
PERMUTATIONS WITH ROOTSMIKL�OS B�ONA, ANDREW MCLENNAN, AND DENNIS WHITEAbstra
t. We prove that the probability p2(n) that a random permutation oflength n has a square root is monotoni
ally nonin
reasing in n. More generally,we prove that the probability pr(n) that a random permutation of length nhas an rth root, r prime, is monotoni
ally nonin
reasing in n. We also showfor all r � 2 that pr(n)! 0 as n!1. While doing this, we 
ombinatoriallyprove that pr(n) = pr(n + 1) for r prime and for all n not 
ongruent to �1mod r, and we 
onstru
t several bije
tions for sets of permutations de�nedby modular 
lass restri
tions on the 
y
le lengths. We also in
lude a simpleprobabilisti
 proof that, for r � 2, pr(n)! 0 as n!1.1. Introdu
tionLet � 2 Sn be a permutation of length n. If there exists another permutation
 2 Sn so that 
2 = �, then we say that � has a square root. Certainly, � mayhave one, or many square roots, or it may have none. Let POWER2(n) be the setof permutations of length n, or, in what follows, n-permutations, that have at leastone square root, and let p2(n) = jPOWER2(n)j=n!. In other words, p2(n) is theprobability that a random permutation of length n has a square root. Asymptoti
properties of p2(n) were studied in [1℄ and [3℄. In this paper we prove the 
onje
tureof Wilf [8℄ that p2(n) is monotoni
ally nonin
reasing in n.More generally, let � 2 Sn be a permutation of length n. If there exists anotherpermutation 
 2 Sn so that 
r = �, then we say that � has an rth root and that � isan rth power. Let POWERr(n) be the set of n-permutations that have at least onerth root, and let pr(n) = jPOWERr(n)j=n!. We prove that pr(n) is monotoni
allynonin
reasing in n for r prime. We also show that limn!1 pr(n) = 0 for all r. Ourproof that pr(n) is monotoni
 for r prime is mostly 
ombinatorial. We give twoproofs of the limit theorem for r prime. One uses the bounds we obtain in our proofof monotoni
ity. The other is probabilisti
. The limit theorem for general r followseasily from the prime 
ase.The outline of this paper will be as follows. In Se
tion 2 we 
onstru
t severalbije
tions that show how fast the number of n-permutations satisfying some rel-evant 
y
le length restri
tions grows when n grows. In Se
tion 3 we 
hara
terizepermutations that have rth roots, r prime, in terms of their 
y
le lengths. This
hara
terization leads us to the notion of a pseudopower to extend results to 
om-posite numbers. We then use the results of Se
tion 2 to des
ribe 
ombinatoriallyhow the probability of an rth power grows. We are required to make spe
ial ar-guments when the permutation has length a multiple of r2. We 
on
lude that theDate: August 17, 1999.This paper was written while the �rst author's stay at the Institute was supported by TrusteeLadislaus von Ho�mann, the Ar
ana Foundation.1



2 MIKL�OS B�ONA, ANDREW MCLENNAN, AND DENNIS WHITEprobability of an rth power tends to zero as n tends to in�nity. Finally in Se
tion 4we give a probabilisti
 proof of this limit theorem.2. Permutations with 
y
le lengths of a given modular 
lassPermutations whi
h have rth roots, r prime, have 
ertain restri
tions on the
y
les of lengths whi
h are multiples of r, as we shall see in the next se
tion. In thisse
tion, we investigate the 
ombinatori
s of permutations whose 
y
les of lengthsrk have been spe
i�ed. Throughout this paper, we will write our permutations inthe following 
anoni
al way. In ea
h 
y
le, we will write the largest entry �rst,and we will write the 
y
les in in
reasing order of their �rst entry, su
h as in(4 1 2)(6)(7 5 3)(8). Basi
 fa
ts about the 
y
le de
omposition of permutations 
anbe found in [6℄.For any permutation � 2 Sn, the type of � is the partition given by its 
y
lelengths. So the type of (4 1 2)(5 3)(6)(8 7)(9) is (3; 2; 2; 1; 1). The type of � is aninteger partition of n.Let NODIVr(n) be the set of n-permutations with no 
y
le lengths a multiple ofr. We �rst 
onstru
t a bije
tion 	 from NODIVr(n)� [n+1℄ onto NODIVr(n+1),where n+ 1 is not a multiple of r. Our 
onstru
tion will be re
ursive.Let � 2 NODIVr(n), and let k � n+ 1 be a positive integer. First, adjust � sothat k is not a letter in � by simply in
reasing all values � k in � by 1. Now de�ne	(�; k) as follows. With � written in 
anoni
al form, let 
 denote the last 
y
le of� and let l be its length. If k = n + 1, then 
reate the singleton 
y
le (n + 1). Ifk 6= n+ 1 and l 6= �1 mod r, then pla
e k at the end of 
.Finally, if k 6= n + 1 and l = �1 mod r, then apply 	�1 to ~� = � � 
. Callthe resulting pair (~�; ~k). Note that this is allowed sin
e ~� 2 NODIVr(n � l) andn� l = n+1 mod r. The result of 	 applied to (�; k) is given by ~� with the 
y
le~
 adjoined, where ~
 is 
 with ~kk atta
hed to the end.Lemma 2.1. For all r � 2 and n+1 not a multiple of r, the map 	 is a bije
tionfrom NODIVr(n)� [n+ 1℄ onto NODIVr(n+ 1).Proof. To �nd the inverse of 	, take � 2 NODIVr(n + 1) in 
anoni
al form andlet k be the last letter in � and let 
 be the last 
y
le (whose length is l) in �. Ifl = 1, then remove k = n + 1 from � to form �. If l 6= 1 mod r, again remove kfrom 
 to form �. Finally, if l = 1 mod r and l 6= 1, then let ~k be the next-to-lastletter in 
, let ~� be � with 
 removed and let ~� = 	(~�; ~k). Then let ~
 be 
 with kand ~k removed, and � is ~� with ~
 adjoined.Example 2.2. If r = 3 and (�; k) = ((6 1 2 5 3)(7); 4), then we get 	(�; k) =(6 1 2 5 3)(7 4).Example 2.3. If r = 3 and (�; k) = ((6 1 2 5)(7 3); 4), we �rst 
ompute	�1((6 1 2 5)) = ((2)(6 1); 5):Then we get 	(�; k) = (2)(6 1)(7 3 5 4).Remark 2.4. Lemma 2.1 may be re�ned somewhat to re
e
t what happens to thelength of the last 
y
le.Let nodivr(n) be the probability that a random n-permutation has no 
y
les oflength a multiple of r, that is, nodivr(n) = jNODIVr(n)j=n!.



PERMUTATIONS WITH ROOTS 3Corollary 2.5. If n+ 1 is not a multiple of r, then nodivr(n) = nodivr(n+ 1).The 
ase where n+1 is a multiple of r is somewhat similar. The bije
tion � willmapNODIVr(n)�[n℄ ontoNODIVr(n+1). Take a pair (�; k) 2 NODIVr(n)�[n℄,and let 
 be the 
y
le of � 
ontaining k. Let l be the length of 
 and let ~� be � with 
removed. Now let � = 	(~�; k). Note that this is allowed sin
e ~� 2 NODIVr(n� l)and n� l + 1 6= 0 mod r. Finally, repla
e k in 
 with n+ 1 to form ~
. The imageof (�; k) under � is then � with ~
 adjoined.Lemma 2.6. The map � is a bije
tion from NODIVr(n)� [n℄ onto NODIVr(n+1).Proof. To get the unique preimage of � 2 NODIVr(n + 1) under �, let 
 be the
y
le (of length l) 
ontaining n+1 and let ~� be � with 
 removed. Run ~� through	�1 to get (~�; k). This is allowed sin
e ~� 2 NODIVr(n+ 1� l) and n+ 1� l 6= 0mod r. Now repla
e n + 1 in 
 with k to get ~
 and adjoin ~
 to ~� to get �. Thepreimage is then (�; k).Example 2.7. If r = 3 and (�; k) = ((6 1 2 4 5)(7 3)(8); 5), we �rst 
ompute	((7 3)(8); 5) = (7 3)(8 5). Then we get �(�; k) = (7 3)(8 5)(9 6 1 2 4).Example 2.8. If r = 3 and (�; k) = ((6 3)(7)(8 1 2 4 5); 7), we �rst 
ompute	((6 3)(8 1 2 4 5); 7) = (6)(8 1 2 4 5 3 7). Then we get �(�; k) = (6)(8 1 2 4 5 3 7)(9).Corollary 2.9. If n+1 is a multiple of r, then nodivr(n+1) = nodivr(n) � nn+1 <nodivr(n).The bije
tion 	 
an be extended to n-permutations with 
y
les of length krspe
i�ed. Let DIV�;r(n) be the set of n-permutations whose 
y
les of length amultiple of r have type �. For instan
e, DIV(9;9;3);3(30) is the set of permutationsof [30℄ with two 9-
y
les, one 3-
y
le, and no other 
y
les whose lengths are multiplesof 3. Noti
e that DIV;;r(n) = NODIVr(n).For � 2 DIV�;r(n), let �(r) denote the part of � 
onsisting of the 
y
les of lengthswhi
h are multiples of r and let �(�r) denote the part of � 
onsisting of 
y
les oflengths whi
h are not multiples of r. For example, if� = (7 3)(10 6 9 1)(11)(13 5 2 8)(14 12 4);then �(2) = (7 3)(10 6 9 1)(13 5 2 8) and �(�2) = (11)(14 12 4).Now de�ne the bije
tion 	 from DIV�;r(n)� [n+ 1℄ onto DIV�;r(n+ 1), wheren+ 1 is not a multiple of r, as follows. Let � be an n-permutation and k � n+ 1.As before, adjust the letters of � by adding one to all letters k or larger. Now apply	 to (�(�r); k) to get �(�r) and let �(r) = �(r).Lemma 2.10. The map 	 is a bije
tion from DIV�;r(n)� [n+1℄ onto DIV�;r(n+1), where n+ 1 is not a multiple of r.Proof. To form the preimage of � 2 DIV�;r(n + 1), apply 	�1 to �(�r) to get(�(�r); k) and let �(r) = �(r).Example 2.11. If r = 3 and (�; k) = ((5 2)(6 1 4)(8 3); 7), we �rst 
ompute	((5 2)(8 3); 7) = 3D(5)(8 3 2 7). Then we get 	(�; k) = (5)(6 1 4)(8 3 2 7).Let div�;r(n) denote the probability that a random n-permutation has only 
y
leswith lengths multiples of r given by �, that is, div�;r(n) = jDIV�;r(n)j=n!.



4 MIKL�OS B�ONA, ANDREW MCLENNAN, AND DENNIS WHITECorollary 2.12. If n+ 1 is not a multiple of r then div�;r(n) = div�;r(n+ 1).The bije
tion � 
annot be extended in the same way. Sin
e the bije
tion 	 usedk 2 [n+1℄ as an additional letter, it 
ould also be used as an additional letter in thepart of the permutation not 
ontaining 
y
les of lengths = 0 mod = r. However,the bije
tion � used k 2 [n℄ as one of the letters of the permutation. DiÆ
ultiesemerge when this letter is in a 
y
le of length = 0 mod r. Nevertheless, � 
an beextended in a slightly di�erent way.Suppose n + 1 is a multiple of r and � is a partition of m < n with all partsmultiples of r. We will de�ne a bije
tion � from DIV�;r(n+ 1)� [n+ 1�m℄ ontoDIV�;r(n)� [n�m℄� [n+ 1℄.Let � 2 DIV�;r(n+1) and let k be a letter in �(�=r). Thus, (�; k) 2 DIV�;r(n+1)� [n+ 1�m℄.Now let � 2 DIV�;r(n). Let j � n+ 1 and add one to all the letters in � whi
hare at least j. Let l be a letter in �(�r). Thus, (�; l; j) 2 DIV�;r(n)�[n�m℄�[n+1℄.We now de�ne �(�; k) to be (�; l; j) where the parameters are related as follows.First, j = k. Se
ond, repla
e k in �(�r) by N > n+ 1, 
reating℄�(�r). Apply ��1to℄�(�r). The result is (�(�r); l). Finally, let �(r) = �(r).Lemma 2.13. The map � is a bije
tion from DIV�;r(n + 1) � [n + 1 � m℄ ontoDIV�;r(n)� [n�m℄� [n+1℄, where n+1 is a multiple of r and � is a partition ofm with all parts a multiple of r.Proof. To reverse �, begin with (�; l; j) 2 DIV�;r(n)� [n�m℄� [n+1℄. Let k = jand �(r) = �(r). Run (�(�=r); l) through �, using N > n + 1 as the new addedletter, 
reating the permutation ~�. Form �(�r) by repla
ing N with k in ~�.Example 2.14. If r = 3, � = (3), n = 11, � = (7 6 2)(8)(10 4 1 9 5)(11)(12 3) andk = 9, then apply ��1 to (8)(11)(12 3)(N 5 10 4 1) to get (8)(10 4 1 3 5)(11)(12)with l = 3. Thus � = (7 6 2)(8)(10 4 1 3 5)(11)(12).Example 2.15. If r = 4, � = (4), n = 11, � = (7 2)(10 1 8 3)(11 9 4)(12 6), j = 5and l = 9, then apply � to (7 2)(11 9 4)(12 6) and 9 to get ~� = (7 2)(12 6 9)(N 4 11).Thus � = (7 2)(10 1 8 3)(11 5 4)(12 6 9) and k = 5.Corollary 2.16. If n+1 is a multiple of r and � is a partition of m with all partsa multiple of r, thenjDIV�;r(n+ 1)j = (n+ 1) n�mn�m+ 1 � jDIV�;r(n)j �= n � jDIV�;r(n)jand div�;r(n+ 1) = div�;r(n) � n�mn�m+ 1 �= div�;r(n) � nn+ 1 ;where the inequalities are equalities if and only if � = ;.3. Permutations whi
h are powers and pseudopowersWe now apply the results of the previous se
tion to permutations whi
h haverth roots. The following Proposition 
hara
terizes su
h permutations, for prime r,in terms of their 
y
le lengths. It will be our basi
 tool throughout this se
tion.Proposition 3.1. (
f. [8℄) A permutation � has an rth root, r prime, if and onlyif, for every integer k, the number of 
y
les of � of length kr is a multiple of r.



PERMUTATIONS WITH ROOTS 5Proof. When taking the rth power of a permutation 
, ea
h 
y
le of 
 of lengthrelatively prime to r will 
ontribute a 
y
le of that same length to 
r. Also ea
h
y
le of 
 of length kr will 
ontribute r 
y
les of length k to 
r. Therefore, if k isa multiple of r, a k-
y
le in � = 
r 
an only be the result of the splitting of a 
y
leof length rk in 
 into r 
y
les, = so the number of k-
y
les of � is a multiple of r.Conversely, suppose that � has this property. We 
an then 
reate an rth root 
of � as follows. For 
y
les in � whose length is relatively prime to r, (a1; a2; : : : ; ak),write (b1; b2; b3; : : : ; bk) in 
, where b1 = a1, b1+r = a2, b1+2r = 3Da3; : : : , wherethe subs
ript arithmeti
 is done mod k.For 
y
les in � of length m = kr, group r m-
y
les together:(a11; a12; : : : ; a1m);(a21; a22; : : : a2m);...(ar1; ar2; : : : arm);and thread them together to form an mr-
y
le:= (a11; a21; : : : ; ar1; a12; a22; : : : ; ar2; : : : ; a1m; a2m; : : : ; arm):Carrying out these respe
tive operations for all 
y
les of � we get a permutation 
whose rth power is �.Proposition 3.1 motivates us to de�ne an n-permutation as a r pseudopower if thenumber of 
y
les of length kr is a multiple of r. If r is prime, then pseudopowers arepermutations with roots. Many of our 
ombinatorial results hold for pseudopowers.As was mentioned in Se
tion 1, let POWERr(n) be the set of n-permutationsthat have at least one rth root, and let pr(n) = jPOWERr(n)j=n!. Further-more, let PPOWERr(n) be the set of n-permutations whi
h are r pseudopowersand let ppr(n) = jPPOWERr(n)j=n!. Note that PPOWERr and ppr agree withPOWERr and pr, respe
tively, when r is prime.If we examine the �rst few values of p2(n) for n = 1; 2; : : : we see that theyare equal to 1, 1=2, 1=2, 1=2, 1=2, 3=8, 3=8, 7=20, 7=20, : : : , giving rise to twonatural 
onje
tures. The �rst one is that p2(2n) = p2(2n + 1) for all n. This hasbeen proved by Wilf [8℄ by exponential generating fun
tions and also follows fromCorollary 2.12.The other one is that p2(n) is nonin
reasing. In this se
tion we prove thatppr(n) is nonin
reasing, whi
h, in view of Corollary 2.12, amounts to proving thatppr(n) � ppr(n+ 1) when n+ 1 is a multiple of r.A more 
areful analysis of the above data also shows that while p2(6)=p2(5) =3=4, in the next step we get p2(8)=p2(7) = 14=15, and so we might suspe
t that thede
rease of ppr(n) slows down. However, we will show that ppr(n) 
onverges to 0,and still show some explanation of the des
ribed phenomenon.Let PERMk(n) be the set of n permutations whose 
y
le lengths are all multiplesof k and let PERMk;l(n) be the set of n permutations whose 
y
le lengths are allmultiples of k and ea
h 
y
le length is repeated a multiple of l times.Our interest will be in jPERMr;r(mr2)j. Noti
e that the rth power of anypermutation in PERMr2(mr2) is a permutation in PERMr;r(mr2). Also noti
ethat if the 
y
le length kr2 appears in � 2 PERMr2(mr2) j times, then the 
y
lelength kr appears in �r jr times. We exploit this in the proof of the next lemma.



6 MIKL�OS B�ONA, ANDREW MCLENNAN, AND DENNIS WHITELemma 3.2. For all m � 1, we havejPERMr2(mr2)jjPERMr;r(mr2)j > (mr)r�1:Proof. Although this bound may be proved dire
tly from the formula for the numberof permutations of a given 
y
le type, in keeping with the spirit of this paper wegive a 
ombinatorial proof.Let the type � of � 2 PERMr;r(mr2) 
onsist of rji 
y
les of length ri. For ea
hri, take the ri 
y
les in groups of r, and 
onsider the rth roots of � ea
h of whose
y
les has the same elements as one of these groups. One way to form su
h a rootis to pla
e the �rst ri 
y
le in every rth position, then 
hoose a starting value forthe se
ond su
h ri 
y
le and pla
e it in every position following one of the elementsof the �rst 
y
le. Evidently there are Qi(ri)(r�1)ji ways to do this, ea
h produ
inga di�erent rth root. Therefore there are at least Qi(ri)(r�1)ji su
h roots, so theresult follows if we 
an show that this produ
t is minimized when jm = 1 andji = 3D0 for all other i. But this follows easily from the fa
t that st � s+ t for allintegers s; t � 2.Lemma 3.3. For all m � 1 and r � 2, ex
ept for m = 1 and r = 2, we havejNODIVr(mr2)jjPERMr;r(mr2)j > mr2:Proof. Using exponential generating fun
tions, it is not diÆ
ult to show [8℄ thatjPERMr2(mr2)j = (mr2)!1 � (1 + r2) � : : : � (1 + (m� 1)r2)r2 � 2r2 � : : : �mr2 :(1)A similar 
al
ulation shows thatjNODIVr(mr2)j = (mr2)! (r � 1) � (2r � 1) � : : : � (mr2 � 1)r � 2r � : : : �mr2 :(2)Taking the ratio of Equation 1 and Equation 2, we havejNODIVr(mr2)jjPERMr2(mr2)j =�r � 11 � r2 + r � 1r2 + 1 � : : : � (m� 1)r2 + r � 1(m� 1)r2 + 1 ��� (2r � 1)r � (3r � 1)2r � : : :� > 1:The inequality follows sin
e ea
h fa
tor is at least 1 and at least one fa
tor is > 1.Thus, the bound for r � 3 and m � 1 follows from Lemma 3.2. For r = 2 and form � 4 we have jNODIV2(4m)jjPERM4(4m)j == 32 � 54 � : : : � 4m� 14m� 2 � 3316 > 2:Combining this with Lemma 3.2 gives our result. Finally, for m = 2; 3 and r = 2,we �nd dire
tly that jNODIV2(8)j = 11025;jPERM2;2(8)j = 1365;jNODIV2(12)j = 108056025 andjPERM2;2(12)j = 8534295:



PERMUTATIONS WITH ROOTS 7Theorem 3.4. Let r � 2. Then1. If n+ 1 6= 0 mod r then ppr(n+ 1) = ppr(n).2. If n+ 1 = 0 mod r but n+ 1 6= 0 mod r2 then ppr(n+ 1) < ppr(n) nn+1 .3. If n+ 1 = 0 mod r2 then ppr(n+ 1) < ppr(n) with equality only when r = 2and n = 3.Proof. By Proposition 3.1, the only possible 
y
le types for �(r) will be the samefor PPOWERr(n) as for PPOWERr(n + 1) as long as n + 1 is not a multipleof r2. Therefore, the �rst statement follows from Corollary 2.12 and the se
ondstatement follows from Corollary 2.16.The third statement will require an examination of permutations in PERMr;r(n+1), sin
e the 
y
le types of permutations in PERMr;r(n + 1) will not appear inPPOWERr(n). Lemma 3.3 shows that the number of su
h permutations will besmall 
ompared to the total number of pseudopowers.We have from Corollary 2.16 and Proposition 3.1jPPOWERr(mr2)j � jPERMr;r(mr2)j � (mr2 � 1) � jPPOWERr(mr2 � 1)j:But for m > 1 or r > 2, Lemma 3.3, implies the following upper bound onjPERMr;r(mr2)j:jPERMr;r(mr2)j < jNODIVr(mr2)jmr2 � jPPOWERr(mr2)jmr2 :(Here we are using NODIVr(mr2) � PPOWERr(mr2), whi
h is a simple impli-
ation of Proposition 3.1.) Therefore,jPPOWERr(mr2)j � (1� 1mr2 ) < (mr2 � 1) � jPPOWERr(mr2 � 1)j;whi
h implies that jPPOWERr(mr2)j < (mr2)�jPPOWERr(mr2�1)j. Form = 1and r = 2, we 
an verify the truth of our statement using the numeri
al data givenat the beginning of this se
tion.Theorem 3.4 yields the main results of this paper.Corollary 3.5. For all positive integers n and all r � 2, we have ppr(n) � ppr(n+1).Corollary 3.6. For all positive integers n and all r � 2, we have,limn!1 ppr(n) = 0:Proof. This result follows from Corollary 3.5, the bound in the se
ond part ofTheorem 3.4 and a routine 
al
ulation.Corollary 3.7. For all positive integers n and all r � 2, we have,limn!1 pr(n) = 0:Proof. If a permutation has an rth root, it has a qth root for any prime q thatdivides r, so the probability of an rth root is not greater than the minimum of theprobabilities of qth roots for primes q that divide r.



8 MIKL�OS B�ONA, ANDREW MCLENNAN, AND DENNIS WHITE4. A probabilisti
 proofWe now give an independent probabilisti
 proof of Corollary 3.6 in the followingmore general setting.Let r � 2, let E be the set of positive integers divisible by r, and let V =(Zr)E, where Zr are the integers mod r. So the elements of V are in�nite stringsv = (vr ; v2r; v3r; : : : ). We say that a permutation � 2 Sn satis�es v if, for ea
hk = r; 2r; 3r; : : : the number of k-
y
les in � is 
ongruent to vk mod r. Let Pn(v)be the probability that a random permutation in Sn satis�es v, and letMn = maxv2V Pn(v):Theorem 4.1. lim supMn = 0.Proof. Consider the following method of generating a random permutation � 2Sn. Choose �(1) equiprobably from f1; ::; ng, 
hoose �(�(1)) equiprobably fromf1; ::; ng � �(1), and so forth until a 
y
le is a
hieved. Then repeat the pro
essbeginning with the smallest element of f1; ::; ng that is not in the �rst 
y
le, 
on-tinuing in this fashion until the permutation is 
omplete. It is easy to show ([5℄,Exer
ise 3.3) that for any k = 1; ::; n, the �rst 
y
le has length k with probability1=n, so Pn(v) = 1n � � Xk 6=0 mod r Pn�k(v) + Xk=3D0 mod r Pn�k(v0k)�;where v0k is obtained from v by subtra
ting 1 (mod r) from vk. Observe that thereis at most one k > [n=2℄ su
h that Pn�k(v0k) > 0, for an n-permutation 
annothave more than one 
y
le longer than [n=2℄. Therefore,Mn � 1n � �1 + Xk 6=0 mod rMn�k + Xk�[n=2℄;k=0 mod r Mn�k�:(3)Let L = lim supMn. Then (3) implies, by routine 
omputations, that L �2r�12r � L, so L = 0.Corollary 3.6 now follows be
ause0 � lim inf ppr(n) � lim sup ppr(n) � lim supMn = 0:5. Further Dire
tionsMost of the results of Se
tion 2 have simple generating fun
tion proofs. Simplynote that the exponential generating fun
tion for permutations in NODIVr(n) isgiven by (1� tr)1=r1� t :Our approa
h has been to give 
ombinatorial proofs wherever possible. To this end,it would be interesting to �nd an inje
tive proof of the third part of Theorem 3.4.A
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