Calculus IT — Solutions to Review Problems Two

1. Approximate foﬂ sin? xdx with n = 6, using the Midpoint, Trapezoidal and
Simpson’s Rules and find upper bounds for the errors in each.

For the Trapezoidal and Simpson’s Rules, we have b_Ta =7/6,

x9g=0,21 =7)6, x0 =7/3, x3 = 7/2, x4 = 27/3, x5 = 57/6 and zg = 7, so
that

yo = sin?(0) = 0, y1 = sin?(7/6) = .25, yo = sin?(7/3) = .75, y3 = sin?(7/2) =
1, y4 = sin?(2m/3) = .75, y5 = sin?(5m/6) = .25 and yg = sin?(w) = 1.

Thus T = 1%[0+.5+1.5+2+ 15+ .5+ 0] = 7/2 = 1.5708 and

S=3Z0+1+15+4+1.54+1+0] =n/2=1.5708 also.

For the Midpoint rule,

y1 = sin?(w/12) = .067, yo = sin®(n/4) = .5, y3 = sin?(57/12) = .933, yy =
sin?(7m/12) = .933, y5 = sin?(37/4) = .5 and ys = sin?(117/12) = .067.

Thus M = %[.067 + .5+ .933 +.933 + .5 + .067] = 7/2 = 1.5708.

For the error estimates, y' = 2sin x cos * = sin 2z, y7 = 2 cos 2x,y"" =
—4sin 2x, and y"?) = —8cos 2z, so that Ky = 2 and K4 = 8.

Thus |Ep| < K200 — 73/432 < 6.

Ky(b—a)® 3
|Eng| < 220 — 737916 < 1.2,
|Ep| < = 87°/(180)(1296) < .15.
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2. Use the Comparison Property to explain whether the following improper
integrals converge.

(a) [ sin*z dx/z* (b) [°e” da/x.

(a) 0 < sin’z/a* < 1/2%, so [° sin®x da/a* < [[Fdx/a* = —1/32%]5° = 1/3-
integral converges.

(b) 0 < 1/z < e/z, so [T e® dafz > [ dx/x = In(z)]f° = co-integral
diverges.

3. Evaluate the following improper integrals.

8 _ 00 o] 3
(a) [C 1/3dx M) [, dr/(2? +4). (c) [, dx/xz.
(a) fi zY3dy = fBl :z:’l/3dx+f08 e~ V3dx = [322/3)0  + 32238 = P+ 34 =

4.5.
(b) ;7 dx/(x* +4) = Sarctan(z/2)]3° = (2 — 2 =n/8
(c) [ du/a3/? = 227 |4%° =1—2limy_eoz® = 1.
4. Evaluate the improper integral fsoo dx/x?\/x% — 9.
Let x = 3sec 0, so that dz = 3sec theta tan 6 df and v 22 —9 = 3tan 6. Then
Jda/z?Va? =9 = [l df — sl
_ ; _ Vx2-9
Now sec 0 = x/3, so that sin § = Y= =,
72—
9 ~H-0-b-4

_ 1y 2 —9
9z 10 — §[lzmx"°° x

So we get |



5. Evaluate the improper integral fol x In x dz. (Hint: Use integration by parts.)

Letu:lnxanddv:xdx,sodu:%xandandvz%x?

Then I = [12%In x](l)—fol irdr = [32? Inx—12%) = (0-1)—(limg—o32? Inx—
0)= 1,

For the last part, use L’Hopital’s Rule to get

limg_ox? In o = limajﬁol‘;’% = limwﬁoﬁi3 = limy_o — 222 = 0.

6. Show that any convergent sequence is bounded.

Suppose that lim,,_oa, = L. Then, applying the definition of limit with e = 1,
there exists some N such that |a, — L| < 1 for all n > N. Thus for n > N,
an < 1+|L|. Now let B = max{1+|L|,a0,a1,...,an}. Then for every n, a,, < B.

7. Show that if 7 | converges, then lim,_o.a, = 0.

By definition, Y07 | an = lim,—0oSn, where S, = a1 +az + -+ - + a,.
Then S,, — S,,_1 = a,, for all n > 1 and lim, 00 Sn—1 = lim, s Sn.
So limy,— ooty = limy—ooSy — Sp—1 = limy,, oo S — limy— 00 Sn—1 = 0.

8. State the (Direct) Comparison Test and show how it follows from the Mono-
tone Bounded Convergence Theorem.

Comparison Test: Suppose that 0 < a,, < b, for all n. If 220:1 b, converges,
then Y~ | a, also converges.

Proof: Since each a,, > 0, the sequence S, = a1 + ...a, of partial sums is
monotone increasing. Let B, = b; +...b, and let B = Zf;l b, = lim,,_.oc By,
Since each b,, > 0, B,, < B for each n and since each a,, < b,, S, < B,, < B for all
n. Thus the sequence {5, } is increasing and bounded above and therefore converges
by the Monotone Bounded Convergence Theorem. Since 220:1 an = lim,_ o Sy,
this means that the sum converges.

nsin(n)
n24+1 °

9. Use the Squeeze Theorem to find lim,,_,
We have —1 < sin(n) < 1, so that

—n nsin(n) n
n24+1 — n2+41 — n241° “
; nZ 0 _
But llmn—roojiz—limn—rooé =71 = 0.
Thus lim,,— e "“21(?) = 0 by the Squeeze Theorem.
10. Find a formula for the n’th partial sum S,, of the series (1 — 1)+ (1 — 1) +
(I-3)+... and use to find the sum of the series.

-1 _
(n = 3707 3n +7 for n > 0. This is a telescoping series, so

Sn:(l__) (i_%)+."+(3n1+1 - 3n+4)_1 3n+4

Thus the sum S of the series is S = lim,,—oc S, = 1.

11. Find a formula for the n’th term of the series 100 + 20 + 4 + % +--- and use
to find the sum of the series.

S, =100(1+ .2+ (.2)2+---+(.2)"71) = 100(1 — (.2)")/(1 — .2).

S = lim,_,~ 100(1 — (.2)™)/(1 — .2) = 100/.8 = 125.

—5

12. Use Integral Comparison to find lower and upper bounds for Y -  n
within .1 of each other.

fooxfgdx*[ %x 2] :%n*%_

Then 2(n+1)"2 = [ o~ 3de <R, < [Fo~%de = 2n .
Forn—Sweget 083<24%§R S%S%g 29.

Also, 53—1+ —7—1241

Since S = 53+R3,132<1241+ 083 < S <1.241 +.129 < 1.38



13. Use the Alternating Series Remainder to find lower and upper bounds L and

B for § =30 ) 2 such that B— L < .2,

{2”—+1} is decreasing and has limit 0, so the sum converges by the AST.
_1_ 1,1 _ 1
S=5-gts-gt
In general, So, < S < Son_1
_1 1,1 _
L—§——+5——<S<——§+E—B.
with B — L—*—agn—azl
14. Determine whether each series converges or diverges, by what test and
why. For (f) and (g), determine whether the series converges absolutely and/or
conditionally.
1
(2) Xonze wmer
Converges by the Integral Comparison Test since
" s = [ = v
2 a:(lna: In zi2 in 2°
2
(b) 320ty ey
Converges by Limit Comparison Test with > >, #, which converges by the
p-Test with p =2 > 1.
2
L= limy oo $ = limy, oo 02 =1,
Since 0 < L < 00, > 07, :3121 converges if and only if Y77 | & converges.
o 1
(©) Xonet 7o
Converges by the Comparlson Test with Y0, 2n, which converges as a Geo-
metric Series with r = 5 < 1.

(d) X Zo(zg)"
1

Converges by the Root Test with r = lim,, ., a7 = lz'mn_,ooﬁ_|r1 = % < 1.
(e) 1+ 34+ 33 +232 4+
Converges by the Ratio Test, since r = lim,, % =limy oo 5,7 = % <1
(£) XonLo(=1)" (555%)
Diverges by the Limit Test, since lim,, oo |an| = lim, oo 27:_11 = % £ 0.

1
(8) 20l ©F

Converges by the Alternating Series Test with a, =

, since limg,_ooa, = 0

3
o

and {a,} is decreasing.
Does not converge absolutely by the p-test, since p = % < 1.
Thus the series converges conditionally.

15. Find the interval of convergence for the power series Y o0, 2™ /n'/2.

By the Ratio Test, the series converges for r < 1, where

. n41 1/2
r=1lim,_ |%| ||

Thus the series converges for || < 1, which makes the Radius of Convergence 1.

For x = 1, the series Y oo, 1/n'/2 diverges by the p-test with p = 1/2 < 1.

For z = —1, the series Y.°°  (—1)"/n!/? converges by the Alternating Series
Test. Thus the Interval of Convergence is [—1,1).

16. Write the power series for In(1 + x) (give the first 4 terms as well as the
general summation formula). Then use the series to estimate In(1.2) within .001
(give lower and upper bounds).

In(l+z)=x—2?/24+23/3—zt/d+ - =30 (-1)"Ta"/n

In(1.2) = .2 — .04/2 + .008/3 — .0016/4.

By Alternating Series,

182266 = .2 — .02 4 .002666 — .0004 < In(1.2) < .2 — .02 + .002666 = .182666.



