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Abstract. We prove two theorems which extend known results
concerning periodic orbits and topological entropy in one-dimensional
dynamics. One of these results concerns the adding machine map
(also called the odometer map) fα defined on the α-adic adding
machine ∆α. We let H(fα) denote the greatest lower bound of
the topological entropies of F , taken over all continuous maps F
of the interval which contain a copy of fα. We prove that if α is a
sequence of primes such that 2 appears in the sequence exactly k
times, then H(fα) = log 2

2k+1 .

1. Introduction

Many important results in one-dimensional dynamics deal with co-
existence of periodic points and connections between periodic points
and topological entropy. It is a natural problem to try to extend these
results to infinite closed, invariant sets. One result along these lines has
been obtained by Ye [14]; this result deals with coexistence of minimal
sets of certain types.

In this paper we focus attention on extending two basic results in-
volving periodic points and topological entropy. These two results are
the following. Let I denote the interval [0, 1]. For a continuous map
F : I → I, let h(F ) denote the topological entropy of F . The first of
these basic results gives for each positive integer t, the minimal value
of the topological entropy of a map of the interval having a periodic
point of period t. A proof may be found in [2], Corollary 4.4.18, page
230, or [6], Proposition VIII.21, page 206.

Theorem 1.1. Let t = 2s · n where n is an odd integer with n ≥ 3
and s is a non-negative integer. Let λn denote the largest root of the
polynomial xn − 2xn−2 − 1. If F : I → I is continuous and has a
periodic point of period t, then h(F ) ≥ log λn

2s
. Moreover, there are

examples where equality holds.
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The second of these basic results gives for a particular cyclic permu-
tation π of a finite subset X of I, a class of maps which have minimum
entropy among the set of all continuous maps of I to itself which agree
with π on X. A proof may be found in [2], Theorem 4.4.3, page 222
and Theorem 4.4.5, page 223, or [6], Proposition VIII.20, page 206.

Theorem 1.2. Let X be a finite subset of I which contains the end-
points of I. Let F : I → I and G : I → I be continuous. Suppose that
X is invariant under both F and G and F |X = G|X . Suppose also that
F is monotonic on each interval joining adjacent points of X. Then
h(F ) ≤ h(G).

In section 3, we extend Theorem 1.1 to a special class of minimal
sets. The map on one of these minimal sets we call an adding machine
map. These maps have also been called odometer maps and solenoids.
Adding machine maps play a major role in the description of the dy-
namics of maps of a one-dimensional space. The spectral decomposition
theorem of Blokh [5] shows this. Of course, adding machine maps arise
in other settings in dynamics. Two examples are the papers by Bell and
Meyer [3] and Marcus and Meyer [11]. In [7] the authors characterize
adding machine maps as infinite minimal sets in which every point is
regularly recurrent.

Given any sequence α of primes, one may define a corresponding
adding machine map fα (see section 2). We say that a continuous map
F : I → I contains a copy of fα if the restriction of F to some closed
invariant subset of I is topologically conjugate to fα. We let H(fα)
denote the greatest lower bound of h(F ) taken over all continuous maps
F : I → I which contain a copy of fα. We show that if α is a sequence
of primes such that 2 appears in the sequence exactly k times (where
k ≥ 0), then H(fα) = log 2

2k+1 . Moreover, h(F ) > log 2
2k+1 for any continuous

map F : I → I which contains a copy of fα.
Finally, in section 4, we extend Theorem 1.2 to the case where X is

an arbitrary closed invariant set.
We would like to thank the referee for extensive helpful comments.

2. Preliminary results

In this section we give definitions and elementary properties of adding
machines. There are also results that will be needed in the subsequent
sections. First we define the adding machines, ∆α.

Definition 2.1. Let α = (j1, j2, . . . ) be a sequence of integers where
each ji ≥ 2. Let ∆α denote all sequences (x1, x2, . . . ) where xi ∈
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{0, 1, . . . , ji − 1} for each i. We put a metric dα on ∆α given by

dα((x1, x2, . . . ), (y1, y2, . . . )) =
∞∑
i=1

δ(xi, yi)

2i
,

where δ(xi, yi) = 1 if xi 6= yi and δ(xi, yi) = 0 if xi = yi.
We define fα : ∆α → ∆α by

fα(x1, x2, . . . ) = (x1, x2, . . . ) + (1, 0, 0, . . . ).

Here the addition is defined as in [10], page 108.

The term adding machine is used to refer to the compact topological
group ∆α whose underlying space is homeomorphic to a Cantor set.
See Hewitt and Ross [10] for background on these topological groups.
We will refer to the map fα : ∆α → ∆α as the adding machine map.

We now give a necessary and sufficient condition for a continuous
map of a compact topological space to itself to be topologically conju-
gate to fα : ∆α → ∆α. The following theorem is proved in [7].

Theorem 2.2. Let α = (j1, j2, . . . ) be a sequence of integers with ji ≥ 2
for each i. Let mi = j1 · j2 · · · · · ji for each i. Let f : X → X
be a continuous map of a compact topological space X. Then f is
topologically conjugate to fα if and only if (1), (2), and (3) hold.
(1) For each positive integer i, there is a cover Pi of X consisting of mi

pairwise disjoint, nonempty, clopen sets which are cyclically permuted
by f .
(2) For each positive integer i, Pi+1 partitions Pi.
(3) If W1 ⊃ W2 ⊃ W3 ⊃ · · · is a nested sequence with Wi ∈ Pi for each
i, then ∩∞i=1Wi consists of a single point.

Moreover, in this case statement (4) also holds.
(4) X is metrizable and if mesh(Pi) denotes the maximum diameter of
an element of the cover Pi, then mesh(Pi)→ 0 as i→∞.

We conclude this section with the following classification of adding
machine maps up to topological conjugacy. This result was obtained
by Buescu and Stewart [8]. A different proof may be found in [7].

Theorem 2.3. Let β = (j1, j2, . . . ) and γ = (k1, k2, . . . ) be sequences
of integers with ji ≥ 2 and ki ≥ 2 for each i. We let Mβ denote a
function whose domain is the set of all prime numbers and which maps
to the extended natural numbers {0, 1, 2, . . . ,∞}. The function Mβ is
defined by

Mβ(p) =
∞∑
i=1

ni

where ni is the power of the prime p in the prime factorization of ji.
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Then fβ and fγ are topologically conjugate if and only if Mβ ≡Mγ.

In light of Theorem 2.3, there is no loss of generality in assuming that
the sequence α used in defining ∆α is a sequence of primes. However,
in some contexts it will be more convenient to let α be a sequence of
integers which are not required to be prime.

3. Computation of H(fα)

We begin this section with several basic definitions concerning cycles.

Definition 3.1. Let P = {p1 < p2 < · · · < pk} and Q = {q1 < q2 <
· · · < qt} be finite ordered sets, and let π : P → P and ψ : Q → Q be
cyclic permutations. We say that π is equivalent to ψ if k = t and for
each i = 1, . . . , k and j = 1, . . . , k, we have that π(pi) = pj if and only
if ψ(qi) = qj.

We use the notation #π to denote the cardinality of P . We will call
a cyclic permutation of a finite ordered set a cycle.

For a continuous map F : I → I we let h(F ) denote the topological
entropy of F as defined in [1]. See also [2] or [6] for the definition and
basic properties of topological entropy.

Definition 3.2. For a cycle π we let h(π) denote inf h(F ) where the
infimum is taken over all continuous maps F : I → I such that F has
a period orbit equivalent to π (i.e., there is a finite subset P of I which
is cyclically permuted by F such that F |P : P → P is equivalent to
π).

Notation 3.3. Let q ≥ 3 be an odd positive integer. Let λq denote
the largest root of the polynomial xq − 2xq−2 − 1. It is easy to verify
that

√
2 < λq < 2

and limn→∞ λn =
√

2. See page 233 of [2].

Proposition 3.4. Let t = 2s · n where n is an odd integer with n ≥ 3
and s is a non-negative integer.

(i) If π is a cycle with #π = t, then h(π) ≥ log λn
2s

.

(ii) There is a cycle π with #π = t and h(π) = log λn
2s

.

Proof. See Corollary 4.4.18 of [2] or Proposition VIII.21 of [6].
�

Lemma 3.5. Suppose that π is a cycle and #π = 2s where s ≥ 2.
Suppose that h(π) > 0. Then h(π) ≥ log λ3

2s−2 .
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Proof. Since h(π) > 0, the cycle π is not simple (where simple is as
defined in [4]). By Theorem B of [4], if F : I → I is any continuous
map which has a periodic orbit equivalent to π, then F has a periodic
point of period 3 · 2s−2. Hence by Proposition 3.4

h(π) ≥ log λ3

2s−2
.

�

Lemma 3.6. Let α = (j1, j2, . . . ) where each ji is an integer at least
two. There exists a parameter s = sα such that the quadratic map Fs :
I → I defined by Fs(x) = sx(1− x) contains a copy of fα : ∆α → ∆α.

Proof. We summarize how this follows from results in [12]. By theorem
6.2 on page 156 each Fs has no wandering intervals. By Proposition
4.5 on page 242, if Fs is infinitely renormalizable and without wan-
dering intervals, then Fs contains a copy of an adding machine map.
Using Theorem 3.2 on page 146 and Theorem 5.3 on page 151, one may
construct an infinitely renormalizable map in the quadratic family cor-
responding to any given adding machine map fα.

�

Theorem 3.7. Let α = (j1, j2, . . . ) where each ji is an integer at least
two. Let t be a positive integer such that if a prime number q appears
in the prime factorization of t with power k, then q appears with powers
totalling at least k in the prime factorizations of j1, j2, . . . . Let π be a
cycle with #π = t and h(π) > 0. There is an embedding e : ∆α → I
such that the minimal topological entropy of any extension F : I → I
of e ◦ fα ◦ e−1 : e(∆α)→ e(∆α) is h(π).

Proof. By Theorem 2.3 we may assume without loss of generality that
t = j1 and each ji is prime for i ≥ 2. Let β = (j2, j3, . . . ).

By Lemma 3.6 there is a quadratic map Fs which contains a copy
of fβ : ∆β → ∆β. We can construct a continuous map g : I → I such
that each of the following holds.
(1) There are pairwise disjoint closed intervals J1, J2, . . . , Jt of I which
are cyclically permuted by G in a way which is equivalent to π.
(2) G is linear on each interval J1, J2, . . . , Jt−1, and G is quadratic on
Jt.
(3) Gt|J1 is topologically conjugate to Fs.
(4) G is linear on each component of the complement of J1∪J2∪· · ·∪Jt
in I.

It follows from Propoistion 2.2 that G contains a copy of fα : ∆α →
∆α. Let e : ∆α → I be the corresponding embedding.
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It is easily seen that h(G) = max{h(π), h(Fs)
t
}. It follows from Propo-

sition 3.4 and Lemma 3.5 that h(π) > log 2
t

. Since h(Fs) ≤ log 2, we
have h(G) = h(π).

Finally, let F : I → I be any continuous extension of e ◦ fα ◦ e−1 :
e(∆α) → e(∆α). Then F has a periodic orbit equivalent to π. So,
h(F ) ≥ h(π).

�

Corollary 3.8. Let α = (j1, j2, . . . ) where each ji is an integer at least
two. Let r be any real number. There is an embedding e : ∆α → I
such that the minimal topological entropy of an extension F : I → I of
e ◦ fα ◦ e−1 : e(∆α)→ e(∆α) is at least r.

Proof. Let En denote the maximal topological entropy of a cycle of
length n. It follows from Theorem 11.6 of [13] that limn→∞En = ∞.
So, there is a positive integer N such that En ≥ r for n ≥ N .

Choose t ≥ N satisfying the condition in the hypothesis of Theorem
3.7. There is a cycle π of length t with h(π) = Et ≥ r. So our
conclusion follows from Theorem 3.7.

�

Theorem 3.9. Let f : I → I be continuous. Suppose X ⊂ I, f(X) =
X, and f |X is topologically conjugate to fα : ∆α → ∆α, where α =
(j1, j2, . . . ). Let mi = j1 · j2 · · · · · ji for each positive integer i. Then for
each positive integer n, there is a positive integer t ≥ n and a positive
integer k such that
(1) k is a multiple of mn.
(2) k divides mt.
(3) f has a periodic point of period k.

Proof. By Theorem 2.2, we have for each positive integer i a cover
Pi = {Xi,1, . . . , Xi,mi} of X such that statements (1), (2), and (3) of
Theorem 2.2 hold.

Let n be a positive integer. Let d denote the usual metric on I. Let

ε = min d(Xn,j1 , Xn,j2)

where Xn,j1 and Xn,j2 are distinct elements of Pn viewed as subsets of
I. Then ε > 0.

There is a positive integer t ≥ n such that the diameter of each of
the sets Xt,j is less than ε

2
.

Let Ct,j denote the convex hull of Xt,j for j = 1, . . . ,mt. Then
f(Ct,1) ⊃ Ct,2, . . . , f(Ct,mt−1) ⊃ Ct,mt , and f(Ct,mt) ⊃ Ct,1. Hence,
there is a point x ∈ Ct,1 such that f j(x) ∈ Ct,j+1 for j = 1, 2, . . . ,mt−1
and fmt(x) = x.
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Now, there is a unique s ∈ {1, . . . ,mn} such that Xt,1 ⊂ Xn,s. Since
x ∈ Ct,1, and the length of the interval Ct,1 is less than ε

2
, and Ct,1

contains points of Xn,s, it follows that d(x,Xn,s) <
ε
2
.

Suppose that the period of x is k. Since fmt(x) = x, we have that
k
∣∣mt. Let Xn,r denote fk(Xn,s). By the same argument as in the

previous paragraph we see that d(fk(x), Xn,r) <
ε
2
. Since fk(x) = x, it

follows that Xn,r = Xn,s. Thus, k is a multiple of mn.
�

Theorem 3.10. Let α = (j1, j2, . . . ) where each ji is prime. Suppose
that for some integer k ≥ 0 there are exactly k values of i such that
ji = 2. Then H(fα) = log 2

2k+1 . Moreover, if e : ∆α → I is any embedding
and F : I → I is any extension of e ◦ fα ◦ e−1 : e(∆α) → e(∆α), then
h(F ) > log 2

2k+1 .

Proof. First, suppose e : ∆α → I is an embedding and F : I → I is an
extension of e ◦ fα ◦ e−1. By Theorem 3.9, F has a periodic orbit with
period an integer of the form n ·2k where n ≥ 3 is odd. By Proposition
3.4 we have h(F ) ≥ log λn

2k
. Since λn >

√
2 we have h(F ) > log 2

2k+1 .

It follows that H(fα) ≥ log 2
2k+1 . We show that H(fα) ≤ log 2

2k+1 . Let
N be a positive integer. Choose a positive integer t, satisfying the
condition in the hypothesis of Theorem 3.7, with t = 2k · r where r
is odd and r ≥ N . By Proposition 3.4, there is a cycle π of length
t with h(π) = log λr

2k
. By Theorem 3.7, H(fα) ≤ h(π) ≤ log λN

2k
. Since

limi→∞ λi =
√

2, it follows that H(fα) ≤ log 2
2k+1 .

�

We conclude with the following remark. Let α = (j1, j2, . . . ) where
each ji is prime. Suppose that there are infinitely many values of i with
ji = 2. By a similar argument to that of Theorem 3.10, using Theorem
3.7, it follows that H(fα) = 0. If there is at least one ji which is not 2,
then for any extension F of any embedding, h(F ) > 0. However, the
example of Delahaye [9] shows that if α = (2, 2, . . . ), then there is an
embedding e : ∆α → I and an extension F such that h(F ) = 0.

4. Extension of Theorem 1.2

We begin this section with the following definition.

Definition 4.1. Let f : I → I and g : I → I be continuous. Suppose
that A, B, C, and D are finite subsets of I with #A = #C, #B = #D,
f(A) ⊂ B, and f(C) ⊂ D. Let A = {x1, . . . , xk} with x1 < x2 < · · · <
xk, B = {y1, . . . , yn} with y1 < y2 < · · · < yn, C = {v1, . . . , vk} with
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v1 < v2 < · · · < vk, and D = {w1, . . . , wn} with w1 < w2 < · · · < wn.
We say that f |A : A→ B and g|C : C → D are equivalent if

(1) A ∩B = ∅ and C ∩D = ∅.
(2) y1 < x1 < xk < yn and w1 < v1 < vk < wn.
(3) For each i = 1, . . . , k and j = 1, . . . , n − 1, xi ∈ (yj, yj+1) if and

only if vi ∈ (wj, wj+1).
(4) For each i = 1, . . . , k and j = 1, . . . , n, f(xi) = yj if and only if

g(vi) = wj.

We will use the following lemma which follows by repeated applica-
tion of the intermediate value theorem.

Lemma 4.2. Suppose that g is a continuous, realvalued function on an
interval [a, b]. Suppose that y1, y2, . . . , yn are real numbers and either
g(a) < y1 < y2 < · · · < yn < g(b) or g(a) > y1 > y2 > · · · > yn > g(b).
then there exist x1, x2, . . . , xn with a < x1 < x2 < · · · < xn < b such
that f(xi) = yi for i = 1, . . . , n.

Our next theorem is the main step in obtaining the desired result
of this section. We use the following definition. Let θ be a cyclic
permutation of {1, 2, . . . ,m}. We say θ is a double if m = 2k for some
positive integer k, θk(1) = 2, θk(2) = 1, and for each j = 1, . . . , k, θj(1)
and θj(2) are adjacent integers.

Theorem 4.3. Suppose that X is a compact subset of I which contains
the endpoints of I. Suppose that f and g are continuous maps of I to
itself with f(X) ⊂ X, g(X) ⊂ X, and f |X = g|X . Suppose that for
each component K of I \X the restriction of f to K is monotonic. Let
θ be a cyclic permutation of {1, 2, . . . ,m}, and suppose that θ is not a
double. Suppose that f has a periodic orbit P which is equivalent to θ.
Then g has a periodic orbit Q which is equivalent to θ.

Proof. If some point of P is in X, then P ⊂ X and we may take Q = P .
So, we may assume that P ⊂ I \X.

Let V denote the union of the components of I \ X which contain
points of P . Then V is a finite union of open intervals. Let A0 denote
the set of endpoints of these intervals. Then A0 is a finite subset of X.

Now, suppose that c ∈ A0 and W is a component of V . Suppose
that neither endpoint of W is mapped by f to c, but some point of W
is mapped by f to c. Then, as f |W is monotonic, {x ∈ W : f(x) = c}
is a closed interval. Denote this closed interval by K(W, c). We may
form a finite set B1 consisting of one point from each closed interval
K(W, c) as above. Then B1 contains one point from each component of
{x ∈ V : f(x) ∈ A0} except for the components whose closure contains
a point of A0. Set A1 = A0 ∪B1.
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Next, we form a finite set B2 ⊂ V which consists of one point from
each component of {x ∈ V : f(x) ∈ B1}. (observe that no component
of {x ∈ V : f(x) ∈ B1} has an element of A0 in its closure.) Let
A2 = A1 ∪ B2. Inductively we may form B3, B4, . . . and A3, A4, . . . in
the analogous way.
Claim 1. For some positive integer s, each component of V \As contains
at most one point of P .
Proof of Claim 1. We prove Claim 1 by contradiction. Suppose the
claim is false. Then there are adjacent points x and y of P with x < y
such that for each i ≥ 0, the two points f i(x) and f i(y) lie in one
component of V . In particular, for each positive integer i, f i maps the
interval [x, y] monotonically onto its image.

There is a unique integer j with 1 ≤ j < m such that f j(x) = y.
We will show that f j(y) = x. First, suppose that f j(y) > x. Then
f 2j(x) = f j(y) > x and f 2j(x) is in the same component of V as
x and y. It follows that f 2j|[x,f2j(x)] is monotonically increasing. So,
x < f 2j(x) < f4j(x), and f 2j|[x,f4j(x)] is monotonically increasing. It
follows inductively that fnj(x) > x for each positive integer n. This
contradicts the fact that x is a periodic point of f j. If f j(y) < x we
obtain a contradiction by the same argument. Thus, f j(y) = x.

Now, recall that x and y were chosen to be adjacent points of P .
Since f maps the closed interval joining f j−1(x) and f j−1(y) monoton-
ically onto the interval [x, y], it follows that f j−1(x) and f j−1(y) are
adjacent points of P . It follows inductively that f i(x) and f i(y) are
adjacent points of P for each i = 0, 1, . . . , j − 1. Hence θ is a double.
This contradicts our hypothesis. So, Claim 1 holds.

So far we have constructed sets A0, A1, . . . , As and B1, B2, . . . , Bs

with respect to the map f . We next construct corresponding sets with
respect to the map g.

Let C0 = A0. By the previous lemma, there is a subset D1 of V
such that g|D1 : D1 → C0 and f |B1 : B1 → A0 are equivalent. Let
C1 = C0 ∪D1.

We define D2, . . . , Ds and C2, . . . , Cs inductively. Suppose 1 ≤ k < s
and Dk and Ck have been defined. By the previous lemma, there is a
subset Dk+1 of V such that g|Dk+1

: Dk+1 → Ck and f |Bk+1
: Bk+1 → Ak

are equivalent. Set Ck+1 = Ck ∪Dk+1.
By construction, #As = #Cs. Let As = {x1, . . . , xt} with x1 < x2 <

· · · < xt and Cs = {y1, . . . , yt} with y1 < y2 < · · · < yt.
Let i be in {1, . . . , t}. If xi ∈ A0, then yi ∈ A0, xi = yi and f(xi) =

g(yi). If xi /∈ A0, xi and yi are in the same component of V , f(xi) = xj
for some xj ∈ As, and g(yi) = yj.
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Now, choose p ∈ P . For each j = 0, . . . ,m−1, f j(p) ∈ (xij , xij+1
) for

some ij = 1, . . . , t−1. Moreover, the intervals (xi0 , xi0+1), . . . (xim−1 , xim−1+1)
are distinct by Claim 1.

Hence the intervals (yi0 , yi0+1) are also distinct. By construction,
g(yi0 , yi0+1) ⊃ (yi1 , yi1+1), g(yi1 , yi1+1) ⊃ (yi2 , yi2+1), . . . , g(yim−2 , yim−2+1) ⊃
(yim−1 , yim−1+1), and g(yim−1 , yim−1+1) ⊃ (yi0 , yi0+1). By Lemma 3.12,
there is a fixed point q of gm with gj(q) ∈ [yij , yij+1] for j = 0, . . . ,m−
1. Let Q denote the orbit of q under g. Then no point of Q is in
{y1, . . . , yt}, unless Q ⊂ A0. In either case, it follows from the con-
struction that Q is a periodic orbit of g of period m which is equivalent
to θ.

�

Theorem 4.4. Suppose that X is a compact subset of I which contains
the endpoints of I. Suppose that f and g are continuous maps of I to
itself with f(X) ⊂ X, g(X) ⊂ X, and f |X = g|X . Suppose that for
each component K of I \ X, the restriction of f to K is monotonic.
Then h(f) ≤ h(g).

Proof. It is known (see Proposition VIII.33, page 217 of [6] or Theorem
4.4.10, page 225 of [2]) that

h(g) = sup{h(π)}
where the supremum is taken over all cycles π such that g has a

periodic orbit equivalent to π.
Now, suppose that g has a periodic orbit equivalent to π, where π

is a cycle which is a double of a cycle θ. Then it follows from Lemma
4.4.16, page 229 of [2] that h(π) = h(θ), and it follows from Proposition
VII.8, page 175 of [6] that g has a periodic orbit equivalent to θ. It
follows by repeating this argument inductively that there is a cycle γ
which is not a double such that h(π) = h(γ) and g has a periodic orbit
equivalent to γ. Hence, we see from (1) that h(g) = sup{h(π)} where
the supremum is taken over all cycles π such that π is not a double and
g has a periodic orbit equivalent to π. Since this statement holds for
f as well as g, it follows from the previous theorem that h(f) ≤ h(g).

�
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