1st Year Analysis Examination
May 28, 1991

Do each problem on a scparate sheet and write your name on each sheet. Also provide
a cover page listing the problems you have attached. Each problem is worth 10 points,
and you will be graded on a total of 100 points. (Justify all answers to receive credit.)

1. Let Cy,...,Cn be compact subsets of a metric space (X, d). Show that ,l'.‘JlC',- is compact
1=
in (X, d).

2. Suppose that ¢co > ¢y >¢3 > ... and ling’° ¢n = 0. Show that Tc,2" converges at every
n—

point on the unit circle |z| = 1, except possibly at z = 1.

3. a) Let f:(0,1] = R be uniformly continuous and let {z=}nen C (0,1] converges to 0
in [0,1]. Show that {f(zn)}neN converges.

1 . . .
b) Is sin(;) uniformly continuous on (0,1]? Prove your answer is correct.

4. Let g: R — R satisfy |g'(z)] £ M < +oo for all z € R. Is it true that f(z) = z + eg(z)
is one—to—one for all sufficiently small € > 0? Prove your answer.

5. Let f:[1,00) — [0,00) be monotone decreasing.

a) Is f Riemann integrable on [a,}] C [1,00) for any b > a?
b) Is f Lebesgue integrable on [a,b] C [1,00) for any b > a?
c) Does the sequence {yn}nen With

vz B16) - [ s

converge?

6. Suppose f : R — R is continuous and define fa(t) = f(nt), n € N. If {fn}nen is
equicontinuous on [0, 1}, what conclusions can be drawn about f?




7. Let f(z) be a periodic function of period 2r with f(z) = z? for |z] < .

a) Find the trigonometric Fourjer series expansion of f(z).

b) At which points does this Fourier series converge to f?

c) Find the value of ) -1—2

n=1ln
(Justify your answers)

8. Let (X, M,pu) be a measure space and f, : X — R be a measurable function for each
n € N. Let A C X be the set of points z for which {fn(z)}nen converges. Is A
measurable? Justify your answer.

9. Isit true that f,g € £ on [a,b] C R implies f - g € £ on [a, b]? Justify your answer.

[Note: £ is the space of complex-valued functions integrable with respect to the usual
Lebesgue measure on the reals.)

10. Let f:[a,b) — R have a continuous derivative f’ and satisfy f(a) = f(b) = 0, as well
b r2
as [ fi(z)dzr =1.

(a) Calculate [ zf(z)f'(x)dz.

(b) Show that [*(f'(z)]?dz - [’ 22f2(z)dz > %.
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