PERMUTATIONS WITH ROOTS

MIKLOS BONA, ANDREW MCLENNAN, AND DENNIS WHITE

ABSTRACT. We prove that the probability pa(n) that a random permutation of
length n has a square root is monotonically nonincreasing in n. More generally,
we prove that the probability p,(n) that a random permutation of length n
has an rth root, r prime, is monotonically nonincreasing in n. We also show
for all r > 2 that p,(n) — 0 as n — oo. While doing this, we combinatorially
prove that p,(n) = pr(n + 1) for r prime and for all n not congruent to —1
mod r, and we construct several bijections for sets of permutations defined
by modular class restrictions on the cycle lengths. We also include a simple
probabilistic proof that, for r > 2, pr(n) — 0 as n — co.

1. INTRODUCTION

Let 0 € S, be a permutation of length n. If there exists another permutation
v € S, so that ¥ = o, then we say that o has a square root. Certainly, o may
have one, or many square roots, or it may have none. Let POW ER2(n) be the set
of permutations of length n, or, in what follows, n-permutations, that have at least
one square root, and let pa(n) = |[POW ERz(n)|/n!. In other words, ps(n) is the
probability that a random permutation of length n has a square root. Asymptotic
properties of pa(n) were studied in [1] and [3]. In this paper we prove the conjecture
of Wilf [8] that pa(n) is monotonically nonincreasing in n.

More generally, let o € S), be a permutation of length n. If there exists another
permutation v € S, so that v" = o, then we say that o has an rth root and that o is
an rth power. Let POW ER,(n) be the set of n-permutations that have at least one
rth root, and let p,(n) = |[POW ER,(n)|/n!. We prove that p,(n) is monotonically
nonincreasing in n for r prime. We also show that lim,,_,o, p.(n) = 0 for all r. Our
proof that p,.(n) is monotonic for r prime is mostly combinatorial. We give two
proofs of the limit theorem for r prime. One uses the bounds we obtain in our proof
of monotonicity. The other is probabilistic. The limit theorem for general r follows
easily from the prime case.

The outline of this paper will be as follows. In Section 2 we construct several
bijections that show how fast the number of n-permutations satisfying some rel-
evant cycle length restrictions grows when n grows. In Section 3 we characterize
permutations that have rth roots, r prime, in terms of their cycle lengths. This
characterization leads us to the notion of a pseudopower to extend results to com-
posite numbers. We then use the results of Section 2 to describe combinatorially
how the probability of an rth power grows. We are required to make special ar-
guments when the permutation has length a multiple of 2. We conclude that the
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probability of an rth power tends to zero as n tends to infinity. Finally in Section 4
we give a probabilistic proof of this limit theorem.

2. PERMUTATIONS WITH CYCLE LENGTHS OF A GIVEN MODULAR CLASS

Permutations which have rth roots, r prime, have certain restrictions on the
cycles of lengths which are multiples of r, as we shall see in the next section. In this
section, we investigate the combinatorics of permutations whose cycles of lengths
rk have been specified. Throughout this paper, we will write our permutations in
the following canonical way. In each cycle, we will write the largest entry first,
and we will write the cycles in increasing order of their first entry, such as in
(412)(6)(7 5 3)(8). Basic facts about the cycle decomposition of permutations can
be found in [6].

For any permutation m € S, the type of 7 is the partition given by its cycle
lengths. So the type of (4 1 2)(5 3)(6)(8 7)(9) is (3,2,2,1,1). The type of 7 is an
integer partition of n.

Let NODIV,(n) be the set of n-permutations with no cycle lengths a multiple of
r. We first construct a bijection ¥ from NODIV,(n)x [n+1] onto NODIV,(n+1),
where n + 1 is not a multiple of . Our construction will be recursive.

Let m € NODIV,(n), and let kK < n + 1 be a positive integer. First, adjust = so
that &k is not a letter in 7 by simply increasing all values > k in 7w by 1. Now define
U(m, k) as follows. With 7 written in canonical form, let ¢ denote the last cycle of
7 and let [ be its length. If £ = n + 1, then create the singleton cycle (n + 1). If
k#n+1and ! # —1 mod r, then place k at the end of c.

Finally, if K # n+ 1 and I = —1 mod 7, then apply ¥~! to # = 7 — ¢. Call
the resulting pair (5, %). Note that this is allowed since # € NODIV,(n — ) and
n—1=n+1 mod r. The result of ¥ applied to (, k) is given by & with the cycle
¢ adjoined, where ¢ is ¢ with kk attached to the end.

Lemma 2.1. For all r > 2 and n+ 1 not a multiple of r, the map ¥ is a bijection
from NODIV,(n) x [n + 1] onto NODIV,.(n + 1).

Proof. To find the inverse of ¥, take 0 € NODIV,(n + 1) in canonical form and
let k& be the last letter in o and let ¢ be the last cycle (whose length is ) in o. If
[ =1, then remove k = n + 1 from o to form . If [ # 1 mod r, again remove k
from ¢ to form 7. Finally, if { =1 mod r and [ # 1, then let % be the next-to-last
letter in ¢, let & be ¢ with ¢ removed and let @ = ¥(&, k). Then let ¢ be ¢ with &
and k removed, and 7 is & with ¢ adjoined. O

Example 2.2. If r = 3 and (7,k) = ((6 1 2 5 3)(7),4), then we get ¥(m, k) =
(61253)(74).

Example 2.3. If r =3 and (7, k) = ((6 1 2 5)(7 3),4), we first compute
(6 125)) =((2)(61),5).
Then we get ¥(m,k) = (2)(6 1)(7 35 4).

Remark 2.4. Lemma 2.1 may be refined somewhat to reflect what happens to the
length of the last cycle.

Let nodiv,-(n) be the probability that a random n-permutation has no cycles of
length a multiple of r, that is, nodiv,.(n) = [INODIV,(n)|/n!.
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Corollary 2.5. If n+ 1 is not a multiple of r, then nodiv,(n) = nodiv,(n + 1).

The case where n + 1 is a multiple of r is somewhat similar. The bijection ® will
map NODIV,(n)x[n] onto NODIV,(n+1). Take a pair (w, k) € NODIV,.(n)x[n],
and let ¢ be the cycle of 7 containing k. Let [ be the length of ¢ and let 7 be 7 with ¢
removed. Now let o = ¥(7, k). Note that this is allowed since # € NODIV,.(n —1)
and n —[l+1# 0 mod r. Finally, replace k in ¢ with n + 1 to form ¢ The image
of (m,k) under ® is then o with ¢ adjoined.

Lemma 2.6. The map ® is a bijection from NODIV,.(n) x [n] onto NODIV,.(n +
1).

Proof. To get the unique preimage of 0 € NODIV,.(n + 1) under ®, let ¢ be the
cycle (of length 1) containing n + 1 and let & be o with ¢ removed. Run ¢ through
U1 to get (7,k). This is allowed since 6 € NODIV,(n+1—1) andn+1—1#0
mod r. Now replace n + 1 in ¢ with k£ to get ¢ and adjoin ¢ to 7 to get w. The
preimage is then (7, k). O

Example 2.7. If r = 3 and (7,k) = ((6 1 2 4 5)(7 3)(8),5), we first compute
T((7 3)(8),5) = (7 3)(8 5). Then we get ®(m, k) = (7 3)(8 5)(9 6 1 2 4).

Example 2.8. If r = 3 and (7,k) = ((6 3)(7)(8 1 2 4 5),7), we first compute
U((63)(81245),7) =(6)(8124537). Then we get &(w, k) = (6)(8124537)(9).

Corollary 2.9. Ifn+1 is a multiple of r, then nodiv,(n + 1) = nodiv,(n) -
nodiv,.(n).

T <

The bijection ¥ can be extended to m-permutations with cycles of length kr
specified. Let DIV, .(n) be the set of n-permutations whose cycles of length a
multiple of r have type p. For instance, DIV(g 9 3) 3(30) is the set of permutations
of [30] with two 9-cycles, one 3-cycle, and no other cycles whose lengths are multiples
of 3. Notice that DIVj .(n) = NODIV,(n).

For m € DIV), »(n), let m(,) denote the part of 7 consisting of the cycles of lengths
which are multiples of r and let m(.,) denote the part of 7 consisting of cycles of
lengths which are not multiples of r. For example, if

= (73)(10 6 9 1)(11)(13 5 2 8)(14 12 4),

then m(y) = (7 3)(10 6 9 1)(13 5 2 8) and m(p) = (11)(14 12 4).

Now define the bijection ¥ from DIV, ,(n) x [n + 1] onto DIV, .(n + 1), where
n + 1 is not a multiple of r, as follows. Let 7 be an n-permutation and &k <n + 1.
As before, adjust the letters of = by adding one to all letters k or larger. Now apply
¥ to (W(N,,), k) to get O(~r) and let O(r) = T(r)-

Lemma 2.10. The map ¥ is o bijection from DIV, ,.(n) x [n+1] onto DIV, .(n+
1), where n + 1 is not a multiple of r.

Proof. To form the preimage of o € DIV, ,.(n + 1), apply ¥~ ! to o, to get
(W(NT),]C) and let () = O(r)- [l

Example 2.11. If r = 3 and (7, k) = ((5 2)(6 1 4)(8 3),7), we first compute
U((52)(8 3),7) = 3D(5)(8 32 7). Then we get U(m, k) = (5)(6 1 4)(8 3 2 7).

Let div, (n) denote the probability that a random n-permutation has only cycles
with lengths multiples of r given by p, that is, div, »(n) = |DIV, »(n)|/n!.
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Corollary 2.12. If n + 1 is not a multiple of r then div,.(n) = div,,(n + 1).

The bijection ® cannot be extended in the same way. Since the bijection ¥ used
k € [n+1] as an additional letter, it could also be used as an additional letter in the
part of the permutation not containing cycles of lengths =0 mod = r. However,
the bijection ® used k € [n] as one of the letters of the permutation. Difficulties
emerge when this letter is in a cycle of length = 0 mod r. Nevertheless, ® can be
extended in a slightly different way.

Suppose n + 1 is a multiple of r and p is a partition of m < n with all parts
multiples of r. We will define a bijection I' from DIV, .(n + 1) x [n + 1 — m] onto
DIV, .(n) x [n —m] x [n +1].

Let 7 € DIV, .(n+1) and let k be a letter in 7(_,). Thus, (7,k) € DIV, .(n+
1) x [n+1-m].

Now let 0 € DIV, ,(n). Let j <n+ 1 and add one to all the letters in o which
are at least j. Let [ be aletter in o(,). Thus, (o,l,5) € DIV, .(n) x[n—m]x[n+1].

We now define I'(7, k) to be (0,1, j) where the parameters are related as follows.
First, j = k. Second, replace k in m(.,) by N > n + 1, creating 7(~,). Apply ®~*
to (~)- The result is (o(~),!). Finally, let () = m(,.

Lemma 2.13. The map T is a bijection from DIV, .(n + 1) x [n + 1 — m] onto
DIV, »(n) x [n —m] x [n+ 1], where n+ 1 is a multiple of r and p is a partition of
m with all parts a multiple of r.

Proof. To reverse I', begin with (o,l,j) € DIV, ,(n) x [n —m] x [n+1]. Let k = j
and 7y = o(,;). Run (0(w=y,l) through @, using N > n + 1 as the new added
letter, creating the permutation 7. Form (., by replacing N with k in 7. O

Example 2.14. If r =3, p=(3),n =11, 7= (76 2)(8)(104 1 9 5)(11)(12 3) and
k =9, then apply ® ! to (8)(11)(12 3)(N 510 4 1) to get (8)(10 4 1 3 5)(11)(12)
with [ = 3. Thus o = (7 6 2)(8)(10 4 1 3 5)(11)(12).

(

Example 2.15. If r =4, p=(4),n=11,0 = (7 2)(10 1 8 3)(11 9 4)(126), j =5
and ! = 9, then apply ® to (7 2)(1194)(126) and 9to get # = (7 2)(126 9)(N 4 11).
Thus 7 = (7 2)(10 1 8 3)(11 5 4)(12 6 9) and k = 5.

Corollary 2.16. If n+1 is a multiple of r and p is a partition of m with all parts
a multiple of T, then

n—m
|DIV, (n+1)| = (n+1)4n—m—l— 1 |DIV, - (n)] <=n-|DIV,,(n)|
and
n—m n
. D = di n-m o )
divp,r(n + 1) = div, »(n) e div, ,(n) menE

where the inequalities are equalities if and only if p = 0.

3. PERMUTATIONS WHICH ARE POWERS AND PSEUDOPOWERS

We now apply the results of the previous section to permutations which have
rth roots. The following Proposition characterizes such permutations, for prime r,
in terms of their cycle lengths. It will be our basic tool throughout this section.

Proposition 3.1. (¢f. [8]) A permutation o has an rth root, r prime, if and only
if, for every integer k, the number of cycles of o of length kr is a multiple of r.
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Proof. When taking the rth power of a permutation v, each cycle of v of length
relatively prime to 7 will contribute a cycle of that same length to 4". Also each
cycle of v of length kr will contribute r cycles of length k£ to v". Therefore, if k is
a multiple of 7, a k-cycle in ¢ = 7" can only be the result of the splitting of a cycle
of length rk in ~ into 7 cycles, = so the number of k-cycles of ¢ is a multiple of r.

Conversely, suppose that o has this property. We can then create an rth root v
of o as follows. For cycles in o whose length is relatively prime to r, (ay,as,... ,ax),
write (b1, ba,bs,...,bg) in 7, where by = ay, b1+, = aa, bi12- = 3Das, ..., where
the subscript arithmetic is done mod k.

For cycles in ¢ of length m = kr, group r m-cycles together:

(a%,a%,... ,a}n),

(a,a3,. .. ap,),

(a1, a5, ... ap,),

and thread them together to form an mr-cycle:

_ 1 2 r 1 2 r 1 2 r
_(a17a17"' 7 A1y Ay Aoy evv 3 Qoyee 3 Gy Qs e e 7am)‘

Carrying out these respective operations for all cycles of o we get a permutation ~y
whose rth power is o. O

Proposition 3.1 motivates us to define an n-permutation as a r pseudopower if the
number of cycles of length kr is a multiple of r. If r is prime, then pseudopowers are
permutations with roots. Many of our combinatorial results hold for pseudopowers.

As was mentioned in Section 1, let POW ER,.(n) be the set of n-permutations
that have at least one rth root, and let p.(n) = |[POWER,(n)|/n!. Further-
more, let PPOW ER,.(n) be the set of n-permutations which are r pseudopowers
and let pp,(n) = |[PPOW ER,(n)|/n!. Note that PPOW ER, and pp, agree with
POWER, and p,, respectively, when r is prime.

If we examine the first few values of pa(n) for n = 1,2,... we see that they
are equal to 1, 1/2, 1/2, 1/2, 1/2, 3/8, 3/8, 7/20, 7/20, ..., giving rise to two
natural conjectures. The first one is that p2(2n) = p2(2n + 1) for all n. This has
been proved by Wilf [8] by exponential generating functions and also follows from
Corollary 2.12.

The other one is that p»(n) is nonincreasing. In this section we prove that
ppr(n) is nonincreasing, which, in view of Corollary 2.12, amounts to proving that
ppr(n) > ppr(n + 1) when n + 1 is a multiple of r.

A more careful analysis of the above data also shows that while p2(6)/p2(5) =
3/4, in the next step we get p2(8)/p2(7) = 14/15, and so we might suspect that the
decrease of pp,.(n) slows down. However, we will show that pp,(n) converges to 0,
and still show some explanation of the described phenomenon.

Let PERM;},(n) be the set of n permutations whose cycle lengths are all multiples
of k and let PERMj, ;(n) be the set of n permutations whose cycle lengths are all
multiples of k and each cycle length is repeated a multiple of [ times.

Our interest will be in |[PERM,. ,.(mr?)|. Notice that the rth power of any
permutation in PERM,2(mr?) is a permutation in PERM, ,.(mr?). Also notice
that if the cycle length kr? appears in 7 € PERM,>(mr?) j times, then the cycle
length kr appears in 7" jr times. We exploit this in the proof of the next lemma.
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Lemma 3.2. For all m > 1, we have
|PERM,2(mr?)]
|PERM, ,(m72)]

> (mr)"

Proof. Although this bound may be proved directly from the formula for the number
of permutations of a given cycle type, in keeping with the spirit of this paper we
give a combinatorial proof.

Let the type p of m € PERM,. .(mr?) consist of rj; cycles of length ri. For each
ri, take the ri cycles in groups of r, and consider the rth roots of = each of whose
cycles has the same elements as one of these groups. One way to form such a root
is to place the first ri cycle in every rth position, then choose a starting value for
the second such r¢ cycle and place it in every position following one of the elements
of the first cycle. Evidently there are [[;(ri)("~1)7 ways to do this, each producing
a different rth root. Therefore there are at least [[,(ri)("~1J such roots, so the
result follows if we can show that this product is minimized when j,, = 1 and
ji = 3D0 for all other ¢. But this follows easily from the fact that st > s+ ¢ for all
integers s,t > 2. O

Lemma 3.3. For allm > 1 and r > 2, except for m = 1 and r = 2, we have

INODIV,.(mr?)| 2
|PERM,. .(mr?)| '

Proof. Using exponential generating functions, it is not difficult to show [8] that

(1) |PE'RMT2(m7"2)| _ (mrQ)!l (1 +r2) (I (m— 1)7~2)

r2-2r2- ... -mr?
A similar calculation shows that
(r—=1-2r—1)-...-(mr* =1)

re2r-... mr? '
Taking the ratio of Equation 1 and Equation 2, we have

INODIV,(mr?)] _(r—1 r®+r—1  (m-1r’4+r-1
PERM (] \ 1 74T mo DR
<(2T_1) Br-b ) > 1.

r 2r

2) INODIV,(mr?)| = (mr®)!

The inequality follows since each factor is at least 1 and at least one factor is > 1.
Thus, the bound for r > 3 and m > 1 follows from Lemma 3.2. For r = 2 and for
m > 4 we have

[INODIV,(4m)] 3 5 dm —1 >§>2

|PERMy(4m)| 2 4 7~ 4m-2716 "

Combining this with Lemma 3.2 gives our result. Finally, for m = 2,3 and r = 2,
we find directly that

INODIV,(8)| = 11025,

|PERM, 5(8)| = 1365,
INODIV,(12)| = 108056025 and
|PERM> 5(12)| = 8534295.
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Theorem 3.4. Letr > 2. Then

1. If n+1#0 mod r then pp.(n+ 1) = pp.(n).

2. Ifn+1=0 modr but n+1#0 mod r? then pp.(n +1) < ppr(n) 25

3. Ifn+1=0 mod r? then pp,(n + 1) < pp,(n) with equality only when r = 2
and n = 3.

Proof. By Proposition 3.1, the only possible cycle types for m(,) will be the same
for PPOWER,(n) as for PPOWER,(n + 1) as long as n + 1 is not a multiple
of r2. Therefore, the first statement follows from Corollary 2.12 and the second
statement follows from Corollary 2.16.

The third statement will require an examination of permutations in PERM,. »(n+
1), since the cycle types of permutations in PERM, ,(n + 1) will not appear in
PPOWER,(n). Lemma 3.3 shows that the number of such permutations will be
small compared to the total number of pseudopowers.

We have from Corollary 2.16 and Proposition 3.1

|PPOW ER,(mr?)| — |PERM,..(mr?)| < (mr? — 1) - [PPOWER,(mr?® — 1)|.

But for m > 1 or r > 2, Lemma 3.3, implies the following upper bound on
|PERM,. ,.(mr?)|:

< INODIV,(mr?)| < |PPOW ER,.(mr?)]

mr? - mr?

(Here we are using NODIV,.(mr?) C PPOW ER,(mr?), which is a simple impli-
cation of Proposition 3.1.) Therefore,

1 ‘ ‘
|PPOW ER,.(mr?)| - (1 — W) < (mr* —1)- |[PPOWER,(mr* — 1)|,
which implies that |PPOW ER,.(mr?)| < (mr?)-|PPOW ER,.(mr?—1)|. Form =1
and r = 2, we can verify the truth of our statement using the numerical data given
at the beginning of this section. O

|PERM,.,.(mr?)|

Theorem 3.4 yields the main results of this paper.

Corollary 3.5. For all positive integers n and all v > 2, we have pp,.(n) > pp-(n+

1).
Corollary 3.6. For all positive integers n and all r > 2, we have,

lim pp,(n) =0.

n—oo

Proof. This result follows from Corollary 3.5, the bound in the second part of
Theorem 3.4 and a routine calculation. O

Corollary 3.7. For all positive integers n and all r > 2, we have,

lim p,(n) =0.

n— o0
Proof. If a permutation has an rth root, it has a gth root for any prime ¢ that
divides r, so the probability of an rth root is not greater than the minimum of the
probabilities of gth roots for primes ¢ that divide r. O
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4. A PROBABILISTIC PROOF

We now give an independent probabilistic proof of Corollary 3.6 in the following
more general setting.

Let r > 2, let E be the set of positive integers divisible by r, and let V =
(Z,)E, where Z, are the integers mod 7. So the elements of V are infinite strings
v = (v, V2, U3y, ...). We say that a permutation = € S,, satisfies v if, for each
k =r,2r,3r,... the number of k-cycles in 7 is congruent to v, mod r. Let P,(v)
be the probability that a random permutation in .S, satisfies v, and let

M, = max P, (v).

Theorem 4.1. limsup M,, =0.

Proof. Consider the following method of generating a random permutation 7 €
Sp. Choose 7(1) equiprobably from {1,..,n}, choose m(mw (1)) equiprobably from
{1,..,n} — w(1), and so forth until a cycle is achieved. Then repeat the process
beginning with the smallest element of {1,..,n} that is not in the first cycle, con-
tinuing in this fashion until the permutation is complete. It is easy to show ([5],
Exercise 3.3) that for any k& = 1,..,n, the first cycle has length k& with probability
1/n, so

N (D S D Sy ) }

k#0 mod r k=3D0 mod r

where v}, is obtained from v by subtracting 1 (mod r) from vg. Observe that there
is at most one k > [n/2] such that P,_;(v},) > 0, for an n-permutation cannot
have more than one cycle longer than [n/2]. Therefore,

1
(3) My < - <1+ Yo Ma+ Y Mn_k>.
0 mod r E
Let L = limsup M,,. Then (3) implies, by routine computations, that L <

2’;1-L, so L =0. |

Corollary 3.6 now follows because

0 <liminf pp,(n) < limsup pp,(n) < limsup M,, =0.

5. FURTHER DIRECTIONS

Most of the results of Section 2 have simple generating function proofs. Simply
note that the exponential generating function for permutations in NODIV,(n) is
given by

(1 _ tr)l/r
1-t
Our approach has been to give combinatorial proofs wherever possible. To this end,
it would be interesting to find an injective proof of the third part of Theorem 3.4.
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