
First Year Algebra Exam May 12, 2009Answer seven problems. You should indi
ate whi
h problems you wish to have graded.Write your answers 
learly in 
omplete English senten
es. You may quote results (withinreason) as long as you state them 
learly.1. Let G be a 
y
li
 group. Prove that every subgroup of G is 
y
li
. (Be sure to
onsider in�nite 
y
li
 groups as well as �nite ones.)2. Prove that the alternating group A5 is simple. Prove that A4 is solvable.3. Let G be a group of order 132 = 22 � 3 � 11. Prove that G has a nontrivial normalSylow subgroup.4. Show that there are four di�erent homomorphisms � : Z2 ! Aut(Z8), and provethat the 
orresponding semidire
t produ
ts Z8 o� Z2 are pairwise nonisomorphi
.(Hint: Consider the number of elements of order 2.)5. Let R be an integral domain and let P be a prime ideal in R.(a) Prove that the set D = Rr P is 
losed under multipli
ation.(b) Prove that the fra
tion ring D�1R has a unique maximal ideal.6. Let R be an integral domain. State and prove Eisenstein's 
riterion for the irre-du
ibility of a moni
 polynomial in R[X℄.7. Let R be an integral domain, let M be an R-module, and let 0 � n < 1. SayrankR(M) = n if the following two 
onditions hold: (i) There exists a subset ofMwith 
ardinality n whi
h is linearly independent over R. (ii) Every subset of Mwith 
ardinality > n is linearly dependent over R.(a) Prove that if M is an R-module whi
h is free on a set S with 
ardinality nthen rankR(M) = n.(b) Give an example of an integral domain R and an R-module M su
h thatrankR(M) = 1 but M is not a free R-module.8. Let V be a ve
tor spa
e of the �eld F and let S be a set whi
h spans V . UseZorn's Lemma to prove that there is a basis for V whi
h is 
ontained in S.9. Give a representative for ea
h similarity 
lass of 4 � 4 nilpotent matri
es withentries in F3 = Z=3Z. (We say that a square matrix A is nilpotent if An = 0 forsome n � 1.)10. Let E=F be a �eld extension and let � 2 E. Prove that if [F (�) : F ℄ is anodd integer then F (�2) = F (�). Give an example where [F (�) : F ℄ is even andF (�2) 6= F (�).


