
First Year Algebra Exam September 10, 2009Answer seven problems. You should indi
ate whi
h problems you wish tohave graded. Write your answers 
learly in 
omplete English senten
es.You may quote results (within reason) as long as you state them 
learly.1. Let G, H be �nite groups with orders m, n.(a) Prove that if m and n are 
oprime thenAut(G�H) �= Aut(G)� Aut(H):(b) Give an example where m and n are not relatively prime andAut(G�H) 6�= Aut(G)� Aut(H):Justify your 
laims.2. Say that the group G is supersolvable if there are subgroups0 = H0 � H1 � H2 � � � � � Hk�1 � Hk = Gof G su
h that Hi E G and Hi=Hi�1 is 
y
li
 for 1 � i � k.(a) Give an example of a nonabelian supersolvable group. Justifyyour answer.(b) Prove that if G is a nontrivial �nite supersolvable group then G
ontains a 
y
li
 normal subgroup of prime order.(
) Prove that the alternating group A4 is solvable, but not super-solvable.3. Prove that if G is a nontrivial �nite p-group then its 
enter Z(G) isnontrivial. Use this fa
t to prove that every �nite p-group is nilpo-tent.4. Let G be a group of order 385 = 5 � 7 � 11. Prove that G 
ontainsa normal Sylow 11-subgroup, and that every Sylow 7-subgroup of Glies in the 
enter of G.5. Let R be a ring with 1 and let I � R be a proper (2-sided) ideal onR. Prove that there is a maximal ideal M of R whi
h 
ontains I.



6. For ea
h of the following polynomials f(X) 2 Q [X℄, either provethat f(X) is irredu
ible or give a nontrivial fa
torization of f(X).(a) f(X) = X4 � 6X2 + 15X � 21(b) f(X) = X4 � 6X2 + 15X � 23(
) f(X) = X4 +X3 +X2 +X + 1(d) f(X) = X4 + 47. Let R be a ring with 1, let F be an R-module, and let S be a subsetof F su
h that every y 2 F 
an be written uniquely in the formy = Px2S axx where ax are elements of R all but �nitely many ofwhi
h are 0. Prove that for every R-module M and every fun
tion� : S ! M there is a unique R-module homomorphism � : F ! Msu
h that �jS = �.8. Let F be a �nite �eld with q elements and let V be a ve
tor spa
eover F su
h that dimF (V ) = n < 1. Let 0 � k � n. Determinewith proof the number of subspa
esW � V su
h that dimF (W ) = k.9. Give a representative for ea
h 
onjuga
y 
lass in the group GL3(F2),where F2 = Z=2Z is the �eld with two elements.10. Let M=L and L=K be �eld extensions of �nite degree. Prove that[M : K℄ = [M : L℄[L : K℄:


