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Compact Operators

Definition

Definition (Compact operator)

Let X, Y be Banach spaces. An operator T : X — Y is called
compact, if
» it is a linear operator such that
» the closure of the image TBx of the closed unit ball
Bx :={x € X :||x|| <1} is compact in Y.
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Compact Operators

Definition

Definition (Compact operator)

Let X, Y be Banach spaces. An operator T : X — Y is called
compact, if
» it is a linear operator such that
» the closure of the image TBx of the closed unit ball
Bx :={x € X :||x|| <1} is compact in Y.

Boo(X,Y) = {T:X—Y : T compact}
B(X,Y) = {T:X—Y : T linear and bounded}
Proposition

Any compact operator is necessarily bounded: B (X,Y) C B(X,Y).
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Basic Properties

Proposition

Let X,Y,Z be Banach spaces.
> If T,S € Boo(X,Y) and a € F then
» aT € Bo(X,Y) and
» S+ T e Bo(X,Y).

» IfSeB(Y,Z), TeB(X,Y)andS or T is compact then
ST € Bx(X, 2).

» Theorem of Schauder:

T € B(X,Y) compact <= T' € B(Y’', X") compact
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Compact Operators

Basic Properties

Proposition

Let X,Y,Z be Banach spaces.
> If T,S € Boo(X,Y) and a € F then
» aT € Bo(X,Y) and
> S+ T €Bo(X,Y).

» IfSeB(Y,Z), TeB(X,Y)andS or T is compact then
ST € Bx(X, 2).

» Theorem of Schauder:

T € B(X,Y) compact <= T' € B(Y’', X") compact

Proof.

Use of sequential convergence.

]
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Schauder Bases

Definition (Schauder Basis)

Let X be a Banach space. Let e := (¢;);cn be a sequence in X.
Then e is called a Schauder basis of X (or basis for short), if any
point x € X can be uniquely represented as

00
X = E Xj€j
i=0

with x; € .
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Banach Spaces With Bases

Schauder Bases

Definition (Schauder Basis)

Let X be a Banach space. Let e := (¢;);cn be a sequence in X.
Then e is called a Schauder basis of X (or basis for short), if any
point x € X can be uniquely represented as

oo
X = Zx,-e,-
i=0
with x; € .

» Natural projections: P, : X — X, Y 72, xjei — Y7o Xi€j.
> Basis constant: ¢ := sup,cy || Pnll-
» Coordinate functionals: ¢, : X — F, 2% xjej — xp.
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Computable Banach Space

Definition (Computable Banach space)

A computable Banach space (X, || ||, €) is
> a separable Banach space (X, || ||)
> together with a fundamental sequence e : N — X (i.e. the linear
span of range(e) is dense in X) such that
» the induced metric space is a computable metric space
> that makes the linear operations (addition and multiplication with
scalars) computable.
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Computable Metric Space and Cauchy Representation

Definition (Computable metric space)

A tupel (X, d, @) is called computable metric space, if
> (X, d) is a separable metric space,
» o : N — X is a dense sequence in X and
» do(ax a)is a computable double sequence.
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> p encodes a sequence (a(n;))ien and

> (a(n;))ien rapidly converges to x.
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Computable Banach Spaces
Computable Metric Space and Cauchy Representation

Definition (Computable metric space)

A tupel (X, d, @) is called computable metric space, if

> (X, d) is a separable metric space,
» o : N — X is a dense sequence in X and
» do(ax a)is a computable double sequence.

Definition (Cauchy representation)

The Cauchy representation dx : X% — X of a computable metric space
X is defined such that a sequence p € X% represents a point x € X
(0x(p) = x). if

> p encodes a sequence (a(n;))ien and

> (a(n;))ien rapidly converges to x.

Here rapid means that d(a(n;), a(n;)) < 277 for all i > j.
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Image Representation

Definition (Image representation)

Let X, Y be separable Banach spaces. We define a representation
0B (x,y) of the set B (X, Y) of compact operators T : X — Y by
6300(X7y)<p, q)=T <= [0x —=dy](p)=T and

5K(y)(q) = TBX .
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» a name p of T as a continuous map and

» a name q of the closure of the image of the unit ball as a
compact set.
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Image Representation

Definition (Image representation)

Let X, Y be separable Banach spaces. We define a representation
0B (x,y) of the set B (X, Y) of compact operators T : X — Y by

6300(X7y)<p, q)=T <= [0x —=dy](p)=T and
dx(v)(q) = TBx .

Computably compact vs. computable and compact:
» Computably compact operators are compact and computable.

» Is any compact and computable operator necessarily
computably compact?
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Computably Compact vs. Computable and Compact

Proposition (Functionals as compact operators)

Let X be a computable Banach space. Then X' = By (X,F) and
the representations 6x: and 0p_(x ) are computably equivalent.
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Computably Compact vs. Computable and Compact

Proposition (Functionals as compact operators)

Let X be a computable Banach space. Then X' = By (X,F) and
the representations 6x: and 0p_(x ) are computably equivalent.

» There exists a computable functional f : £, — R without
computable norm (Brattka and Yoshikawa, 2006).

» Therefore there exists a computable compact operator that is
not computably compact.
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Computably Compact vs. Computable and Compact

Computably compact vs. computable and compact:
» Computably compact operators are compact and computable.

» There are computable and compact operators that are not
computably compact.
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Proposition (Operator norm of compact operators)

Let X,Y be computable Banach spaces. Then the map
I Boo(X, Y) = F, T || T]

is computable.
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Computably Compact vs. Computable and Compact With Computable Norm

Proof.
For any linear bounded operator T : X — Y we obtain

ITI = sup [|Tx|| = sup|| TBx]|.

[Ix[I<1

» Given a name of a compact operator T € B (X, Y) we can
compute a name for TBx € K(Y).

» We can also compute || TBx|| € IC(R), as the continuous
image of a compact set is computable (Weihrauch, 2003).

» Then we can compute sup || TBx|| € R, as the suprema over
compact subsets of R is computable (Weihrauch, 2000).
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Example

Let a = (ak)ken be a computable sequence of reals such that ||al|2> < 1,
but ||a||2 is non-computable. We use ¢, over F = R and we define a
linear bounded operator T : ¢ — /5 using the matrix representation

10 0 0 0
0 dyp di1 4d2 as
=100 0 0 o

Then T is compact since its range is two-dimensional, T is obviously
computable as the sequence a is computable, the norm || T|| =1 is
computable, but T is not computably compact and the image TBy, is
not even located since drg,, (e1) = 1 —|[|a||2 is not computable.
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Computably compact vs. computable and compact with
computable norm:

» Computably compact operators are compact and computable
and have a computable norm.

» There are computable and compact operators with computable
norm that are not computably compact.
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Let X,Y,Z be computable Banach spaces. Then composition
0:CC(Y,Z) x Bo(X,Y) = Bx(X,2),(S,T) — ST,

restricted to linear operators S, is ([0y — 0z],05..(x,v), 0B..(x,z))—computable.

Proposition

Let X,Y be computable Banach spaces. Then the operation
C:CBo(X,Y)xC(Y)— X', (T,f)— T,
restricted to linear functionals f, is (65 (x,v), [0y — OF], dx’)—computable.

Proof.

Composition from left is computable and x’ and Bo.(X,F) are computably

equivalent. O
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Definition (Cauchy representation)

Let X be a Banach space with a shrinking basis e and let
(Y, || ||, f) be a separable Banach space. We define a numbering
aer of some finite rank operators T : X — Y by
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Then range(aer) is dense in the set B (X, Y) of compact
operators. We denote by 5goo(x v) the Cauchy representation of

Boo(X, Y) induced by ar.
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Definition (Shrinking basis)

Let X be a Banach space with basis e. For f € X’ let

[l = s {150 x € Spand 75 ] 0.

[Ix]]

The e is called shrinking, if lim, .o || ||y = 0 for all f € X",

In case that a basis e is shrinking, the coordinate functionals €&’
form a basis of X’ and one obtains a Cauchy representation of X’.

For a Banach space X with a shrinking basis e the dual space X’
has the approximation property, and the set F(X, Y) of finite rank
operators is dense in B (X, Y).
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Questions
» Under which conditions is the space (B (X, Y), || ||, aer) a
computable Banach space and

» when is the corresponding Cauchy representation 6goo(x v)
equivalent to dg_(x,v)?



The Space of Compact Operators
Computable Injection into C(X, Y)

Proposition
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Proposition

Let X be a computable Banach space with a shrinking and
computable basis e and let Y be a computable Banach space.
Then the injection

inj : Boo (X, Y) = C(X,Y)

is (5goo(X,Y)’ [6x — dy])—computable.

Proposition

Let X be a computable Banach space with computable basis e.
Then the corresponding sequence (€},)nen of coordinate functionals
is a computable sequence in C(X).
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Computable Image of Closed Unit Ball

Proposition

Let X be a computable Banach space with a monotone, shrinking and
computable basis e and let (Y,|| ||, f) be a computable Banach space.
Then the image map

im : Boo(X, Y) = K(Y), T — TBx

is (6200()(7,,), dx(v))—computable.

A basis e = (ej)jen is called monotone, if its basis constant ¢ :=
Suppen | [Pl = 1.
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Proposition

Let X be a computable Banach space with a monotone, shrinking and
computable basis e and let (Y,|| ||, f) be a computable Banach space.
Then the image map

im : Boo(X, Y) = K(Y), T — TBx

is (6500()(7,,), dx(v))—computable.

Lemma

Let X be a Banach space with a monotone basis e. Then

n
P,Bx = B, := {x: Zx,-e,- eX:||x|| < 1} C Bx.
i=0
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Computable Image of Closed Unit Ball

Proposition

Let X be a computable Banach space with a monotone, shrinking and
computable basis e and let (Y,|| ||, f) be a computable Banach space.
Then the image map

im : Boo(X, Y) = K(Y), T — TBx

is (6500()(7,,), dx(v))—computable.

Corollary

Let X be a computable Banach space with a computable and monotone
basis e. Then (P,Bx)nen is a computable sequence in K(X).
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Proposition

Let X be a computable Banach space with a monotone, shrinking and

computable basis e and let Y be a computable Banach space. Then

(Boo(X, Y), || I, er) is a computable Banach space and

50
B

oo

X,y) = OB (X.Y)-
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Proof.

> The injection into C(X, Y) and the closure of the image of the unit
ball are computable. Therefore, the Cauchy representation is
computably reducible to the image representation.
» Addition and multiplication with scalars are computable on range(c.r).
» The norm is computable w. r. t. the image representation and also
w. r. t. the Cauchy representation, as the representations are reducible.
> It follows that (B (X, Y),|| ||, cer) is a computable Banach space.
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Let X be a computable Banach space with a computable and computably
shrinking basis e and let Y be a computable Banach space with a
computable basis . Then 0p_(x,y) < 5%00()( v)
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Let X be a computable Banach space with a computable and computably
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Definition (Computably shrinking)

Let X be a computable Banach space with a computable basis e. Then e is
called computably shrinking, if there exists a (dx/, dyn )—computable map

S : X" = NN such that for each fixed f € X’ any m € S(f) is a shrinking
modulus for f € X'

Definition (Shrinking modulus)

Let X be a Banach space with basis e and let f € X’. Then m: N — N is
called a shrinking modulus of f, if ||f|[(m(ky) < 2=k for all k € N.
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Image Representation to Cauchy Representation

Proposition

Let X be a computable Banach space with a computable and computably
shrinking basis e and let Y be a computable Banach space with a
computable basis . Then 0p_(x,y) < 5%00()( v)

Proposition (Effective approximation property)

Let X be a computable Banach space with a computable basis e. Then
there is a computable multi-valued map AP : K(X) = N such that for
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Let X be a computable Banach space with a computable basis e. Then
there is a computable multi-valued map AP : K(X) = N such that for
each fixed K € K(X) any m € AP(K) is a basis modulus of K.

Definition (Basis modulus)

Let X be a Banach space with a basis and corresponding natural
projections P,. Let K C X be a subset. Then m: N — N is called a basis
modulus for K, if [|Ppx — x|| < 2=k for any x € K.
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Cauchy Representation vs. Image Representation

Theorem

Let X be a computable Banach space with a monotone,
computably shrinking and computable basis e and let Y be a
computable Banach space with a computable basis f. Then
(Boo(X, Y), || ||, cter) is @ computable Banach space and

5z§m(x,y) = 0B (X,Y)-

Corollary

Let X and Y be infinite-dimensional computable Hilbert spaces
with computable orthonormal bases e and f, respectively. Then
5goc(X,Y) = 0B, (x,v) and (Bo(X, Y), || [|, er) is a computable
Banach space.
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Conclusions

Corollary
Let X, Y, and Z be computable Banach spaces with computable,
computably shrinking and monotone bases. Then the following hold:

L +:Bo(X,Y) X Boo(X,Y) = Boo(X,Y),(T,S)— T +S is
computable,

2. 1 F X Bo(X,Y) = Boo(X,Y),(a, T) — aT is computable,
3. : Boo(X,Y) = R, T — || T|| is computable,
4. A:Bo(X,Y) = Boo(Y', X'), T — T’ is computable.

o

0:CC(Y,Z) X Bo(X,Y) = Boo(X,2),(S,T) — ST is
computable.
If, additionally, X and Z are computably reflexive, then the following
holds:

6. if T:X — Y and T .Y — X' are computable, then the
operation T : Boo(Y,Z) — Bxo(X, Z),S +— ST is computable.
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