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Brodhead,Cenzer,Remmelstatisti
al tests, su
h as having a roughly equal number of zeroes and ones of the �rstn bits, in the limit. Thus a random real would be sto
hasti
 in modern parlan
e. Ifone 
onsiders only 
omputable tests, then there are 
ountably many su
h tests andone 
an 
onstru
t a real satisfying all tests.Martin-L�of [14℄ observed that sto
hasti
 properties 
ould be viewed as spe
ialkinds of measure zero sets and de�ned a random real as one whi
h avoids 
ertaine�e
tively presented measure 0 sets. That is, a real x 2 2N is Martin-L�of random iffor any e�e
tive sequen
e S1; S2; : : : of 
.e. open sets with �(Sn) � 2�n, x =2 \nSn.At the same time Kolmogorov [11℄ de�ned a notion of randomness for �nitestrings based on the 
on
ept of in
ompressibility. For in�nite words, the strongernotion of pre�x-free 
omplexity developed by Levin [13℄, G�a
s [9℄ and Chaitin [5℄is needed. S
hnorr later proved that the notions of Martin-L�of randomness andChaitin randomness are equivalent.In a re
ent paper [2℄, the notion of (Martin-L�of) randomness was extended to�nite-bran
hing trees and e�e
tively 
losed sets. It was shown that a random 
losedset is perfe
t, has measure 0, and 
ontains no 
omputable elements.In this paper we want to 
onsider algorithmi
 randomness on the spa
e C(2N) of
ontinuous fun
tions F : 2N ! 2N .Some de�nitions are needed. For a �nite string � 2 f0; 1gn, let j�j = n. For twostrings �; � , say that � extends � and write � � � if j�j < j� j and �(i) = �(i) fori < j�j. Similarly � � x for x 2 2N means that �(i) = x(i) for i < j�j. Let �_�denote the 
on
atenation of � and � and let �_i denote �_(i) for i = 0; 1. Letxdn = (x(0); : : : ; x(n�1)). Two reals x and y may be 
oded together into z = x�y,where z(2n) = x(n) and z(2n+ 1) = y(n) for all n.For a �nite string �, let I(�) denote fx 2 2N : � � xg. We shall 
all I(�), theinterval determined by �. Ea
h su
h interval is a 
lopen set and the 
lopen sets arejust �nite unions of intervals. We let B denote the Boolean algebra of 
lopen sets.Now a nonempty 
losed set P may be identi�ed with a tree TP � f0; 1g� whereTP = f� : P \ I(�) 6= ;g. Note that TP has no dead ends. That is, if � 2 TP , theneither �_0 2 TP or �_1 2 TP .For an arbitrary tree T � f0; 1g�, let [T ℄ denote the set of in�nite paths throughT , that is, x 2 [T ℄ () (8n)xdn 2 T:It is well-known that P � 2N is a 
losed set if and only if P = [T ℄ for some tree T .P is a �01 
lass, or an e�e
tively 
losed set, if P = [T ℄ for some 
omputable treeT . P is a strong �02 
lass, or a �02 
losed set, if P = [T ℄ for some �02 tree. The
omplement of a �01 
lass is sometimes 
alled a 
.e. open set. We remark that ifP is a �01 
lass, then TP is a �01 set, but it is not, in general, 
omputable. Thereis a natural e�e
tive enumeration P0; P1; : : : of the �01 
lasses and, hen
e, there isa 
orresponding enumeration of the 
.e. open sets. Thus we say that a sequen
eS0; S1; : : : of 
.e. open sets is e�e
tive if there is a 
omputable fun
tion, f , su
hthat Sn = 2N � Pf(n) for all n. For a detailed development of �01 
lasses, see [3,4℄.2



Brodhead,Cenzer,Remmel2 Random 
ontinuous fun
tionsWe will de�ne the notion of a random 
ontinuous fun
tion along similar lines tothe de�nition of a random 
losed set in [2℄. The de�nition of a random (nonempty)
losed set P = [T ℄ (where T = TP ) 
omes from a probability measure �� where,given a node � 2 T , ea
h of the following s
enarios has equal probability 13 :�_0 2 T and �_1 2 T ,�_0 2 T and �_1 =2 T , and�_0 =2 T and �_1 2 T .More formally, we de�ne a measure �� on the spa
e C of 
losed subsets of 2N asfollows. Given a 
losed set Q � 2N , let T = TQ be the tree without dead ends su
hthat Q = [T ℄. Let �0; �1; : : : enumerate the elements of T in order, �rst by lengthand then lexi
ographi
ally. We then de�ne the 
ode x = xQ = xT by re
ursion su
hthat for ea
h n, x(n) = 2 if both �n_0 and �n_1 are in T , x(n) = 1 if �n_0 =2 Tand �n_1 2 T , and x(n) = 0 if �n_0 2 T and �n_1 =2 T . We then de�ne a measure�� on C by setting ��(X ) = �(fxQ : Q 2 Xg) (1)for any X � C and � is the standard measure on f0; 1; 2gN . Then Brodhead, Cenzer,and Dashti [2℄ de�ned a a 
losed set Q � 2N to be (Martin-L�of) random if xQ is(Martin-L�of) random.A 
ontinuous fun
tion on 2N is a fun
tion with a 
losed graph. Thus we mightsimply say that a fun
tion F is random if the graph Gr(F ) is a random 
losed set.Now Gr(F ) = fx� y : y = F (x)g. Thus if [T ℄ is the graph of a fun
tion and � 2 Thas even length, then we must have �_0 2 T and �_1 2 T . This means that thefamily of 
losed sets whi
h are the graphs of fun
tions has measure 0 in the spa
eof 
losed sets and hen
e a random 
losed set will not be the graph of a fun
tion. Sowe need a di�erent measure to de�ne randomness for 
ontinuous fun
tions.A 
ontinuous fun
tion F : 2N ! 2N may be represented by a fun
tion f :f0; 1g� ! f0; 1g� su
h that the following hold for all � 2 f0; 1g�.(1) jf(�)j � j�j.(2) �1 � �2 implies f(�1) 4 f(�2).(3) For every n, there exists m su
h that for all � 2 f0; 1gm, jf(�)j � n.(4) For all x 2 2N , F (x) = Sn f(xdn).We will de�ne a spa
e of representing fun
tions f : f0; 1g� ! f0; 1g� to be thosewhi
h satisfy 
lauses (1) and (2) above. For su
h a fun
tion f , we have f(;) = ; by(1). There are three 
hoi
es for f((0)). If f((0)) = (i) where i 2 f0; 1g, this meansthat for all x 2 I((0)), F (x)(0) = i. If f((0)) = ;, we shall take this to mean thatthere exist x0 and x1 in I((0)) su
h that F (xi)(0) = i for i = 0; 1. It will alwaysbe the 
ase that F (�) 4 � , where � is the longest string � with j� j � j�j su
h that� � F (x) whenever � � x.We will use the following measure on the set of representing fun
tions to de�nerandomness. Given that f(�) = � , we de�ne a measure ��� so that ea
h of thefollowing s
enarios has equal probability 13 for i = 0; 1:3



Brodhead,Cenzer,Remmelf(�_i) = � ,f(�_i) = �_0, andf(�_i) = �_1.This 
an be pi
tured geometri
ally as representing the graph of F as the in-terse
tion of a de
reasing sequen
e of 
lopen subsets of the unit square. Initiallythe 
hoi
e of f((0)) and f((1)) sele
ts from the 4 quadrants. That is, for example,f((0)) = (0) = f((1)) implies that the graph of F is in
luded in the lower half ofthe square. Su

essive values of f restri
t the graph of F in a similar fashion.Let F be the spa
e of fun
tions f : f0; 1g� ! f0; 1g� whi
h satisfy 
lauses (1) and(2) above. Then every 
ontinuous fun
tion F has a representative f as des
ribedabove, and, in fa
t, it has in�nitely many representatives. There is a one-to-one
orresponden
e between F and f0; 1; 2gN de�ned as follows. Enumerate f0; 1g�in order, �rst by length and then lexi
ographi
ally, as �0; �1; : : :. Thus �0 = ;,�1 = (0); �2 = (1); �3 = (00); : : :. Then r 2 f0; 1; 2gN 
orresponds to the fun
tionfr : f0; 1g� ! f0; 1g� de�ned by de
larling that fr(;) = ; and that, for any �n withj�nj � 1, fr(�n) = (fr(�k); if r(n) = 2;fr(�k)_i; if r(n) = i < 2:where k is su
h that �n = �k_j for some j. The measure ��� on F is then indu
edby the standard probability measure on f0; 1; 2gN . We now de�ne a e�e
tivelyrandom 
ontinuous fun
tion on 2N to be one whi
h has a representation in F whi
his e�e
tively random. For the rest of this paper, when we say a fun
tion, 
losed set,or real is random, we mean that it is e�e
tively radom.Our �rst result will be to show that every random fun
tion represents a 
ontin-uous fun
tion. To prove su
h a result, we need to prove the following lemma.Lemma 2.1 Let � be a �nite set and let Q � �N be a �01 
lass of measure 0. Thenno element of Q is Martin-L�of random.Proof. We will give a proof only in the 
ase where � = f0; 1; 2g as the generalresult 
an be proved in a similar manner. Let Q = [T ℄ where T � f0; 1; 2g� is a
omputable tree (possibly with dead ends). For ea
h n, let Tn = T \ f0; 1; 2gn andlet Qn =[fI(�) : � 2 Tng:Let g(n) = �(Qn) = jTnj3n . Then g(n) is a 
omputable sequen
e andlimn!1g(n) = �(Q) = 0:This Martin-L�of test shows that Q has no random elements. (As observed bySolovay, it is suÆ
ient for a sequen
e of 
.e. open sets fSngn�0 to be a Martin-L�oftest if limn!1�(Sn) = 0 e�e
tively rather than the stri
ter test with a sequen
e ofmeasures �(Sn) � 2�n.) 2Theorem 2.2 The set of fun
tions in F whi
h represent a total 
ontinuous fun
tionhas measure one. Hen
e every random fun
tion represents a 
ontinuous fun
tion.4



Brodhead,Cenzer,RemmelProof. Let f 2 F and suppose that f does not represent a total fun
tion. Thenthere is some x 2 2N and some � 2 f0; 1g� su
h that f(xdn) = � for almost alln. Without loss of generality we may assume that � = ;. Let A be the set offun
tions f : f0; 1g� ! f0; 1g� su
h that f(�) = ; for arbitrarily long strings � andlet p = ���(A). Then 
ertainly p � 59 sin
e, if r(0) and r(1) are both in f0; 1g, thenfr =2 A. Considering the 9 
ases for the initial 
hoi
es of f((0)) and f((1)), we seethat p = 49p+ 19[1� (1� p)2℄so that 19p2 + 13p = 0, whi
h implies that p = 0. That is, there are 4 
ases in whi
hjf((i))j = 1 for i = 0; 1 so that immediately f =2 A, there are 4 
ases in whi
h onlyone of f((i)) = ;, in whi
h 
ase the remaining fun
tion g, de�ned by g(�) = f(i_�)must be in A, and there is one 
ase in whi
h f((i)) = ; for i = 0; 1, in whi
h 
aseat least one of the remaining fun
tions must be in A.Observe that A is a �01 
lass sin
e fr 2 A if and only if (8n)(9� 2 f0; 1gn)fr(�) =;. It follows from Lemma 2.1 that no random fun
tion 
an be in A and thereforeevery random fun
tion f : f0; 1g� ! f0; 1g� indeed represents a 
ontinuous fun
tionF : 2N ! 2N . 2Now the set of Martin-L�of random elements of f0; 1; 2gN has measure one andthere exists a �02 Martin-L�of real. Hen
e we have the following.Theorem 2.3 There exists a random 
ontinuous fun
tion whi
h is �02 
omputable.Next we 
onsider some basi
 properties of random 
ontinuous fun
tions. Our�rst result is easy to prove.Proposition 2.4 (a) F is a random 
ontinuous fun
tion if and only if, for every� 2 f0; 1g�, the fun
tion F� is random 
ontinuous, whereF�(x) = F (�_x):(b) F is random 
ontinuous if and only if both F(0) and F(1) are random 
ontinuous.Next we shall show that every random fun
tion maps a 
omputable real to arandom real. Again, we need a preliminary lemma.Lemma 2.5 Let � be a �nite alphabet where j�j � 3 and let �1 � � be a propersubset of � where j�1j � 2. If z 2 �N is Martin-L�of random and y is the result ofremoving from z all symbols from �� �1, then y is Martin-L�of random in �N1 .Proof. Clearly it is enough to prove the lemma when j�j � 1 = j�1j. Thus thereis no loss in generality in assuming that � = f1; 2; : : : ; n+ 1g and �1 = f1; : : : ; ngwhere n � 2.De�ne the fun
tion G so that for any x with in�nitely many values of x(m) 2f1; : : : ; ng, G(x) is the result of removing from x all o

uren
es of n+ 1.Claim 2.6 For any �01 subset S of f1; : : : ; ngN , �(G�1(S)) = �(S).Proof. [Proof of Claim℄ Sin
e every �01 
lass S is the e�e
tive union of a disjointsequen
e of intervals, that is, there is a 
omputable fun
tion f su
h that S =5



Brodhead,Cenzer,RemmelSm I(�f(m)), it suÆ
es to prove this for intervals I(�) � f1; : : : ; ngN . The proof isby indu
tion on the length j�j.For m = j�j = 1, we see thatG�1(I((i))) = I((i)) [ I((n+ 1)_i)) [ I((n+ 1)(n+ 1)_i) [ � � �so that�(G�1(I((i)))) = 1n+ 1 + 1(n+ 1)2 + 1(n+ 1)3 + � � �= 1n+ 1( 11� 1n+1 ) = 1n = �(I((i))):Now assume the result to be true for m and let � = (i)_� where j� j = m. Then itis easy to see thatG�1(I(�)) = i_G�1(I(�))[ (n+1)i_G�1(I(�))[ (n+1)(n+1)i_G�1(I(�))[ � � � :Thus�(G�1(I(�))) = 1n+ 1�(G�1(I(�))) + 1(n+ 1)2�(G�1(I(�))) + � � �=�(G�1(I(�)))( 1n + 1 + 1(n+ 1)2 + � � � )= 1n�(G�1(I(�))) = 1n 1nm = �(I(�)): 2Now let S0; S1; : : : be an e�e
tive sequen
e of 
.e. open sets with �(Sm) � 2�m.Thus there exists a 
omputable fun
tion f su
h thatSm = [iI(�f(i;m)):Let Rm = G�1(Sm), so that �(Rm) = �(Sm) by the Claim. It remains to be 
he
kedthat the sequen
e fRmgm2N is an e�e
tive sequen
e of 
.e. open sets. De�ne the
omputable fun
tion g : f1; : : : ; n + 1g� ! f1; : : : ; ng� so that g(�) is the resultof removing from � all o

uren
es of n + 1. For ea
h i;m de�ne the 
omputablefun
tion h su
h that f�h(j;i;m)gm2N enumerates f� : g(�) = �f(i;m)g. ThenRn = [j;i;mI(�h(j;i;m)):Thus fRmgm2N is a Martin-L�of test and hen
e z =2 Rm for some m. But theny =2 Sm so that y is random. 2Theorem 2.7 If F is a random 
ontinuous fun
tion, then, for any 
omputable realx, F (x) is a random real.Proof. Suppose that F is random with representing fun
tion fr, let x be a 
om-putable real and let y = F (x). De�ne the 
omputable fun
tion g so that, for ea
hn, �g(n) = xdn:6



Brodhead,Cenzer,RemmelBy the Von-Mises{Chur
h{Wald Computable Sele
tion Theorem, the subsequen
ez(n) = r(g(n)) is random in f0; 1; 2gN . Now y = F (x) may be 
omputed from z byremoving the 2's. Thus F (x) is random by Lemma 2.5. 2In parti
ular, it follows that if F is random fun
tion and x is a 
omputable real,then F (x) is not a 
omputable or even a 
.e. real. Hen
e, a random fun
tion F 
annever be 
omputably 
ontinuous and the graph of F is not a �01 
lass.We note that Fou
he [8℄ has used a di�erent approa
h to randomness for 
on-tinuous fun
tions 
onne
ted with Brownian motion, �rst presented by Asarin andProkovsky [1℄, and has shown that, under this approa
h, it is also true that for anyrandom 
ontinuous fun
tion F , F (x) is not 
omputable for any 
omputable inputx.Theorem 2.8 If F is a random 
ontinuous fun
tion, then the image F [2N ℄ has noisolated elements.Proof. Let f be the random representing fun
tion for F and let Q = F [2N ℄. Sup-pose by way of 
ontradi
tion that Q 
ontains an isolated path y. Then there issome �nite � � y su
h that y is the unique element of I(�) \ Q. Fix � su
h thatf(�) = � .For ea
h n, let Sn be the set of all g 2 F su
h that for all �1; �2 2 f0; 1gn,(i) g(�_�1) is 
ompatible with g(�_�2),(ii) � � g(�_�1), and(iii) � � g(�_�2).Then for any ea
h m < n and ea
h � 2 f0; 1gm, we are restri
ted to at most 7 ofthe 9 possible 
hoi
es so that in general, �(Sn) � (79)n. Now for ea
h n, Sn is a
lopen set in F and thus the sequen
e S0; S1; : : : is a Martin-L�of test. It followsthat for some n, F =2 Sn. Thus there are two extensions of � of length n whi
h havein
ompatible images, 
ontradi
ting the assumption that y was the unique elementof Q \ I(�). 2It follows that the image of a random 
ontinuous fun
tion is perfe
t and has
ontinuum many elements. There are several natural questions about the imageF [2N ℄ of a random 
ontinuous fun
tion F . Is the image of F a random 
losed set?What is the measure of the image? Can the fun
tion be onto? We will give somepartial answers.It follows from Proposition 2.4 that, for any � 2 f0; 1g�, there is a random
ontinuous fun
tion with image � I(�). Thus a random 
ontinuous fun
tion is notne
essarily onto.Theorem 2.9 For any � 2 f0; 1g�, the probability that the image of a 
ontinuousfun
tion F meets I(�) is always > 34 .Proof. The proof is by indu
tion on j�j. Without loss of generality, we may assumethat � = 0n. For ea
h n > 0, let qn be the probability that F [2N ℄ meets I((0n)).Let f be the representing fun
tion for F . For n = 1, there are 9 equally probable
hoi
es for the pair f((0)) and f((1)) whi
h 
an be broken down into 4 distin
t
ases. 7



Brodhead,Cenzer,RemmelCase 1. If f((0)) = (1) = f((1)), then F [2N ℄ does not meet I((0)). This o

ursjust on
e.Case 2. If f((0)) = (0) or f((1)) = (0), then F [2N ℄ meets I((0)). This o

ursin 5 of the 9 
hoi
es.Case 3. If f((i)) = ; and f((1� i)) = (1), then F [2N ℄ meets I((0)) if and onlyif F(i)[2N ℄ meets I((0)). This o

urs in 2 of the 9 
hoi
es, with probability q1.Case 4. If f((0)) = ; = f((1)), then F [2N ℄ meets I((0)) if at least one of F(i)[2N ℄meets I((0)). This o

urs in 1 of the 
hoi
es, with probability 1 � (1 � q1)2. Thatis, F [2N ℄ fails to meet I((0)) if both F(0)[2N ℄ and F(0)[2N ℄ fail to meet I((0)).Putting these 
ases together, we see thatq1 = 59 + 29q1 + 19(2q1 � q21);so that q1 satis�es the quadrati
 equationx2 + 5x� 5 = 0:Thus q1 is the unique solution in [0,1℄ of this equation, that is,q1 = p45� 52 ;whi
h is indeed > :75.Now let qn = q and let qn+1 = p. On
e again we 
onsider the 9 initial 
hoi
es,now breaking down into 6 distin
t 
ases.Case 1. If f((0)) = (1) = f((1)), then F [2N ℄ does not meet I((0n+1)). Thiso

urs just on
e.Case 2. If f((0)) = (0) = f((1)), then F [2N ℄ meets I((0n+1)) if and only if atleast one of F(0) and F(1) meets I((0n)). This o

urs just on
e, and with probability1� (1� q)2 = 2q � q2.Case 3. If f((i)) = (0) and f((1� i)) = (1), then F [2N ℄ meets I((0n+1)) if andonly if F(i)[2N ℄ meets I((0n)). This o

urs in 2 of the 9 
hoi
es, with probability q.Case 4. If f((i)) = ; and f((1 � i)) = (1), then F [2N ℄ meets I((0n+1)) if andonly if F(i)[2N ℄ meets I((0n+1)). This o

urs in 2 of the 9 
hoi
es, with probabilityp. Case 5. If f((0)) = ; = f((1)), then F [2N ℄ meets I((0n+1)) if at least one ofF(i)[2N ℄ meets I((0n+1)). This o

urs just on
e, with probability 1� (1� p)2.Case 6. If f((i)) = ; and f((1 � i)) = (0), then F [2N ℄ meets I((0n+1)) ifat least one of the following two things happens. Either F(i)[2N ℄ meets I((0n+1)),or F(1�i)[2N ℄ meets I((0n)). This o

urs in 2 of the 9 
hoi
es, with probability1� (1� p)(1� q). 8



Brodhead,Cenzer,RemmelPutting these 
ases together, we see thatp = 23p� 19p2 � 29pq + 23q � 19q2;so that p = qn+1 satis�es the equationp2 + 3p+ 2pq � 6q + q2 = 0:We note that for p = q, the solutions are p = q = 0 and p = q = 34 . This explainsthe value 34 in the statement of theorem.Now assume by indu
tion that q > 34 . Suppose by way of 
ontradi
tion thatp � 34 . It follows that 916 + 94 + 32q � 6q + q2 � 0:Simplifying, this implies that 16q2�72q+45 � 0. But this fa
tors into (4q�3)(4q�15) and is only � 0 when either q � 34 or q � 154 . Sin
e the latter is impossible, weobtain the desired 
ontradi
tion that q � 34 . 2Corollary 2.10 For any y 2 2N, there exists a random 
ontinuous fun
tion F withy 2 F [2N ℄.Proof. Let Sn be fF 2 C(2N) : I(ydn) \ F [2N ℄ 6= ;g. By Theorem 2.9, �(Sn) � :75for all n. But Sn+1 � Sn for all n and therefore �(\nSn) � :75 as well. Thusy 2 F [2N ℄ with probability � :75. Sin
e the random 
ontinuous fun
tions havemeasure 1 in C(2N), it follows that some random 
ontinuous fun
tion has y in theimage. 2Corollary 2.11 The image of a random 
ontinuous fun
tion need not be a random
losed set.Proof. It was shown in [2℄ that a random 
losed set has no 
omputable members.Let F be a random 
ontinuous fun
tion with 0! in the image, as given by Corollary2.10. Then F [2N ℄ is not a random 
losed set. 23 n-random 
ontinuous fun
tionsOur approa
h also allows us to de�ne the notion of n-random 
ontinuous fun
tions.That is, re
all that(i) a �0n test is a 
omputable 
olle
tion fVn : n 2 2Ng of �0n 
lasses su
h that�(Vk) � 2�k and(ii) a real � is �0n random or n-random if and only if it passes all �0n tests, i.e., iffVn : n 2 2Ng is a 
omputable 
olle
tion of �0n 
lasses su
h that �(Vk) � 2�k,then � =2 \n�0Vn.Thus 1-random reals are just Martin-L�of random reals. See [6℄ for details on randomand n-random reals.Kurtz [12℄ and Kautz [10℄ proved the following result. Let ;(n) denote the n-thjump of ;. 9



Brodhead,Cenzer,RemmelTheorem 3.1 Let q be a rational number.(i) For ea
h �0n 
lass S , we 
an uniformly 
ompute from q and a �0n index forS, the index of a �;(n�1)1 
lass U � S su
h that U is an open �0n 
lass and�(U)� �(S) < q.(ii) For ea
h �0n 
lass T , we 
an uniformly 
ompute from q and a �0n index forT , the index of a �;(n�1)1 
lass V � T su
h that V is a 
losed �0n 
lass and�(V )� �(T ) < q.(iii) For ea
h �0n 
lass S, we 
an uniformly 
ompute from q, and a �0n index for Sand an ora
le for ;(n), the index of a �0n�1 
lass V � S su
h that V is a 
losed�0n�1 
lass and �(S)� �(V ) < q. Moreover, if �(S) is a real 
omputable from;(n�1), then the index for V 
an be found 
omputably from ;(n�1).(iv) For ea
h �0n 
lass T , we 
an uniformly 
ompute from q and �0n index for Tand an ora
le for ;(n), the index of a �0n�1 
lass U � T su
h that U is an open�0n�1 
lass and �(T )� �(U) < q. Moreover, if �(S) is a real 
omputable from;(n�1), then the index for U 
an be found 
omputably from ;(n�1).It follows that a real is n+1-random if and only if it is 1-random relative to ;(n).The analogue of Theorem 3.1 also holds for f0; 1; 2gN for our measures �� or ���.Thus we 
an de�ne a 
losed set Q to be n-random if and only if is Martin L�of randomrelative to ;(n) and, similarly, we 
an de�ne a 
ontinuous fun
tion F : 22N! 22Nto be n-random if and only if it is Martin L�of random relative to ;(n). One 
anthen easily relativize the results of the previous se
tion to obtain similar results forn-random 
ontinuous fun
tions.
4 Con
lusions and Future Resear
hIn this paper we have proposed a notion of e�e
tive randomness for 
ontinuousfun
tions on the Cantor spa
e 2N and derived several properties of e�e
tively random
ontinuous fun
tions. E�e
tively random �02 
ontinuous fun
tions exist, but no
omputable fun
tion 
an be e�e
tively random. In fa
t, the image if a 
omputablereal under an e�e
tively random fun
tion is an e�e
tively random real so that noe�e
tively random fun
tion 
an map a 
omputable real to a 
omputable or evento a 
.e. real. We have shown that the image of a random 
ontinuous fun
tion isalways a perfe
t set and hen
e un
ountable. We have shown that for any y 2 2N ,there exists a random 
ontinuous fun
tion F with y in the image of F . Thus theimage of a random 
ontinuous fun
tion need not be a random 
losed set.We would like to extend the notion of a random 
ontinuous fun
tion to fun
tionson the real unit interval [0; 1℄ and the real line < by representing fun
tions again interms of the images of subintervals. We 
onje
ture that a random 
ontinuous realfun
tion 
annot be left or right 
omputable and, in fa
t, it 
annot even be weakly
omputable. We also 
onje
ture that a random 
ontinuous fun
tion is nowheredi�erentiable. 10
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