (5,3,3,1)
v(2) =(1,1,0,0) v(15) = (4,2,2,0) v(28) = (5,4,1,0)
v(3) = (1,1,1,1) v(16) = (4,4,0,0) v(29) = (4,4,2,2)
v(4) =(2,1,1,0) v(17) = (3,3,2,2) v(30) = (5,4,2,1)
v(5) = (2,2,1,1) v(18) = (4,2,2,2) v(31) = (6,2,2,2)
v(6) = (3,2,1,0) v(19) = (4,3,2,1) v(32) = (6,3,2,1)
v(7) =1(2,2,0,0) v(20) = (4,4,1,1) v(33) = (6,3,3,0)
v(8) =(3,1,1,1) v(21) = (5,2,2,1) v(34) = (5,5,0,0)
v(9) = (3,2,2,1) v(22) = (5,3,1,1) v(35) = (5,5,1,1)
v(10) = (3,3,1,1) v(23) = (5,3,2,0) v(36) = (6,4,1,1)
v(11) = (3,3,0,0) v(24) = (3,3,3,3) v(37) = (6,4,2,0)
v(12) = (4,2,1,1) v(25) = (4,3,3,2)
v(13) = (4,3,1,0) v(26) = (5,3,2,2)
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The complete version of (3.5) is given below.

> aha® =1922"0) — 7682°3) 4 57627) + 960 2”4 — 1152 (%)
aEeS

1+ 2688 ') — 576 27 — 1152 2*®) _ 576 (10 _ 576 zv(11)

— 1152 22 11152 213 4 576 2v(4) _ 192 7v(15) _ 199 4v(16)

— 1152 207 12304 28 1152 v _ 1152 2v(22) 4 11592 v(23)

1+ 576 22 1728 £¥(25) 4 2304 ¥(26) _ 1152 2v(27) 4 384 2v(28)

+ 576 2729 — 1152 2vG0) _ 576 2B 4 1152 262 _ 192 £v(33)

— 192 2GY 1 576 2v65 _ 576 £vB6) 4 192 4267
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