
H.LuandK.Weihrauch:ComputableRieszRepresentationfortheDualofC[0;1]CCA2006

ComputableRieszRepresentationfortheDualof
C[0;1]

HongLu

NanjingUniversity,Nanjing21009,PR.China

KlausWeihrauch

UniversityofHagen,58084Hagen,Germany

1



H.LuandK.Weihrauch:ComputableRieszRepresentationfortheDualofC[0;1]CCA2006

Contents

1.TheclassicalRieszRepresentationTheorem

2.Thecomputableversion

2



H.LuandK.Weihrauch:ComputableRieszRepresentationfortheDualofC[0;1]CCA2006

Rieszrepresentationtheorem:

ForeverycontinuouslinearoperatorF:C[0;1]→Rthereisafunction

g:[0;1]→Rofboundedvariationsuchthat

F(h)=

∫

hdg(h∈C[0;1])

andV(g)=‖F‖.
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OperatorF:C[0;1]→R:
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C[0;1]:thesetofcontinuousfunctionsh:[0;1]→R

normofh:‖h‖=maxx|h(x)|

modulusofcontinuitym:N→N:

|x−y|<2
−m(k)

=⇒|h(x)−h(y)|<2
−k

Fislinear:F(g+h)=F(g)+F(h),F(ah)=aF(h)

Fiscontinuous:‖hi−h‖→0=⇒‖F(hi)−F(h)‖→0

normofF:‖F‖=sup‖h‖≤1F(h)
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Stieltjesintegral
∫

hdgforh∈C[0;1]andgofboundedvaraition:

partitionZ:0=x0<x1<...<xn=1

precisionofZ:|Z|=max
n
i=1(xi−xi−1)

Riemannsum:S(h,Z)=
∑

n

i=1h(xi)(xi−xi−1)

Riemannintegral:
∫

hdx=lim|Z|→0S(h,Z)
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Riemannsum:S(h,Z)=
∑

n

i=1h(xi)(xi−xi−1)

Forg:[0;1]→R

Stieltjessum:S(g,h,Z)=
∑

n

i=1h(xi)(g(xi)−g(xi−1))

Stieltjesintegral:
∫

hdg=lim|Z|→0S(g,h,Z)

∫

hdgexists,ifV(g)<∞(ghasboundedvariation)

V(g)=sup
Z

n
∑

i=1

|g(xi)−g(xi−1)|
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Theorem:(easyproof)

Foreveryfunctiong:[0;1]→RofboundedvariationV(g)theoperator

F:C[0;1]→R,F(h)=

∫

hdg

islinearandcontinuous.

RieszRepresentationTheorem:

ForeverylinearandcontinuousoperatorF:C[0;1]→R,thereisa

functiong:[0;1]→Rofboundedvariationsuchthat

F(h)=

∫

hdg.
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AClassicalProofofRieszRepresentationTheorem:

BytheHahn-BanachTheoremF:C[0;1]→Rhasalinearcontinuous

extensionF:B[0;1]→RtothesetB[0;1]ofboundedrealfunctions

withthesamenorm.Define

g(x):=F(ϕx),

whereϕxisthefollowingstepfunction:
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Computableversion:

FromF“compute”gandfromg“compute”Fsuchthat

F(h)=

∫

hdg.

Representationapproach(TTE)toComputableAnalysis:

Machinesoperateon“concrete”infinitesequncesp∈Σ
ω

ofsymbols,

whichareusedas“names”ofthe“abstract”elementsofthesetM.

representation(“namingsystem”)δ:Σ
ω
→M.

Needed:reasonablerepresentationsof

-therealnumbers,

-thespaceC
′
[0;1]oflinearcontinuousoperatorsF:C[0;1]→R,

-thesetBV[0;1]offunctionsg:[0;1]→Rofboundedvariation.
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RepresentationρofR:(Cauchyrepresentation)

ρ(p)=x,iffpencodesasequenceofrationalnumbersconvergingtox

rapidly.

RepresentationδCofC[0;1]:(Cauchyrepresentation)

δC(p)=h,iffpencodesasequenceofrationalpolygonfunctions

convergingtohrapidly.

Representation[δC→ρ]ofC
′
[0;1]:the(w.r.t.reducibility)largest

(or“weakest”)representationδofC
′
[0;1]suchthat

evaluation(F,h)7→F(h)becomes(δ,δC,ρ)-computable.
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Multi-RepresentationδBV:Σ
ω

⇒BV[0;1]:

Observations:

-FordefiningtheStieltjesintegral
∫

hdgitsufficesalreadytoknow

thevaluesg(x)onadensesetD⊆[0;1].

-Afunctiong∈BV[0;1]cannotbedefinedbyitsvaluesonD.

Therefore:multi-representation

Definition:p∈Σ
ω

isaδBV-nameofg∈BV[0;1],iffpencodesa

sequence(x0,y0),(x1,y1),...⊆graph(g)suchthat{x0,x1,...}isdense

in[0;1].

Moreprecisely,p=〈p0,q0,p1,q1,...〉,pi,qi∈Σ
ω

suchthat

ρ(p0)=0,ρ(p1)=1,

{ρ(pi)|i∈N}isdensein[0;1],

gρ(pi)=ρ(qi)fori∈N.
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Theorem:(computableStieltjesintegration)Theoperator

S:BV[0;1]×R→C
′
[0;1]is(δBV,ρ,[δC→ρ])-computable,

(g,b)7→F

whereSmapseveryg∈BV[0;1]andeveryb∈RsuchthatV(g)<bto

thelinearcontinuousoperatorF:C[0;1]→Rsuchthat

F(h)=

∫

hdg(h∈C[0,1]).

Lemma:Ifmisamodulusofuniformcontinuityofh:[0;1]→R

andZisapartitionofprecision2
−m(k+1)

,then
∣

∣

∣

∫

hdg−S(g,h,Z)
∣

∣

∣≤2
−k

V(g)

Stieltjessum:S(g,h,Z)=
∑

n

i=1h(xi)(g(xi)−g(xi−1))

Remarks:–Amodulusofuniformcontinuitycanbecomputedfromh.

–ItisnotpossibletocomputeanupperboundofV(g)fromg.
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Theorem:(computableRieszrepresentation)

Theoperator

S
′
:C

′
[0;1]×R⇒BV[0;1]is([δC→ρ],ρ,δBV)-computable.

(F,‖F‖)|⇒g

whereS
′
mapseverylinearcontinuousoperatorF:C[0;1]→R

anditsnormtosomefunctiong∈BV[0;1]suchthat

F(h)=

∫

hdg(h∈C[0,1])

and‖F‖=V(g).

Remarks:

-Anupperboundof‖F‖canbecomputedfromF,but

-itisnotpossibletocompute‖F‖fromF.

13



H.LuandK.Weihrauch:ComputableRieszRepresentationfortheDualofC[0;1]CCA2006

Remember:

BytheHahn-BanachTheoremF:C[0;1]→Rhasalinearcontinuous

extensionF:B[0;1]→RtothesetB[0;1]ofboundedrealfunctions

withthesamenorm.Define

g(x):=F(ϕx),

whereϕxisthefollowingstepfunction:
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ConstructionofgfromF(idea)“approximatedecompositionof1I”
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Lemma:Foreachε>0therearefunctionsf0,f1,...,fnsuchthat

(∀i)[bi−ai<εandai−bi−1<ε],(ai,bi∈Q)

‖F‖−ε<
∑

n

i=0|F(fi)|≤‖F‖.

(“theactionofFinthegapscanbeneglected”)

Add(x,y)tothecountablesubsetofgraph(g)where

x≈(bi+1−ai+1)/2andy≈F(f0+f1+...+fi)

15



H.LuandK.Weihrauch:ComputableRieszRepresentationfortheDualofC[0;1]CCA2006

-

66

a

qqqqqqqqqqqqqq qqqqqqq

0

1

1

b0a1b1aibiai+1bi+1anbnan+1

f0fifn

Forεfunctionsf0,f1,...,fnsuchthat

(∀i)[bi−ai<εandai−bi−1<ε],(ai,bi∈Q)

‖F‖−ε<
∑

n

i=0|F(fi)|≤‖F‖.

canbefoundbysearching.

Thenorm‖F‖mustbeknown.‖F‖cannotbecomputedfromF.
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