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Turing: for f, g ∈ ωω,

f ≤T g ⇐⇒ ∃Φ [f = Φ(g)]

Mučnik: for P, Q ⊆ ωω,

P ≤w Q ⇐⇒ (∀g ∈ Q)(∃f ∈ P )f ≤T g

⇐⇒ (∀g ∈ Q)∃Φ [Φ(g) ∈ P ]

Medvedev: for P, Q ⊆ ωω,

P ≤M Q ⇐⇒ ∃Φ [Φ : Q → P ]
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P ≡M Q ⇐⇒ P ≤M Q ∧ Q ≤M P

dgM(P ) = {Q : P ≡M Q }

dgM(P ) ≤ dgM(Q) ⇐⇒ P ≤M Q

dgM(P ) ∨∨ dgM(Q) = dgM(P ∨∨ Q)

= dgM({ f ⊕ g : f ∈ P, g ∈ Q })

dgM(P ) ∧∧ dgM(Q) = dgM(P ∧∧ Q)

= dgM({ (0)_f : f ∈ P }
∪ { (1)_g : g ∈ Q })

0M = dgM(P ) for any P with a recursive element
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Dk :=
{

dgM(P ) : P ⊆ ωk is a Π0
1 class

}
S2(A0, A1) = {f ∈ ω2 :

A0 ⊆ {x : f(x) = 1 } ⊆ ω \ A1}
=

{
f ∈ ω2 : (∀x ∈ ω) x /∈ Af (x)

}
Sk(A0, . . . , Ak−1) =

{
f ∈ ωk : (∀x ∈ ω) x /∈ Af (x)

}
DNRk = Sk(K0, . . . , Kk−1)

= { f ∈ ωk : (∀x ∈ ω){x}(x) 6' f(x) }
DNR2 is largest in D2 = Dk

DNR2 >M DNR3 >M · · · >M DNRk >M · · · >M 0M
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(A0, . . . , Ak−1) is ≤ m-intersectingiff

for all i0 < i1 < · · · < im < k

Ai0 ∩ Ai1 ∩ · · · ∩ Aim = ∅

Sm
k := {dgM(Sk(A0, . . . , Ak−1)) :

(A0, . . . , Ak−1) is ≤ m-intersecting}

DNRk is largest in S1
k

S1
k ⊆ S2

k ⊆ · · · ⊆ Sk−1
k

Sm
k is an upper semi-lattice but not a lattice
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Main Results

(1) for q =
⌈

k
m

⌉
,

Sm
k = S1

q ∨∨ S1
q+1 ∨∨ · · · ∨∨ S1

k

(2) for l <
⌈

k
m

⌉
,

S1
l ∩ Sm

k = {0M }, in particular

l < k =⇒ S1
l ∩ S1

k = {0M }

(3) Sm
k and Lm

k have the splitting property:

p < q =⇒ ∃q+,q−[
p < q+,q− < q and q+ ∨∨ q− = q

]
in particular, they are densely ordered
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(1) for q =
⌈

k
m

⌉
,

Sm
k ⊇ S1

q ∨∨ S1
q+1 ∨∨ · · · ∨∨ S1

k

⌈
11
3

⌉
= 4 so S1

4 ,S1
5 , . . . ,S1

11 ⊆ S3
11:

S5 (A0, . . . , A4)︸ ︷︷ ︸
≤ 1-intersecting

≡M S11 (A0, . . . , A4, A0, . . . , A4, A0)︸ ︷︷ ︸
≤ 3-intersecting

S5(A0, . . . , A4) ⊆ S11(A0, . . . , A4, A0, . . . , A4, A0)

hence ≥M

≤M via f 7→ (x 7→ f(x) (mod 5))
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S2
3 ⊆ S1

2 ∨∨ S1
3

S3 (A0, A1, A2)︸ ︷︷ ︸
≤ 2-intersecting

≡M

∨∨
i<3

S2(Ai,
⋂
j 6=i

Aj)︸ ︷︷ ︸
∈ S1

2

∨∨ S3(A
∗
0, A

∗
1, A

∗
2)︸ ︷︷ ︸

∈ S1
3

A∗
i = {x ∈ Ai : x not enum earlier in any other Aj }

≥M : f 7→ f0 ⊕ f1 ⊕ f2 ⊕ f where

fi(x) =

{
0, if f(x) = i
1, otherwise

x /∈ Af (x) =⇒

{
fi(x) = 0 =⇒ x /∈ Ai

fi(x) = 1 =⇒ x /∈
⋂

j 6=i Aj
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S3(A0, A1, A2) ≤M∨∨
i<3

S2(Ai,
⋂
j 6=i

Aj) ∨∨ S3(A
∗
0, A

∗
1, A

∗
2)

f0 ⊕ f1 ⊕ f2 ⊕ g 7→ f where

f(x) =

{
i, if some (least) fi(x) = 0
g(x), otherwise

fi(x) = 0 =⇒ x /∈ Ai =⇒ x /∈ Af (x)

∧
i<3

fi(x) = 1 =⇒ x ∈ at most one Ai so

x /∈ A∗
g(x) =⇒ x /∈ Ag(x)
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S2
4 ⊆ S1

2 ∨∨ S1
3 ∨∨ S1

4

S4 (A0, A1, A2, A3)︸ ︷︷ ︸
≤ 2-intersecting

≡M

∨∨
i<j<4

S3(Ai, Aj,
⋂

k 6=i,j

Ak)︸ ︷︷ ︸
∈ S2

3 ⊆ S1
2 ∨∨ S

1
3

∨∨ S4(A
∗
0, A

∗
1, A

∗
2, A

∗
3)︸ ︷︷ ︸

∈ S1
4

S3
4 ⊆ S1

2 ∨∨ S1
3 ∨∨ S1

4

S4 (A0, A1, A2, A3)︸ ︷︷ ︸
≤ 3-intersecting

≡M

∨∨
i<4

S2(Ai,
⋂
j 6=i

Aj)︸ ︷︷ ︸
∈ S1

2

∨∨ S4(A
∗∗
0 , A∗∗

1 , A∗∗
2 , A∗∗

3 )︸ ︷︷ ︸
∈ S2

4 ⊆ S1
2 ∨∨ S

1
3 ∨∨ S

1
4

A∗∗
i = {x ∈ Ai : x not earlier in two other Aj }
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S2
5 ⊆ S1

3 ∨∨ S1
4 ∨∨ S1

5

S5 (A0, . . . , A4)︸ ︷︷ ︸
≤ 2-intersecting

≡M

∨∨
i<j<k<5

S4(Ai, Aj, Ak,
⋂

l 6=i,j,k

Al)︸ ︷︷ ︸
∈ S2

4 ⊆ S1
2 ∨∨ S

1
3 ∨∨ S

1
4

∨∨ S5(A
∗
0, . . . , A

∗
4)︸ ︷︷ ︸

∈ S1
5

This uses S1
2 so does not give the result

(Ai, Aj, Ak,
⋂

l 6=i,j,k

Al) is “strongly” ≤ 2-intersecting

S2, 1
4 ⊆ S1

3 ∨∨ S1
4 as desired

10



S2
7 ⊆ S1

4 ∨∨ S1
5 ∨∨ S1

6 ∨∨ S1
7

S7 (A0, . . . , A6)︸ ︷︷ ︸
≤ 2-intersecting

≡M

∨∨
i0<i1<i2<i3<i4<7

S3(Ai0, . . . , Ai4,
⋂
k 6=ij

Ak)︸ ︷︷ ︸
∈ S2, 1

6 ⊆ S2, 2
5 ∨∨ S1

6 ⊆ S1
4 ∨∨ S

1
5 ∨∨ S

1
6

∨∨ S4(A
∗
0, . . . , A

∗
6)︸ ︷︷ ︸

∈ S1
7
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(2) if l <
⌈

k
m

⌉
so k > lm and

Φ : Sk (A0, . . . , Ak−1)︸ ︷︷ ︸
≤ m-intersecting

→ Sl (B0, . . . , Bl−1)︸ ︷︷ ︸
≤ 1-intersecting

then exists a recursive g ∈ Sl(B0, . . . , Bl−1).

T x
j := {σ ∈ <ωk : (∃f ⊇ σ)Φ(f)(x) = j }

T is p-fat iff T includes a p-branching subtree

(∃j < l) T x
j is (m + 1)-fat

x ∈ Bj =⇒
⋃
i 6=j

T x
i is (k −m)-fat

=⇒ T x
j is not (m + 1)-fat

g(x) := least j < l
[
T x

j is (m + 1)-fat
]
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